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Introduction

The wvariational principles determine the
laws in physical science. The idea that the nature
effects by means of easier and more accessible ways
led famous French mathematician Fermat [1] to the
formulation of the first variational principle - the
principle of the shortest time of light propagation.
The I.Bernoulli formulation of the brachistochrone
problem and its solution initiated the calculus of
variations branch of mathematics and were the
launching point for the formulation of the principle of
least action. The complex concept of action itself was
introduced to the mechanics by Leibniz [2] as the
product of the particle weight with its velocity, and
with the path traversed by the particle at this velocity,
i.e. as m Qs . The fundamental principle of least
action was formulated by P. Maupertuis [3]. Later on,
the principle of least action was affected by the
researchers Euler [4], Lagrange [5]. But, the more
smart and convenient principle in the theoretical
physics appeared to be the principle of least
(stationary) action in the form which is established by
Hamilton [6]. He was the first who accomplished the
formulation of the optical-mechanical analogy and
solved it at the level of geometrical optics. The
Hamilton principle as compared to Lagrange
principle is applicable for the non-stationary
mechanic systems as well, remaining also invariant in
regard to the co-ordinates transformations at that. It is
the Hamilton principle that allowed obtaining of the
important thermodynamics equations,
electrodynamics equations, and compact
characterization of the continuous fields.

The Hamilton principle achieved a brilliant
success when it was implemented in Einstein theory
of relativity [7]. The reason is that the Hamilton
action value is invariant relative to Lorentz
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transformation. Plank emphasizes the fundamental
role of the Hamilton principle in modern physics
saying that the principle has major significance for
the characterization of a natural process than the law
of conservation of energy [8]. The Hamilton principle
had played supreme part both in quantum mechanics
and in the construction of quantum field theory [9-
10].

Only the path variations are present in all of
those variational principles. Therefore, the optical-
mechanical analogy can be drawn at the basis of the
existing variational principles. The analogy is a kind
of fundamental synthesis of wave and corpuscular
aspects of movement, but at the level of geometrical
optics. Following the idea of deep identity of the
principle of least action to the Fermat principle, Louis
de Broglie established his famous equation relating
the momentum of particle to the wavelength in his
studies [11]. Thus, each particle is correlated with the
indissolubly associated wave process.

The idea that particle motion conceals
undulating movement became especially productive
for physics. The Louis de Broglie studies were the
basis for the formulation of the Schrodinger [12]
wave equation. Basing on the Hamilton-Jacobi
mechanics and on the results of the geometrical
optics development Schrodinger proceeded from the
Hamilton analogy.

The wave-particle duality is left unsolved on
the basis of the existing variational principles. This
work offers a new approach on this way. The
approach is based on the wave-particle monism for
the explanation of the particle (electron) nature.
Namely, the theory developed below uses the
description of physical reality where the existence of
electron paths is taken into account. The paths are the
evidence of the fact of the particle existence. It is also
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taken that the electron motion is determined by
physical wave V(x,t). Such a statement could be
made on the basis of process-state concept which is
introduced for the description of the entity and the
way of existence of electron. This concept is initially
based on the ontology of dynamism strategy [13]
where the motion (process) is the entity of the reality,
and the path (state) is the reality way of existence.

The offered theory is developed using new
continuation of the optical-mechanical analogy for
the characterization of the particle path and wave
behavior. The basic provisions of the wave-particle
monism are presented and their physical sense is
explained in the beginning of the article. The
explanation is based on the variational approach,
namely on the utilizing of the local variational
principle (LVP) [14]. This theory is used later on for
the characterization of the object (electron) motion in
free space, in the stationary Coulomb field of
hydrogen-like atom - one of the known test objects of
quantum theory, and for the one-dimensional
harmonic oscillator as well.

Local variational principle and the V(x,t)-function
method

Let us determine the matter of the local
variational principle (LVP). Let's specify the object
path motion by the system of the differential
equations of classical physics.

d v —
ax=f(x), (1)
where the particle phase coordinates vector
x(t)= (xlaxz ,---,X,,)T is specified in n-

dimensional Euclidean space (X € R"), ¢ — time

(te T ). Let's say that the equations (1)
characterizing the object path motion determine the
state of the object under study.

