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Abstract: In the real world we usually face the problem of discrete survival times, typically associated with the 
presence of ties between events and censored observations. However, the conventional Kaplan-Meier approach, as 
well as Greenwood´s variance estimator, do not adequately consider this fact, which leads to underestimation of true 
survival probabilities and variances. In this paper we therefore present a modified Kaplan-Meier approach, by 
explicitly considering the presence of ties. A variance estimator based on our modified Kaplan-Meier approach is 
developed. In absence of ties the new variance estimator equals to Greenwood variance estimator, while in 
censoring free data, it reduces to binomial variance estimator. A simulation study was conducted in order to compare 
the performance of conventional Kaplan-Meier estimator and modified Kaplan-Meier estimator on different 
censoring percentages. Our simulation results suggest a significant improvement in terms of bias of modified 
Kaplan-Meier approach in comparison to conventional Kaplan-Meier estimator. Similarly, the results of variance 
simulation favour the proposed, modified variance estimator. Our new approaches are illustrated on a leukaemia 
data set. 
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1 Introduction 

Over the last decades, statistical techniques of 
Survival analysis play increasingly important roles in 
biostatistics and modern medical research (Horton et 
al., 1979; Strasak et al., 2006; Emerson et al., 1983; 
Fleming et al., 1984). Due to considerable 
methodological development concerning this statistical 
area, today, methods of Survival analysis exist in 
manifold parametric, semi-parametric and non-
parametric forms. However, the famous Kaplan-Meier 
Survival function is the most commonly used non-
parametric method for estimating survival probabilities 
in medical research (Kaplan et al., 1958). 

Survival analysis is different from conventional 
statistical procedures due to the concept of censoring. 
Let T1, T2, …, Tn be independently identically 
distributed survival times having the distribution 
function F(t) and let G(c) be the distribution function of 
independently identically distributed censoring times 
C1, C2, …, Cn. Ti and Ci are assumed to be independent. 
Let Xi=min {Ti, Ci} be the observed survival time and 
δi=I (Ti≤Ci) indicate whether the survival time is 
censored or event. Given this context, the problem is to 

estimate the survival probability S(t)=1– F(t) from the 
ordered survival time Xi and from corresponding δi. Let 
the number of individuals who are alive just before 
time Ti, including those who are about to die at this 
time, be denoted by ri and ei to denote the number of 
persons who die at this time, the conventional Kaplan-
Meier estimator is defined as 
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However, the conventional Kaplan-Meier 

estimator considers time to be continuous, although this 
does not necessarily hold true for all real situations. For 
example, it may easily happen that a patient visits 
hospital after specific time periods (e.g. every week, 
month or quartile) and therefore visiting times are 
assumed to be discrete and not continuous. In the other 
hand, discrete survival times are typically associated 
with the presence of ties between censored and event 
time. This fact is not adequately considered by the 
conventional Kaplan-Meier method, as in case of ties 
censored observations are ignored(Collet, 1994). 
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Similarly, Greenwoods variance estimator, commonly 
used in Survival analysis and the formula of jump size 
do not give any attention to possible presence of ties in 
discrete survival times(Greenwood, 1926; Maller, 
1996). 

In this paper we present a modified estimator for 
Kaplan-Meier Survival function by explicitly 
considering the presence of ties. In section 2 we 
develop a modified approach for the Kaplan-Meier 
estimator and derive a variance formula for our 
modified survival function. A modified formula for the 
jump size, considering tie-cases is presented, as well. 
In section 3, two different simulation studies are 
performed in order to compare potential bias of 
conventional Kaplan-Meier estimator with modified 
Kaplan-Meier estimator and our new variance 
estimator with Greenwood variance estimator. In 
section 4, we apply our methods to the leukaemia data 
set of Freireich et. Al (1963). Although some previous 
authors already considered the idea of discrete survival 
times, to our knowledge up to now there is no work 
explicitly related to survival probabilities in the 
presence of ties (Hogan et al., 1998; Brookmeyer et al., 
2002; Lam et al., 2003; Adebayo et al., 2005). When 
using the conventional Kaplan-Meier Survival function 
in this case, estimated survival probabilities are 
regularly underestimated. Our new approach leads to 
better results in terms of bias and variance. 
2 Method 

