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The nonstationary gravitating systems with
axial symmetry have a certain class of circular and
spiral orbits, which play a special role in the dynamics
of such systems [1-7]. We clarify the stability
conditions of circular and spiral orbits in nonstationary
gravitational field. In this case we use the investigating
method of nonautonomous dynamical systems stability
[8]. Since the real gravitating systems are essentially
nonstationary, such nonstationary circular and spiral
orbits are of interest to some astronomical problems.

The existence and stability of spiral and
circular orbits are studied in [9, 10] in considering the
motion of a material point in the nonstationary
axisymmetric gravitational fields. In these studies the
stability of a wide class of spiral and circular motions
for the gravitational fields of different structures is
established. The variety of considered spiral and
circular orbits is determined by the rate of the change
of time function, characterizing nonstationarity of the
system, by the value of sector velocity of a material
point, the set of initial parameters. Generalization [9]
of the stability conditions of S. Chandrasekhar [11],
V.G. Demin [12] circular motions are obtained.
Application of sustainability criteria of the circular
orbits to the stability of the ring structure of peculiar
galaxies is given in [13].

In the most important case of axially
symmetric gravitating systems we can distinguish
several types of force fields of such systems.
According to Chandrasekhar [11], the most general

form of the gravitational potential U (r, z,t ) of the
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nonstationary system (galaxy) is given by the
expression
.. | ~
A [ [P NC
2¢ p \¢ ¢

where 7, z are cylindrical coordinates; ¢ is a rather

arbitrary function of time; U - here and in all
subsequent cases rather arbitrary function of its
arguments.

The force function of nonstationary
gravitating system can belong, moreover, to one of the
following types:

Ulr, z,t)=y’Ulry, zy);
U(r, z, t): ;/lj(r, z),

where ¥ is a function of time.

2
3)

An example of the force function of the type
(2) is a force function of a bounded rectilinear three-
body problem with variable mass. An example of the
force function of the type (3) is the force function of
the problem of two fixed centers with variable mass or
a variable gravitational constant [9, 10, 13].

Hereinafter we consider gravitating systems
with axial symmetry, force functions of which belong
to one of these types (1)-(3). The investigation of the
motion stability in such force fields consider on the
basis of analysis of the nonautonomous dynamical
systems stability, led to an autonomous form [8].
Below we find out the conditions of existence and
stability of a wide class of spiral and circular motions
in nonstationary axisymmetric gravitational fields of
these types.
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Let the
coordinates p, A, z with axis z , coinciding with the

force function in cylindrical

axis of symmetry, has the form

Ulp, z.1)= f(t)U(p, 2). o)
where [ is time function of the expression
f(l‘)zriﬁ (a>0,,8>0) (5)

Let’s consider the motion in the field (1) at
the presence of the friction force

=v(t)# (v = ;;J ,

where 7 is the radius vector of a material point.
In this case the circular motion is permitted
%y

F ©)

=p,; p=0; Q= ; z=zy; £2=0,
P=py; P aiip 0
(7)
with a continuously decreasing areal velocity
Q/2=p°2/2.

The motion (7) is examined for stability in the
sense of Lyapunov with respect to the values
P, 0, 8,2,z .
function in the form of the first integrals bunch of the
perturbed motion equations is constructed using the
method N.G. Chetaev [9]. As a result, the stability
conditions of circular orbits (7) have the form

(Upp+;Upjo<0;

. 3 ... .
U +2U0, U, -U
|:( PP p Pj P’-’:|0

where the subscript 0 means that the value of the

For this purpose the Lyapunov

)
>0.

function p,, Z, is taken at the point.
If the field force is symmetrical relative to a
plane z =z, that is (U pz )0 =0, then the stability

condition (8) are simplified and have the form

. 3 . .
(UW +—UPJ <0; ([@.),<0. ®

P

These stability conditions can lead to a more
compact form. In fact, if we consider the motion
within the gravitating medium of continuous density,
then the Poisson equation for the force function has the
following form:

U +U.+10, =-4zGu(P)
Yo

(10)
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where G is gravitational constant; ,U(P ) is a density

of the inner point of the medium P . Using the
equation (10), we represent the stability conditions (9)
in the form
[Upp +EUPJ <0; [UW +EUPJ > —47zG,u+[£Upj
e ") o ") P

0

(11
and after simple transformations we obtain the stability
condition

. P .
[2p2Up —47sz3u] < —(p3U ) <0,
0 op P
0
(12)
which is a generalization of the stability conditions of
stationary circular motions given in [11, 12].
The stability of circular motions can be shown
similar to the above mentioned researches
p=pys p=0; Q=07 z=2; 2=0

(13)
at the force function of (1), in which the function f
varies according to the Eddington-Jeans:

f=af", (a,<0, n>3/2) @4
and functions V
al n—1
V=— R 15
> f (15)

The variety of circular orbits (7) and (14) are
defined by a set of values p,, z,, by the value of

areal velocity /2 and function f . Note that the

circular orbits (7) at the large values of the time ¢ are
close to the corresponding stationary circular orbits
with a small areal velocity in a weak force field.

Let the force function has the form

U(r, z, t): - (7(1"7/, 27/), (16)
where
7’(t) = , (a, g —const) (17)

at+ f

In this case, in the field (16) the spiral
motions may take place

r:ro(atJrﬂ); F=ar,; Q=Q; z:zo(atJrﬂ); Z=az,,

(18)

Spiral motion (18) is examined for stability in

the sense of Lyapunov with respect to the values

r, ¥, Q, z, Z . Similar to [10] the Lyapunov

function is found by the method of integral connection

by N.G. Chetaev. As a result, we have the conditions
of motion stability (18)
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(U;’r +3U:) <0;
r 0

3
[(U; )(UL +UL)—(UL )2} >0,
r 0
where the subscript 0 means that the value of function

is taken at the point ro(at+,8), zo(at +,3)

Particular solutions of (18) represent a class
of spiral orbits, the variety of which is determined by
the function y, its rate of change and a set of values

(19)

Ty, Z,, €. The particular case of these orbits are
the flat spiral orbits (Zo = 0). In the case of very slow

change of function y with time (O{ zO) the
considered spiral orbits are nearly circular:

r=pr,; 7=0; Q=Q,; z=pz,; z=0.
(20)
Thus, there are stable spiral orbits (18) in
nonstationary axisymmetric gravitational field of (16)
under conditions (19). At the termination of
nonstationarity of the force field the spiral orbits turn
into the corresponding stable circular orbits.
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