Along with the equations system (1) we
introduce the wave function V(x,#) as well. It's
changing rate for the system under study (1) would
be determined by the expression

%V = %V + a%VTf . Let's consider the
isochronous variation of the wave function rate of
change 5(%1/):%51/ +a—i5VTf+%VTéf ,
(where SV =2V "8, & =2 f&). Postulate that
with the variation of the wave function rate of change
o (% V) the object comes from some initial state to
the state notable for the new space coordinate
X+ OX . Let's name such a transition the object

wave transition, the value OV sets the eventual
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wave transition from the initial state to a new state

while OX determines the path variations. The space
variation takes the form of the realized-in-space

displacement OX = dX = Xd! with the
transition.

Let's formulate the LVP: Among all possible
transitions to a new state that transition is realized
for which the V(x,t) wave function rate of change

takes stationary value at every point of time

s(Lv)=0

wave

)

Assuming that (2) is true, it is proved [14]
that complying of the wave function to the additional
condition of full variation of the V(x,t) wave function
rate of change is necessary and sufficient for the
wave transition to a new state:

A(% V) =0, (3)
where A()= 5()+ 4 (At
Having classical equations (1) and

conditions (2), (3), we determine the wave equation
for V(x¢) taking into account the wave transition

(O = dx = xdt) at (2) and (3):
ov ' df

A(ﬂ]={a7 32 piapty 220 7},,,, -
dt ot* Otox ox dt
=35(%]+[55;2/7/4.Wf 7%%107[:0—)

o ov'odf
ot’

- 'wr - 0, @4
i E— 4)

where V(x,t) — the piecewise continuous,
finite, single valued function, W =[2.  V (x,t)] -

matrix of functions. Let's show that the following
equality holds
ov'd
— —x=0-
o dt
According to the F-function method the
particle motion goes so that the particle rate is
directed along the wave function gradient, i.e.

(4.1)

QVTX=‘QVHX‘ . Hence we have
ox ox

OV /0x =k, (x)x . Below we suppose that the

field of velocities in n-dimensional space and the
corresponding gradient field are congruent. That is

true when k,(x) =k, . Accordingly, we have the
equation
oV /ox =k,x, (4.2)

In the case when the wave transition is
realized the equation (2) takes the following form:
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T T T
d (W 5x]:d(fw mj:o:/j; o (43)

dr\ o di | o
Taking into account (4.2) and (4.3) the
equality 4.1) holds, i.e.
T T
ﬂ i)'c:kszixzﬁi(xTx):ii(al %) =0
X dt dt 2 dt 2dt  ox

. As a result, taking into account (4.1) the equation
(4) takes the following form

o
ot?

- Xx"Wxi=0 (5)

Furthermore, if the condition [15]

ox. -
)'Cj = /11. —L (i, j =1, n) is true, the equation
J
(5) is expressed in the following form:
o

=

9*VV =0, )

n 2

n
where 92 = Z;‘ciz = %7 % and V2 :ZF
i=1 -1 OX

Suggested approach to the characterization
of the particle behavior contains the system of the
path equation (1) and the wave equation (5), or (6). It
is necessary to know the boundary conditions to find
a solution for the system of equations. It should be
noted to compare that the particle dynamics
characterization is limited by the equation (1) in
classical physics, where the initial coordinate and the
particle rate at some fixed point of time are set.
Below we find the boundary conditions for the wave
V(x,t) at the particle path based on the V-function
method.

If the wave and the path are related, and the
V(x,t) wave amplitude equals to zero in the particle
location point, we would have:

Vix=x,,t)=0, V(x,t=0)=0.

Having in our account that the wave
transition is realized in (2) we obtain

opyTl, _
&V X =const. (7)
Using condition (7) for the full variation (3)
. . . d (s _
we in turn obtain the equation ar (87 V )— 0, then

we find the following condition for the wave
behavior at the particle path 887 V =k 1-

From the equation (4.2) we have the
boundary condition for the wave at a point X = X,
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of particle path OV /0x ey, = kzx

M

where k; , - some constants.

Thus, summing we write the common
system of the equations of the particle path-wave
motion according to the V-function method.