Suppose that a sample of survival data (Xi, δi), 
i=1, 2,…, n is generated from survival and censoring 
times. We assume the time to be discrete and the 
presence of ties among censoring times and event 
times. We further suppose that ri denotes the number of 
persons at risk prior to time Ti, ei to denote the number 
of events and ci the number of censored observations at 
time Ti. 
2.1  Modified Kaplan-Meier Survival Function 

We define the modified function in two steps: 
Step 1: We consider ci and ei to occur together at 

time Ti and adopt the new procedure by first 
subtracting ci from ri in order to obtain the adjusted 
number of persons at risk at time Ti. 

iii crr '

  (2) 
By first ignoring censoring in order to calculate 

censoring free survival probability at time Ti, we 

replace ri by 
'

ir  in the conventional Kaplan-Meier 
Survival function and derive 
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Step 2: We now consider the second factor i.e. ci. 

In order to incorporate the concept of ties into our new 
approach and to obtain the modified survival 

probability at time Ti, we use the arithmetic mean of ci 

and pi, considering pi to be a single observation 
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There are mainly two reasons for choosing the 

arithmetic mean instead of median, although median is 
the most commonly used method of central tendency in 
survival analysis. First, we are considering all tie cases 
having same observed times and so there is no chance 
of occurrence of outliers. Second, if choosing the 
median instead of the arithmetic mean, at tie-times 
there are more chances of getting survival probabilities 
greater than 1, which is unrealistic and statistically not 
possible. By using the concept of Product-Limit 
probability we derive our modified Kaplan-Meier 
Survival function 
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By simplifying we get 
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However, if no ties are present in the data 

'
ir

equals to ir  and
 tS *

 reduces to 
 tS  which 

corresponds to the conventional Kaplan-Meier 
estimator. 
2.2 Variance Estimator Of Modified Kaplan-
Meier Estimator 

Greenwood variance is the most commonly used 
variance estimator for calculating confidence intervals 
in survival probabilities and is given by 
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where  
^

tS KM  denotes the Kaplan-Meier 
Survival probability. Just like the conventional Kaplan-
Meier Survival function, also Greenwood’s variance 
estimator does not consider the possibility of ties. 
However, in order to calculate confidence intervals and 
other statistics for our new approach, one also needs a 
modified variance estimator. 

We obtain the modified variance estimator for 
modified Kaplan-Meier Survival function by using the 
delta method (Collet, 1994) . Considering equation 5, 
taking log and variance on both sides, we obtain 
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 (8) 



 Life Science Journal 2014;11(10s)          http://www.lifesciencesite.com 

 

157 

By applying the delta method on the right hand 
side of equation 8 we derive 
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By putting equation 9 into equation 8 we derive 
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By applying delta method on 
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By simplifying we derive our modified variance 

estimator 
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Again, if events and censored observations do not 

occur at the same time then ci=0 and ii rr '

, the 
modified variance estimator reduces to conventional 
Greenwood variance estimator. If the data is free from 
censoring, the modified variance estimator equals to 
the binomial variance estimator. 

2.3 Modified Jump Size 
We now can write the modified Kaplan-Meier 

Survival function as 
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and so the distribution function is 
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Just like the conventional Kaplan-Meier 

estimator, the modified Kaplan-Meier estimator is 
constant at point Ti; at this point its jump is of 
magnitude 
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By substituting the relevant distribution functions 
in the above equation we derive 
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By simplifying we obtain the modified Jump Size estimator 
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Again, in the absence of ties, our modified Jump 

Size estimator reduces to the conventional Jump Size 
estimator. 
3 Simulation Study 

Although we considered survival times to be 
discrete, we choose commonly used continuous 
survival distributions to draw survival and censoring 
times in R as compared to discrete distributions, 
continuous survival distributions are easy to handle and 
understand (R Development Core Team, 2004). 

