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Introduction 

Measurement of fields in high-frequency 
circuits in general and in accelerating sections of 
charged-particle accelerators in particular is based on 
the so called small perturbation methods. 

We can distinguish two small perturbation 
methods, the small nonresonant perturbation method 
and the small resonant perturbation method, 
theoretical justification of which is given in works 

. In particular, in work the following 

fundamental relationships for nonresonant and 
resonant perturbation method have been deduced 

 
 

 

Where  imaginary unit, and 

coefficients и in formulas  

and  are called form factors of the small 

perturbing body with relevant components 

 of the electric field intensity  

and magnetic induction intensity  in the point 

of the small perturbing body. 
Form factors of the perturbing body 

the form and sizes of the 

body and the capability of the perturbing body 
material to magnetize, polarize and carry electrical 

current under the influence of the external 
electromagnetic field. 

Formula  is the nonresonant 

perturbation formula and is used, as a rule, for 
measurement of fields in accelerating sections with 
the running wave though it can also be used for 
measurement of fields in accelerating sections with 
the standing wave. In this formula the value 

 

refers to change of the complex coefficient of transfer 

from a certain reference plane of the st arm to a 

certain reference plane of the  arm of the multi-

armed electrodynamic system under consideration 
when inserting the perturbing body into it, at that, the 
electrodynamic system under consideration is 
considered to be reversible, its scattering matrix is 

considered to be symmetric, а  

angular frequency at which measurements are made. 

Where  complex coefficient 

of transfer when the small perturbing body is outside 
the electrodynamic system under consideration, and 

 the same complex coefficient 

of transfer when the perturbing body is inserted into 

the system under consideration. At that,  

incident wave power in the reference plane of the 

 arm and  incident wave power in 
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the reference plane of the  arm. In general, the 

rest of arms, if any, can end up with matched and 
mismatched loads. 

When measuring the fields in the 
accelerating section, it can be inserted into the 
measuring circuit either by the four-pole circuit or by 
the two-pole circuit. In the former case the complex 

coefficient of transfer  is measured in 

absence of the perturbing body in the transit channel 
of the accelerating section and the complex 

coefficient of transfer  is 

measured when inserting the perturbing body into the 
transit channel. In general, complex amplitudes of the 
electromagnetic field component in the transit 
channel of the accelerating section in its excitation 

through the  and through the  arm differ 

from each other, that is 

even if 

. 

In the latter case , а 

and 

refer to squares of 

complex amplitudes of the nonperturbed 
electromagnetic field component created in the 
electrodynamic system under consideration in its 

excitation through the  arm and incident wave 

power in this arm equal to . At that, the rest of the 

arms (if any) can end up with matched and 
mismatched loads. In this case 

 refers to the 

change of the complex reflection coefficient in a 

certain reference plane of the  arm through 

which the electromagnetic field in the section is 
excited. 

Since in most cases there is only one 
electromagnetic field component on the axis of the 
transit channel, namely, the longitudinal component 
of the electric field intensity, the complex amplitude 

of which we denote as , formula  will be as 

follows 

 

Formulas  and  show that the 

nonresonant perturbation method allows to obtain 
information both of the absolute value and of the 
phase of the component of the nonperturbed 
electromagnetic field of induced oscillations created 
in the electrodynamic system under consideration in 

its excitation on the intended frequency  

and under given conditions. 

Formula  is a resonant perturbation 

formula and is used to measure the fields in 
accelerating sections with the standing wave that is in 
accelerating resonator. In this formula 

 the relative shift of the 

resonant frequency of the resonator mode under 
consideration when inserting the small perturbing 

body in its transit channel, and  refers to 

the resonant frequency of oscillations of the resonator 
mode under consideration when inserting the small 
perturbing body into the resonator and without it. 

complex amplitudes 

of the component of electric field intensity and 
intensity of magnetic induction of nonperturbed 
resonator oscillations at the perturbing body point, 

and  refers to the total energy of the 

electromagnetic field accumulated in the resonator in 

its excitation on the resonant frequency  of the 

mode under consideration in absence of the 
perturbing body. 

To measure the longitudinal component of 
the electric field intensity in the transit channel of the 
accelerating resonator we can use the following 
resonant perturbation formula  

 
 
Method 

We assume that accelerating sections are 
chains of interconnected cells. To calculate the 
complex amplitudes of accelerating voltages on the 
cells of these sections it is convenient to use their 
equivalent circuit shown in Fig.1 [3,4,5]. 

 
Fig. 1. Equivalent circuit of the accelerating 
section with the electric and magnetic coupling 
between cells 
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Where the cell 

number and the number of cells in the 

accelerating section. The cells can be coupled 
through both the electric field on the section axis 
(capacity coupling) and the magnetic field, for 
example, using the peripheral coupling slots 
(induction coupling). Both of these types of coupling 
between cells are shown in the diagram as transverse 

capacitive elements with capacities  and 

presence of the induction coupling between inductive 

elements  and  which is characterized with 

mutual induction . 

