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Abstract: The purpose of this study is to discuss some differential geometric properties and Bishop frames of Bezier
curves. Firstly, we investigate Frenet frame and contact theory of Bezier curves. Furthermore, we have given some
necessary conditions and properties for the Bezier curve. Secondly we obtain the Bishop frame of Bezier curves in

Euclidean 3-space.
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1. Introduction

The Bishop frames was initiated by L.Bishop
(1975) in order to create some new frames which
have different advantages from Serret-Frenet frames,
[1]. A normal vector field N along a curve is
relatively parallel if its derivative is tangential. If &
is a curve, considered as a displacement vector
function of a parameter t, then if N is relatively

parallel, the curve with displacement vector & + N
has velocity (ot +N) =(v+ f)T where T is the
unit tangent vector field of ¢,V is the speed of
an N'= fT . So, the segment between the two

curves are perpendicular to both. Bishop frames can
be constructed locally by appling the Gram-Schmidt
process to T and two parallel field. L. Bishop
introduced the derivative of the Bishop frames

{T,N;, N,}as following
T'=kVN, +k,VN,,
N, = —KkVT,
N, =—k,vT
here K, and K, are the curvatures of the Bishop

frame. The matrix representation of the derivatives is

T 0 kv kv T

N, [=| kv 0 0 || N,

N, ) (kv 0 0 )(N,
in the references [1]. A generalization of one
parameter motion to Bishop motion in Euclidean 3
space was introduced in [2]. Some results of Bishop
Frame in Minkowski 3-space was investigated in [3].
In the reference [4], the authors generalized for a
spacelike curve with a spacelike principal normal
which was studied by Bishop to Minkowski 3 space.
Slant helix according to Bishop frame in Euclidean 3
space was studied in [5]. In [6], some
characterizations of timelike curves according to

175

Bishop Frame in Minkowski 3 space by using
Laplacian operator. Serret-Frenet and parallel
transport frame were produced with the help of the
generalized quaternions in [7]. The parallel transport
frame of a curve and the relation between the frame
and Frenet frame of the curve in 4-dimensional
Euclidean space in [8]. The Bishop frame or parallel
transport frame is an alternative approach to defining
a moving frame that is well defined even when the
curve has vanishing second derivative, [9]. In the late
1950s, hardware become available that allowed the
machining of 3D shapes out of blocks of wood or
steel. Bezier curves which represented by the formula

°(6) = 3B (08" (©)

were independently developed by P. de Casteljau at
Citroen and by P. Bezier at Renault Company in
France. The theory of Bezier curves plays a central
role in CAGD. They are numerically the most stable
among polynomial bases currently used in CAD
systems, was shown by Farauki and Rajon. Thus
Bezier curves are the ideal geometric standart for the
representation of piecewise polynomial curves. Also,
Bezier curves lend themselves easily to a geometric
understanding of many CAGD phenomena, [10].
Bezier curve segments are defined only by the
position vectors of polygon vertices. Bezier curve
segments are expressed as a convex combination of
the polygon vertex position vectors which define the
curve, and possess a variation diminishing property.
Consequently the curve shape can be approximately
anticipated from the polygon shape. That is to say,
Bezier curves and surfaces are in a form that is easy
for a person to control, [11]. Computer aided
geometric design (CAGD) concerns itself with the
mathematical description of shape for use in
computer graphics, manufacturing or analysis,
approximation theory, data structures and computer
algebra. CAGD is a young field. The first work in
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this field began in the mid 1960s. The term computer
aided geometric design was coined in 1974 by R.E.
Barnhill and R.F. Riesenfeld in connection with a
conference at the University of Utah, [12].

2. Material and Methods

Bezier curves consist of Bernstein polynomial
and control points. Bernstein polynomial is defined
with the following equation:

nj. .
B/(t) = [ . ]t' (L-1)"
i
and meanwhile the following condition is provided:

n! _
[r_'j: iy 0='=n
! 0

else.