In order to incorporate tie-cases into the 
distributions, we now converted the continuous times 
into discrete times by choosing the 0 decimal point for 
the comparison of Kaplan-Meier and modified Kaplan-
Meier estimator in terms of bias and the 1 decimal 
point for the comparison of Greenwood’s variance 
estimator with modified variance estimator. Both 
decimal points allow for the likewise inclusion of tie-

cases and there is no difference of considering either 0 
or 1 regarding the results of our simulation approach. 
We obtained the same results by considering the 
reverse ordering of decimal points (results not shown). 
3.1  Comparison Of Kaplan-Meier And 
Modified Kaplan-Meier Survival 
Functions 

The performance of our modified Kaplan-Meier 
estimator was compared with conventional Kaplan-
Meier estimator by simulating 1000 samples of 
different sizes (n=30, 50, 70 and 100) from the 
following survival distributions of survival times: 

1. W (λ, α): Weibull with    ttS  exp
 

2. logL (λ, α): Log-logistic with 
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Censoring was performed using the uniform 
distribution ranging from 0 to b. In order to obtain ties 
we chose the zero decimal point with different values 
of λ, α and b, both in the survival and censoring 
distributions. As in common practice, we choose three 
points (q1=0.25, q2=0.50 and q3=0.75) at the theoretical 
survival distributions. In order to check whether our 
estimator leads to better results in different settings, we 
considered small sample size (n=30) as well as large 
sample size (n=100). 

Table 1 summarizes the results of the study by 
means of bias of conventional Kaplan-Meier estimator 
and of our modified Kaplan-Meier estimator along with 
the corresponding sum of ties and percentage of 
censoring in n*1000 samples. The results show that 
bias of the modified estimator does not only depend on 
censoring but on sample size too. Column 5, containing 
the number of ties per simulation, shows that the 
performance of our new estimator in terms of bias, 
increases with the increase of ties per simulation, as 
well as with the increase of sample size. Both survival 
distributions (Weibull and log-logistic) have the same 
behaviour regarding the censoring distribution. The 
results strongly indicate that with increasing sample 
size, bias of our new method decreases, as compared to 
bias of conventional Kaplan-Meier Survival estimator 
(Figure 1). 
3.2 Comparison Of Greenwood Variance 
Estimator And Modified 
Variance Estimator 

As with an increasing sample size the chances of 
the presence of ties increases, the second part of our 
simulation study comprised 1000 simulations of 
comparatively large samples (n=50, 75, 100, 125 and 
150),. We selected the exponential distribution with 
one decimal point for both the censoring as well as the 
survival times. Instead of conventionally considering 
three quartiles, we preferably choose the five higher 
percentiles (p50, p60, p70 and p80 and p90), as 
Greenwood’s variance regularly underestimates the 
true values at the right tail of survival distribution (Peto 
et al., 1977). However, due to the same pattern of 
behaviour at the 70th, 80th and 90th percentile in our 
simulation study, the results of the 90th percentile are 
not mentioned separately. 

Table 2 shows the simulated standard deviations 
of modified Kaplan-Meier, mean estimated standard 
errors of Greenwood’s based on Kaplan-Meier and 
mean standard errors of modified variance equation at 
the four percentiles, using Borkowf method of 
simulation (Borkowf, 2005). The results show that 
Greenwood’s standard error extremely underestimates 
the simulated standard deviations at all four selected 
points and in all samples under investigation. Although 
in case of very heavy censoring, modified standard 
error also underestimates the simulated standard 

deviation, it still gives better results at higher 
percentiles compared to Greenwood’s variance for each 
sample size (Figure 2). The same results we obtained 
by using different survival times and censoring times 
distributions. 
4 Application To Leukaemia Data Set 

We compared conventional Kaplan-Meier 
estimator and Greenwood estimator with our modified 
estimators on the famous leukaemia data set by 
Freireich et al. consisting of the survival times of 21 
clinical patients, including 9 events and 12 censored 
observations. The set consists of weeks in maintenance 
of remission for leukaemia patients treated with 6-
mercaptopurine and contained two ties at week 6 and 
10. The weeks in remission are: 6, 6, 6, 6*, 7, 9*, 10, 
10*, 11*, 13, 16, 17*, 19*, 20*, 22, 23, 25*, 32*, 32*, 
34*, 35*, where (*) denotes a censored observation. 