The electromagnetic field in accelerating 
sections is excited through the cell with the number 

 which is reflected in the diagram with presence of 

the introduced voltage source in the circuit of this cell 

with the complex amplitude  and the introduced 

wave resistance of the incoming waveguide line 

 through which electromagnetic field in the 

accelerating section is excited. To simulate insertion 
of the accelerating section into the measuring circuit 
by the four-pole circuit presence of the waveguide 

line is provided which is connected with the  cell 

which is reflected in the diagram with presence of the 

 cell of the introduced wave resistance of this 

waveguide line  in the circuit. The diagram 

also reflects contour currents complex amplitudes of 

which equal to . Absence and presence of the 

perturbing body in a certain cell of the accelerating 
section is simulated so that the frequency of each cell 

can assume the value (unperturbed cell 

frequency) and (perturbed cell frequency). At 

that, relative cell detuning induced by the perturbing 
body is similar for all the cells and is small enough, 

that is . 

Main part 
1. Accelerating sections with the running wave. 

The electromagnetic field in the accelerating 
section with the running wave is excited through the 
incoming waveguide line connected with the first cell 
[6]. To measure the acceleration field on the axis of 
the transit channel the section is inserted by the two-
pole circuit and the coefficient of reflection in the 
reference plane of this incoming waveguide line 

 is measured. 

Figure 2 shows the results of numerical 
simulation for the accelerating section with the 
backward running wave with the following 
parameters:  GHz, 

. 

The upper figure shows the dispersion curve 
of the infinite uniform structure with the above cell 
parameters. At that, cell frequencies at which the 
damping backward running wave is spread in the 
structure on the operating frequency are equal to 

 GHz and damping per cell on 

the operating frequency is equal to 
. The cell frequency 

and operating frequency are marked as points at the 
dispersion curve. The middle and bottom figures 
show the results of calculation for distribution of the 
relative amplitude and the voltage phase on section 
cells (о) and the results of simulating the changes of 

these values ( ). The number of cells in section 

 and perfectly tuned cells should have the 

following parameters: 
 

GHz, 

. 

 

 

 
Fig. 2. Distribution of the relative amplitude of 
voltage and its phase at random cell frequency 
diversity with uniform distribution within the 
range , . 

о – no perturbing body; measurement 

numerical simulation. 
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Complete damping on the operating 

frequency  for the perfectly tuned section is 

equal to 

. 

The above example shows that frequencies 
of cells have random relative dispersion with uniform 
distribution within the range 

 and the 

relative cell detuning induced by the perturbing body 

. 

The analysis showed that maximum 
distinction between the rated relative voltage 
amplitude and its phase and the relative voltage 
amplitude and its phase obtained as a result of 

simulating their changes is  % 

and , respectively, depending 

on selection of random scatter of cell frequencies. 

In the lower figure the value refers to 

phase differential of voltage on the cell with the 

number  and the phase which this voltage should 

have in perfect tuning of all section cells. Since 
dispersion of the perfect structure based on which the 
section under consideration is made, is negative the 
voltage phase on each cell in the perfectly tuned 

section is . 

2. Accelerating sections with the standing 
wave. 

We shall confine ourselves to consideration 

of resonators with the operating type 

oscillations only [7-10]. Due to losses voltage phase 
differential on adjacent cells will not be exactly 

. 

The frequency value  and the coupling 

coefficient value 

 the 

reflection coefficient  on the operating 

frequency would be minimum (equal to zero). We 

shall assume that the coupling coefficient  

while the coupling coefficient  is rather high. In 

high quality factor of cells  has the value close to 

the number of cells . In reduced quality factor of 

cells  decreases. 

 
Figure 3 shows an example of such simulation for the 
resonator with the following parameters: 

 GHz, 

. 

The frequencies of cells in the perfectly tuned 
resonator should be 

 

 GHz 

and for matching on the operating frequency it is 

necessary that . In this case 

, а . 

 
In the above example the frequencies of the 

cells have random relative dispersion with uniform 
distribution within the range 

, and the 

relative detuning of the cell frequency induced by the 

perturbing body is . The 

phase distribution has been obtained using the small 
nonresonant perturbation method. 

As shown from these and other examples the 
best result can be obtained through the small 
nonresonant perturbation method which has the 
smallest systematic error when measuring the 
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amplitude (in our example ) and when 

measuring the phase the error can be less than 

. 

 
Conclusion 

The comparative analysis of the methods 
under consideration to measure the acceleration field 
in the transit channel of the accelerating section has 
shown that the small nonresonant perturbation 
method has the smallest systematic error which can 
be successfully used in both sections with the running 
wave and in sections with the standing wave. 
However, requirements for the perturbing body in the 
latter case are more rigid. Thus, relative detuning of 
the cell frequency induced by the perturbing body in 
this case should not exceed 

. In the first case relative 

detuning of the cell frequency induced by the 
perturbing body can be much higher. This is due to 
the fact that similar relative detuning of the cell 
frequency results in different perturbation of the field 
in the resonator and in sections with the running 
wave in similar parameters of cells (closely spaced 
frequencies of cells and coupling coefficients 
between cells). 

If the number of the cell through which the 
resonator is excited and the number of the cell 
connected with the second arm are not equal 

 it is not reasonable to use the small 

resonant perturbation method with measurement of 

the transfer coefficient  as the measurement 

error in this case can be unacceptably large. If 

 both methods for measurement of the 

resonant frequency of the resonator mode under 
consideration give approximately the same result. 

 
Summary  

It is not reasonable to use of the small 
resonant perturbation method in cases when the 
quality factor of cells and the resonator in general is 
not high. 
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