Bernstein polynomial become B (t) =1

ey .
B/ (t)=1 j¢{0,.,n}
conditions. Moreover, the sum of the coefficients of
Bernstein polynomial is

iBj”(t)El

Alternatively, Bernstein polynomial may be
written with the following equation

BY (t) = (1) B (1) + B/ (1)

The derivative of a Berstein polynomial B/ is

and for special

obtained as

IR

We can write a Bezier curve in the form
n-r
b"(t) = Z b (t)B" " (t).
i=0

Let determine the r.th degree derivative of a
Bezier curve b"
d'b" n!

dt" (t)z(n—r). ZA'b B

and here A'D, difference equation is in the form of:

A'h :2@(—1 )

and in addition, A'b, =A""b,,—A"'b, . The

important special case of Equation (2.1) are given by

t=0and t=1
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d"b"(t) nt
= A
dt’ Lo (n—-r)r
n |
db"(t) [PEELINYY
dt’ -r)!

Let us find the flrst, second and third level
derivations at the start and end points by using the
formulas above. The t = Oderivation formulas at the
start point are found like this:

db"(t)

Lo=nN.Ab,
dt
IO | = n(n-iab, b,
d 33:3“) L= n(n—1)(n—2)[Ab, — 2Ab, + Ab,]

The t =1 derivation formulas at the end point
are found like this:
db"(t)

dt r‘:1= n'Abn—l
d2b"(t
20 | =n(n-Diab,, - ab, ]
d®p"(t
20 | = n(n-D(n-2[ab, ,~28b, , +4b, ]
3. Results

Let us calculate the {T,N,B} orthonormal
Serret-Frenet frame at the start and end points of the
b" (t) Bezier curve that is without unit speed. The

following conditions are provided because of
orthonormal frame system:
<T, T>=1 <N,N>=1 <B,B>=1,

<T,N>=0,<T,B>=0,<N,B>=0
The b" (t) Bezier curve velocity vector is given

with the formula

v,

and the length of the arc parameter is given with
the equation

s= 120 e

Theorem 3.1. Let b, € E be the control points, the

{T,N,B}|,_, Serret-Frenet frame at the t =0 start
point is given with the equations
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Ab,
T — 0
o Tawy |
Ab
Csc g~ =t cot
" Jan] ||Ab i
B .= Aby A Ab,
=0 |Ab, A AD|

Proof: When we calculate the {T,N,B}|_, Serret-

Frenet roof of the b"(t) Bezier curve at the t=0

point, the tangent vector is found with the following
equation:

db" (t)
T o= at = Ab,
o det® ) llab i

The Binormal vector is

db"(t) d?b"(t)

N 2

Bl — dt dt

|t:0 n 2N
db"(t) d<b"(t)

VAN
dt dt?

t=0

_[n(b, —b)IA[n(n—1) {(b, —by) — (b, —b,)}]

" (6, —by) ALN(N =) {(b, —b,) — (o, —b) |

_[nAbJAIn(n -1 {(Ab, — Ab,}]
[In.Aby AN(n—1) {Ab, — Ab, }]|
_ Aby AAb;

 [|ab, A A

and the normal vector is obtained with the equation
N|_,=BAT

_ (Aby AAb) A Ab,

) ”Abo /\Ab1||-||Abo||

_ <Aby, Aby > Ab— < Ab,, Aby > Aby,
) ”Abo A Ab1|| '”Abo”

Ab, Ab,
= cot ¢,
by A

here, the angle between Ab and Ab, is the §.

CSCo—

Theorem 3.2. Let the b, € E°be the control points,

the {T,N,B}|,_, Serret-Frenet frame at the t=1

start point is given with equations
Ab,

|=: )
[l Ab,, |
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coty — cscy,

b, ,
b, 1||
e Ab , AAD,
“||Ab,, AAb |

Proof: Let us find the {T,N,B}L:l

oo, |

Serret-Frenet

frame of the b"(t) Bezier curve at the t=1end
point. The tangent vector; and

db” (t)
M= =
© o (@) faby
dt "
The Binormal vector is calculated by the
db”(t)/\dzb“(t)
B - dt dt?
= db”(t)Adzb”(t)
_ dt dt?
equation =1
_ n[b,—b,Jan(n-1)[(b,~b, )~ (b, ~b,,)]
(b, =, ) An.(n=1)[ (b, b, +) (b, =D, ,) |
_ (bn _bn—l)'[(bn _bn—l)_(bn—l _bn—z ):|
|(bn - bn—l)'[(bn _bn—l)_(bn—l _bn—z ):|||