Table 3 summarizes data and methods. Column 1 
shows the time in weeks, column 2 represents the 
events at different time points, followed by the 
arrangements of censored observations. As there were 
two ties in the data set, column 5 contains two different 
values from column 3. In this column we considered 
tie-cases and subtracted the number of censored 
observations from the number of persons at risk, 
yielding the number of persons at risk prior to and free 
of censoring at that time. Column 6 and 7 give the 
survival function values based on conventional Kaplan-
Meier estimator and modified Kaplan-Meier estimator. 
Greenwood´s standard errors and our modified 
standard errors are given in the following columns. 

Due to the occurrence of a tie at the first observed 
time, our modified Kaplan-Meier estimator performs 
better than conventional Kaplan-Meier estimator right 
from the start (Figure 3). For example at time 6, the 
value obtained by conventional Kaplan-Meier Survival 
function equals 0.857 and that obtained by modified 
Kaplan-Meier Survival function corresponds to 0.925. 
As both methods are types of Product-Limit method, 
our modified Kaplan-Meier approach leads to better 
results in terms of survival functions right from the first 
observed survival time. However, if ties occur only in 
the middle or later stages, our new method improves 
the curve right from these points. 

In respect to standard errors, our modified 
estimator overcomes the right-tail underestimation- 
problem of Greenwood variance estimator. For 
example, regarding the last two events at time 6 and 7, 
the values of Greenwood standard error are smaller 
than the corresponding values of our modified standard 
error. 
5 Discussion 

Although the method of Kaplan-Meier is 
frequently used for univariate statistical analysis of 
survival data, it cannot sufficiently reflect real world 
problems, as the occurrence of discrete survival times, 
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associated with the presence of ties, is not incorporated 
in this concept. In case of ties, the conventional 
Kaplan-Meier function gives high rank to censored 
observations, thereby considering it as a non-
informative factor (Marubini, 1995). This leads to 
problems regarding underestimation of survival 
probabilities and variance. Although we also 
considered censoring to be non-informative, we 
acknowledged that in case of ties, it still carries 
information. To utilize this information and to 
overcome the problem of ties, typically associated with 
discrete survival data, we developed modified Kaplan-
Meier and variance estimators. The simulation study 
performed shows that our modified estimator gives 
better results in terms of bias as compared to 
conventional Kaplan-Meier Survival function, as well 
as it gives an improvement in survival curve. 

Just like the conventional Kaplan-Meier Survival 
function, also Greenwood variance estimator does not 
pay any attention to possible presence of ties. 

Concerning this problem, we developed a modified 
variance estimator. The comparison of our modified 
variance estimator with Greenwood variance estimator 
by means of simulation study, shows that the modified 
variance estimator performs better in case of small as 
well as heavy censoring. Our simulation approach 
revealed that if censoring is in-between 30 and 60%, 
there are higher chances of ties as compared to very 
small or very heavy percentages of censoring. To check 
the performance of our new approaches, we applied the 
modified and conventional methods to a small 
leukaemia data set. Although this set consisted of only 
two tie-cases, it still gave clear impression of the 
superior performance of our modified methods. 

On basis of our simulation study and analysis 
results we reach to the conclusion that as sample size 
increases, chances of presence of ties increase and 
performance of our modified estimators increases as 
well. 

 
Table 1. Bias of conventional Kaplan-Meier and modified Kaplan-Meier estimator.* 
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* KM=Kaplan-Meier Survival function, MKM=Modified Kaplan-Meier. 
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Table 2. Simulated standard deviations of modified Kaplan-Meier (MKM), mean standard errors of Greenwood´s variance estimator and modified variance 
estimator at four percentiles. 
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Table 3. Estimated Survival functions and standard errors using conventional and modified Kaplan-Meier estimators, Greenwood and modified standard error.* 
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Figure 1. Simulated bias of conventional and modified Kaplan-Meier survival function (dotted curves represent bias 
of conventional Kaplan-Meier survival function and solid curves represent bias of modified Kaplan-Meier survival 
function from w(1.5, 25)). 
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Fig 2. Set of curves of (a) simulated SDs of modified Kaplan-Meier survival function, (b) mean estimated 
Greenwood standard error and (c) mean estimated standard error of modified Kaplan-Meier survival function from 
E(15). Each curve was estimated using 1000 simulated sets of data for a given sample size (n=50, 75, 100, 125, 
150). 
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Figure 3. Kaplan-Meier Survival curve and modified Kaplan-Meier Survival curve for the leukaemia data. 
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