4x=f(x), (8.1)
SV - W =032

ot?

augmented with the ratios for the particle
path and wave

V(x,t)\ 0=V (x,0=0 9.1)
V(x,t)\x:xM =V (x,,,t)=0 (9.2)

OV 10x|,_, =kyX| ... (0
&V =k (n

It should be noted that the condition (10) is a
special case of (4.2). It is introduced as a boundary
condition in order to use the available information of
the particle rate in some part (or at the boundary) of
the space (xcxy). Let's in turn note that (9.1) and
(9.2) are the supplementary to (10) conditions of the
existence of the particle path.

Based on the local variational principle we
can realize a new formulation of the direct problem
and the inverse problem of dynamics.

The direct problem of dynamics:

We have the differential
characterizing the object motion path (8.1).

It is required to determine the wave function
V(x,t) complying to the equation (8.2) and to the
boundary conditions (9)-(11).

The inverse problem of dynamics is
formulated based on the V-function method as
follows:

It is required to determine the object motion
path equations (8.1) for the given wave function
V(x,t) complying to the equation (8.2), and which is
to be considered in the form of (5).

If the wave function is given, the solution of
the inverse problem of dynamics follows just from
(4.3):

equations

(12)
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It should be noted that since the the wave
motion comes to the object path motion, if the
equality (12) holds, the ratio (4.3) takes the following
form:

2y Tx =k,x"x =k,$* = 2T = const . (13)
Solving the inverse problem we have got not

only the motion equations (12) with right parts

depending on the V-function definition method, but

the approach to H.Hertz Principles of Mechanics
[16], that follows from (13).

Continuation of the Optical-Mechanical analogy
Consider the free rectilinear motion of the
object (particle) with a constant rate. Then the
equations (8.1) and (8.2) are changed as follows
x=8 (14
O (x,t) OV (x,t) 2
o’ ox’
Let's solve the direct problem of dynamics.
As follows from (14) and (15) the path motion of the
particle corresponds to the wave motion complying to
the classic wave equation

2 2
212/ _ g2 8V xn V(;C’t) =0, (@16

=0 (15

for which the conditions (9.1)-(9.2) stay the
same, but (10)-(11) take the following form:
oV (x,t) _JdV(x,0) c ,
o |, o !
oV (x,1)| _ar(,t) _ & .(17)
ox i, Ox g
For the solution of the equation (16) with

the initial and boundary conditions (9.1),(9.2),(17)
we apply the method of separation of variables

V(x,t)=p®)y(x)
P(t) — QZM: —w?’ 18)
(1) w(x)

Then, considering the wave propagation in
the direction of the particle motion we've got the
solution of the direct problem in the following form:

+i(wt-2x)

V(x,t)= Ae g (19)

Let the wave function is given in the form of
the equation of monochromatic plane-wave (19).
Then if the equality (14) holds, (19) will satisfy (15)
as a solution for the inverse problem of dynamics.

From the equality (11) where the wave
function is specified in the form of (19) we have the
following
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o
ti(—x-owt)

Hx0 =Fidwe °

2 - (20)

The complex coefficient in (20) can be
excluded if the phase takes the values:

(Qx —ot) = T, (1=0,123..) (21)
4 2

It follows that considering (14) the equality
(20) takes only discrete values, i.e.

|l =|4w,(1/2+n) =k 22)

And from the equality (4.2)

NV (x,t) 4 Aw eii(gx—wt)
ox 9

taking into account (21) we have

|A|lw = k,9 .

=k, 8, (23)

24)

Letin (19) 4 = i: i, (27
2r

where % - Planck's constant. Then from the
solution of the inverse problem of dynamics (22) we
have the same Rule of Energy Quantization as in the
case of linear oscillator of Schrodinger. From the
equality (24) and taking into account (25) we have

ho
kzzy.