_ Ab,, A[Ab,,—Ab ]

~ |Ab,, A[Ab, - ab, ]
Ab, , AAD
||Ab LAAD, 2||

and the normal vector is
N| L= BAT

—Ab,, AAD,,  AD, |
b, A2, | b, ]
_[Ab,, AAb ]AAD,
) A, A Ab, b,
_(Ab,_,,Ab,_)Ab , —(Ab, ,,Ab,

n-1?

b, , A Ab, ,[|ab, .|

1) A, ,

:&co - —2_¢
b, 4| [Ab, |
here, y is the angle between Ab,_,and Ab, ;.
Theorem 3.3. The curvature and torsion of a
b"(t) Bezier curve whose control points are
by, by,..., b, from N.degree at the t =0 point
_n-1 [ (n-2) (Ab,Ab, Ab,)

.sing, 7= .
0 s T b, an

scy
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Proof : Using the methods in [10-12 ], the curvature ‘| n-1 b, |
.8in
of the b" (t) Bezier curve with no unit speed at the Flam Ty |ab, .| 4
t =0 start point is obtained with the following | n—2 —(Ab Ab, ,Ab, ;)
H . T =
equations: 1 N ab,, A, [
n 210 - n-
%,\ d ;Z(t) ‘ Proof: Using the methods in [10-12 ], the curvature
Kl = of the b" (t)Bezier curve at t =1;
&
n 21N
db (t)/\d b 2(t)
[ —b,) An(=D[ (b, —bl)—(bl—bo)]ll R at
= t=1 n
||n(b1 _bo)"3 M
~n=1 =By A6, ~b) - (b, 1) dt
- 3
n "(bl_bo)" _ n—l"(bn _bn—l)/\|:(bn _bn—l)_(bn—l_bn—z)]”
-1 B=by) [ -] n b, b, |
- 3
n b, =bo)] n-1]Ab,, A[Ab,,~Ab ]|
:n_—]_"AbO /\Abl" - n ||Abn 1”3
Po2 Al §
oAby n—1]Ab, , AAb, ||
-1 A =
_n-1fab] in g n |ab, .|
0 jab
n—1 |Ab,_,|
where, ¢ is the angle between Ab, and Ab, vectors. = —m-
The torsion of Bezier curve at t =0 is obtained with ) " . b )
the following equations: Let us find the torsion of the (t) Bezier curve at
(db”(t) d%b"(t) d%”(t)] t =1end point;
2 3
‘[ = dt dt dt dbn (t) den (t) d3bn (t)
Hdb ) d dt  dt®  dt’
dt dt v |‘:l: dbn (t) den (t) 2
_db'(t) d°(t) db'() 5t " ae
__ dt ' dt? olt3 =1
‘ do"(t) 40" (t)[ _n-2(Ab,,,[Ab,,—Ab, ,]A[Ab, , ~2Ab, , +Ab, ;])
dt dtz n "Abn—l N [Abn—l - Abm? ]”2
_ (n=2) <AB,,(Ab, —Aby) A (AD, —2Ab, + Ab)) > 2 (Ab,,Ab,,Ab, ,)
n "Ab /\[Ab Ab ]" = n ||Abn71 A Abn72 "2
_ (n=2) <Aby,(Ab, A Ab, +Aby AAb ~ A, >
n |ab, A b Let the speed at the start point be
_(n=2) <Aby,(Ab, AAb, >+ < Aby, Ab A (A ~AD,) > v=n|lb —b, || ; the derivation formulas of the
n A, A Aby | Serret-Frenet frame at t = Qare given with
_ (n—2) (Ab,Ab,Ab,)
N |Ab, AAb|° T =(n-1) Asl || sing.N
Theorem 3.4. The curve and torsion of a b"(t) ——(n —1)HAblHsinH.T—(n—Z)HAbOH(Ab WADAD;) o
Bezier curve whose control  points are || Aby || |Ab, A Ab ||

By, 0,,...,0, from N.degree at the t =1point, i (ADyADAD,) |\
0

B'=~(n-2)[|Ab
by A Ao
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Let the speed at the end point be v=n||b, —b, ,

the derivation formula of the Serret-Frenet frame at
t =1 are obtained as follows:

[ Ab,, |
T =(n-1)—"2 siny.N
| Ab ||
N'=—(n —1)w8int//.T—(n—2) | Ab, Hw
80 Jab,. b,

| (Ab,,Ab,,. Ab”)
|Ab, ;A an"
Since the {T,N,, N,} Bishop frame is an
orthonormal, it gives the equation
<T,T >=<N,,N, >=<N,,N, >=1
<T,N,>=<T,N, >=<N;,N, >=0
Now, let us examine the Bishop frame at the
start and end point of the b" (t) Bezier curve:

B'=—(n-2)|[Ab,, |

Theorem 3.5. Let the b, € E°be the control points,
the curve and torsion of the Bishop angle at the
t =0 start point of the b"(t) Bezier curve with no
unit speed are given with the equations

K |oo=— n-1 " b .singcosé,
N by

K, |,_o= n- 1”” b1|:| .Singsin g,
O

here, the @ angle is calculated as:
_ (n—2) (Ab, Ab, Ab)

N |Aab, A by

ispat: Since the 7 =6" is used to calculate the angle
in the Bishop frame, when we take the integral of
both sides of this equation, we obtain the following:

0=[z(t)l, dt
 n—2(Ab, Ab, Ab))
n [[Aby A AD, |

In addition, when the curvature formulas of the
Bishop frame for the curves are considered; the

equations
n-1 A,

t+c

K, |_,=x.cos0 = .Siny cos @
lll—O K ||Abn_l||2 l//
n-1ab | .
K, |_,=x.c0s0 =—="1""L sinysin@
2 heo=% ||Abn71||2 4

are obtained.
Theorem 3.6. The curvature and torsion of the

Bishop frame at the t=1 start point of the
b" (t) Bezier curve with no unit speed and with the

b e E® control points are
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n- 1|| b,_, |
K, |,.,= .Siny cosg
o0 an,ff
n- 1|| b,_,| :
K, .= .Siny sin g,
o b,

where the ¥ angle is calculated as:
- _ (n _ 2) (Abn—l Abn-z Abn-za) t+cC.
N |Ab,_, AAb |
Proof: Since the 7 = ¢’ formula is used in order to

calculate the angle at the Bishop frame, we obtain the
following angles when we take the integral of both
sides of this equation:
o=[7)]. dt
_n—2(Ab,, Ab, , Ab, ;)
n |[Ab,_, AADb ,|f
In addition, when the curvature formulas of the

Bishop roof for the curves are considered; the
following equations are obtained:

t+c.

K = K.coswzn—_len’zlzl.siny/cos(p
b,
n-1[Ab | oo
K, |._,= x.C0Sp = ——-—"—=_.siny sinp
2 It=1 ||Abn71||2

Theorem 3.7. The derivation formulas of the Bishop
frame belonging to Bezier curve at the start point are
given by following equations

To=(n —l)HAbl||sin¢[cos¢9N1+sin¢9N2]

| Ab,

N; o=~ n)H blem¢cos¢9T
| Aby ||

N; |o=1— n)H blemqjsin@T.

Proof: When the K, , K, curvatures of the Bezier

curve with the unit speed in the Bishop frame are
taken and the necessary abbreviations are made after
writing the V constant number, the derivation
formulas of the Bishop frame belonging to Bezier
curve at the start point are calculated by

=kVN, +k,VN,

(n-1) |A blu
H
-1) [a]

o

=(n 1)” El\\smqﬁ[cos&N +sindN,]

Tl

>sin gcos on|[Aby N,

7singsin on|[Aby N,
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N | o=—kVT

- nnl | >5in g coson|Ab, | T

by

=(1-n) ” Aly H singcosdT

N} [o=—KNT
_ (- [an)

" b

by
:(1—n)““isz ““sin¢sin9T.