Hence, based on the action dimensions
[ke][m/ c][m] it follows that

k,=m 27)

where m - the particle mass. Using the
obtained results we can find the following
correspondence between the wave and the particle

2
2F

9=9, o= m; = 7;

h (28)
A=—— A=h

myY

It is the main in the relations (28) that the
wave phase velocity and the particle velocity are
equal. While particle velocity equals to the group-
velocity of L. de Broglie waves in quantum
mechanics. The condition of Energy Quantization
(22) is naturally a result of the solution of the inverse
problem. According to the second relation of (28) the
energy transfers by the particle. In turn, according to
the third relation of (28) the particle impulse defines
the wave length, that match the well-known L. de
Broglie's formula. Upon physical interpretation the

(26)

wave V (x,t) characterizes the properties of the
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action showing up in the particle motion. Thus, the
wave node is bound to the particle location. It directs
the particle. At the same time the particle (path)
generates the wave propagating with it.

Harmonic Oscillator
Let's consider linear harmonic
oscillator. In this case the equation of the
object (particle) path motion allows applying
of the first integral. Hence, we have the
expression for the squared velocity
2 2E—kx’
X =—. (29)
m
The particle path motion corresponds to the
wave motion that takes the form (15). If we substitute
(29) to the equation (15) we obtain:
2 2 2
o _(2E Jex jé’ v _ o0

or? Ox’?
The wave function M(x,f) is found in the
following form V(X,I)Z\Ij(x)(p(t) . Dividing
the variables of the equation (30) we get the

following stationary equation:
mwz
2F —kx
From the boundary conditions (9.2), (10) for
the V-function we get the initial conditions for the

function \|I(x) , which are written in the following

form:
y(x)|,_, =w(0)=0,
V()| _, =v'(0)=C; (32

As follows from the equation (31) the finite
at the interval and the only solution ¥ (x) should
meet the natural condition:

2E
V| x= 7 =0, that is possible for certain

discrete values of the equation natural frequencies
only. Let's introduce the non-dimensional value
x , than the equation (31) transfers to

e
k

m

v+ (31

772
y'+ = w=0, @33
mo® o
where 772 = =—
k @,
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The frequencies were defined in an
analytical and numerical way from the equation (33)
with the initial conditions (32), i.e.

o’ hw;
2 2
771 = hza);z :69 772 = hza)zz :209
hw; ho;
2 3 2 4
3 hZa)OZ 4 hza)oz

Taking into account the results of the
optical-mechanical analogy 2E = fiw, we get the

following rule for the harmonic oscillator energy
quantization

E,.,—2E,

n+l

2 2 2 2
+E =AAE =2h"w, (34)
So, when the object path is bound directly to
the wave motion the harmonic oscillator energy can

have certain discrete values only: E12 = 6712(()02 R
2 2 2

E2=20n’a},

E; =821w;, E;=712haw}.. . If

substitute

we

Schrédinger’s  results for harmonic

: 1 :
oscillator £, = n+§ N, to the equation (34)

we would get

1 2 1 2 1 2 .
n+2+—| =2 n+1+fj | n+=| W} =20a) L.
2 2 2

we obtain the identity. As it is well-known, in the real
microscopic oscillators based on light source the
transitions occur between neighbour levels only. That
is totally coincides with our results emerging from
the equality (34).

Electron motion in a hydrogen-like atom

As it is well-known, the first integral is
applicable for the electron path motion in a
hydrogen-like atom. Thus, taking into account the
potential energy of the hydrogen-like atom we have
the squared velocity of the particle (electron)

P = 2(E + Zez/r)
m

(35)

The wave motion corresponds to the path
motion. It is characterized by the equation (6) and
taking into account (35) takes the following form:

OV 2(E+Ze’/r)
o’ m

Using the method of variables separation in

the equation (36) (V = X(x,y, Z)T(t)), we get

the following steady-state equation.

ViV =0, (36)
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[— B +QJV2X +0’X =0, 37)
r

2F

27¢°
where ff; = ———, a =
m

m
Using a spherical coordinate system in the
equation (37) let's consider the spherically symmetric

solutions only (X =R(r)) making the following

substitution R = 1/

d’u ko
S| ———k; u=0, (38)
dr a—pByr
2 2
@ wm
where k, = — == :
p 2L
Considering an asymptotic solution of the
equation (38) ( 7 —> 00 ) let's write it's general
solution as follows

u=cu_(r)+cu (r)=e* f(r)+e" f.(r) .
Substituting it to (38) we get the following equations:

£ e 2k, ) 2 A

~/.(r)=0, 39

where
B =kialp; =+7¢0’m,/E*.

The equation (39) solution we are looking
for in the form of  power series

fr=>"alP(n

the equation (39) takes the following form
> l(n+nal) F 2kna'™ + pal 1, —r) " =0, (40)
n=0

r)m . After the substitution

It means that @, = 0. And the coefficients
)
n+l
@ _12kn—f o
n+l — (l’l + l)n n

Following the inverse problem of dynamics

we are searching for the particle (electron) path. And
the relations (9.2) and (10) should be satisfied. It

=2kyn ( B =1Zl&’'m,/E* |

a ', meet the recurrent ratio

a (41)

occurs if /3,

o’m
2F

This condition is satisfied when the series

fn=>" aP(n-r)

ki =- >0,k,>0).(42)

terminates, ie.
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(+) —

=0 when m>n+1 that leads to the

followm g solution

., (1) = Cexplhy, 1y a0, —r)". @)
where C — a constant,
From the equality (42) that is expressed in

the form E’/@ = —%22641’”& /n*
account the connection between frequency and
energy 2E =hao, the

optical-mechanical analogy we find the energy value
of the electron n-state
2
E =% e;” L
2 n
Let's note that the energy of n-state exactly
matches to the solution obtained in Bohr's model [17]
or based on Schrodinger steady-state equation [12].
In order to find the second linearly
independent solution of the equation of second order

a,

taking into

following from drawn

decreasing  exponentially by the distance
u_,(r —o)~expi{-k,,r} we use Louisville's
formula. The  formula takes the form

u (ry=Cu, (r)jmdr for the equation

(38). Considering the (43) solution we get the
required solution, i.e.

—_ ,‘ﬂku’ n (+)(
w,(=c 3" aln, -

n .
As far as R n in accordance with

r
(45) we get the solutions for R_ .

Conclusion

Thus, the foundations of the path-wave
mechanics have been laid down by means of the
variational approach based on the formulated local
variational principle and new statement of the direct
and the inverse problems of dynamics. The
possibilities of the path-wave mechanics have been
demonstrated for the specific modelling of the
physical objects' motion.

The conducted research shows that L. De
Broglie's intention to overcome the wave-particle
dualism is justified here through the continuation of
the optical-mechanical analogy that is solved at the
level of wave optics. It becomes evident that the
resolving power of classical quantum physics is
insufficient for the detection of the energy
quantization for constant motion at a constant
velocity.
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When modelling the electron motion in
Coulomb field the V-function method allows
determination of the rule of energy quantization of
hydrogen-like atom. The rule exactly matches to
Schrodinger's and Bohr's classic results. The research
is very close to B.N. Rodimov's investigations [18].
The lumpy energy occurs from meeting the
conditions based on the V-function method at that.
For this approach, the electron stationary behaviour

at nth steady state is characterized by the wave R,

decreasing exponentially to zero when 7 — 00, and
the wave amplitude crosses zero at the sphere with

Bohr's radius 7, , .

electron path at the sphere of this radius [19]. The
predicted electron paths in Hydrogen atom appear to
be equally distributed along the sphere of the fixed
radius, not in the cloud of Schrédinger's wave
function. This is a fundamental difference between
the picture of Hydrogen atom discussed here and the
well-known results of Schrodinger's quantum theory.
We consider that the verification of the predicted
equal distribution of the electron density along the
spheres of the steady quantum states of hydrogen-like
atom should be done first in order to test the
suggested theory. Using the existing possibilities of
modern experimental physics this experiment has a
chance to be conducted. Particularly, the methods of
scanning tunnel and force microscopy [20, 21] are the
advanced tools for the detailed analysis of the spatial
peculiarities of the inter-atomic electron motion.

It should be noted that in this work we use
the specific approach for getting the knowledge of
electron nature and its properties. The approach is
based on the acknowledgement of the electron
unified physical nature, which contains it's wave
entity and the corpuscular (path) way of existence
without contradictions. The approach is not
specifically based on the capabilities of the existing
methods of measurement.

It means the existing of the
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