Theorem 3.8. The derivation formulas of the Bishop

frame belonging to Bezier curve at the end point are

given by following equations

: [ Abg, ) Il .
T'|_,=(n-1) b siny[cospN, +sinoN,]
(| Aby,y

l| Aby, 5 |l
N!|_,= (L—n)—"2 _singcosIT
e [ Ab, o |l

| Ab, ) |l
N} = @- )H b( 2)Hsm¢sm9T
n-1)

Proof Similarly, when the K, ,K,and the v constant

number in the matrix of the Bishop roof of the Bezier
curve with no unit speed is taken and the necessary
abbreviations are made, the derivation formulas of
the Bishop roof of the Bezier curve at the start points
are calculated with the flowing equations:

T'|=kVN, +k,vN,
(n l) "Ab—"z)"sm ¥ COSpn ||Ab(n -1) " N
" o
(n D Msm wsin CD”HAb(n 1)" N,
HAbm ) "

| Ab ., |l .
=(n- 1)H H5|nz//[005¢N1+S|n(pN2]
Biny
N; [y =—kVT

_ (n 1 HAb(" Z)H s|nt//COS§0ﬂHAb(n 1)HT

" el

| Aby |l
=(1-n)——"2 ‘siny cospT
| Aby |

N; |1:1_ - 2VT

__ (ﬂ 1 HAb(" Z)H 5|nz//sln wnHAb(n 1)HT

" el

=(1- )H (” 2)H3|nx//sinng
| Abg, 4

6/23/2015

Acknowledgements:

The first author has received support from Bitlis
Eren University Scientific Research Projects
Coordination Unit (BEBAP) with Project grant
number 2014.08.

Competing Interests:
The authors declare that they have no competing
interests.

Corresponding Author:

Dr. Hatice Kusak Samanci

Department of Mathematic, Bitlis Eren University
Bitlis 13000, Turkey

E-mail: hkusak@beu.edu.tr

References

1. Bishop L.R., There is more than one way to frame a
curve, Amer. Math. Monthly, 82(1975), pp 246-251.

2. Bukcu B., Karacan M., Special Bishop Motion and
Bishop Darboux Rotation Axis of the Space Curve, J.
Dyn. Syst. Geom. Theo., 6(2008), 3(1), 80-90.

3. Karacan M.,Bukcu B., Bishop frame of the timelike
curve in  minkowski 3-space, SDU Journal,
3(1)(2008), 80-90.

4. Bukcu B., Karacan M., Bishop frame of the Spacelike
curve with a spacelike principal normal in minkowski
3-space, Commun. Fac. Sci. Univ. Ank. series, Al
(2008), Vol 57, Number 1, pp 13-22.

5. Bukcu B., Karacan M., The Slant Helices According
to Bishop Frame, World Academy of science, Eng.
and Tech., 3:2(2009), pp 1039-1042.

6. Kocayigit H., Ozdemir A., Cetin M., Arda B., Some
Characterizations of Timelike Curves According to
Bishop Frame in Minkowski 3-Space, Int. Journal of
Math. Analysis, Vol.7 (2013), no.16, pp 767-779.

7. Ata E., Kemer Y. Atasoy A., Generalized
Quaternions  serret-frennet and Bishop frames,
Dumlupinar Un. Fen.Bil. Enst. Dergisi, n029(2012),
pp 29-38.

8.  Gokcelik F., Bozkurt Z., Gok 1., Ekmekci F.N., Yayli
Y. Parallel Transport Frame in 4. dimensional
Euclidean Space E4, Caspian J. of Mathematical
Sciences, Un. of Mazandaran, Iran, 3(1)(2014), 91-
102.

9. Kocayigit H., Cetin M., Space Curves of Constant
Breadth according to Bishop Frame in Euclidean 3-
Space, New Trends in Math. Sci., Vol. 2(2014), No. 3,
pp 199-205.

10. Farin G., Curves and Surfaces for Computer-Aided
Geometric Design, Academic Press, (1996).

11. Yamaguchi F., Curves and Surfaces in Computer
Aided Geometric Design, Springer-Verlag, (1988).

12. Thomas W.S., Computer Aided Geometric Design
Course, 90th., (2014).


http://www.lifesciencesite.com/

