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Acceptable method for ordinary differential equations integration
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Abstract. Differential equations course plays a great role in the fundamental training of a future teacher in the
aspect of the formation of a student’s scientific world view, definite level of mathematical culture, definite level of
methodological culture, especially on such components as understanding of applied and practical direction of
mathematics education, mastering the method of mathematical modeling, the ability to fulfill inter and correlative
connections between subjects. To the components of humanitarian potential of the differential equation teaching at
pedagogical schools of higher education course except the above, we relate professional-pedagogical directivity of
the course, at that, in comparison with other mathematical disciplines, there are greater opportunities for full
realization of professional-pedagogical directivity of education. This imposes special obligations on a teacher of
differential equations course in realization of the binarity principle — the most adequate combination of mathematical
and methodological lines.
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In order to improve cognitive activity and Equation (1) can be written through the
enhance creative abilities of students in vocational differentials:
training through the use of intra communication we —f (X)dX + dy =0 ©3)

will show that the first order differential equation can

be integrated with only one method. . . .
1°. In mathematical analysis considered the obtain t'he identity .

issue of finding the unknown function, that is dy = ¢'(x)dx = [~ £(x) + ¢'(x)]Jdx = 0, Vx & (a;b)

primitive in its derivative. This action is regarded as a )

convenient initial period of the simplest solutions of =4

differential equations. Here students form their d J' [_ f(x)+ (p'(x)]dx =0, Vx € <a;b>

knowledge on conceptual level, master differential

equation and its basic elements and get e possibility

to apply them to the other equations. - If(X)dX + I (p'(X)dX =C,
Let x be the independent variable (x) is a

continuously differentiable function defined on the

Substituting the solution in this equation we

Hence

Or considering ([)(X) =y= (p'dX = dy , then

interval and the relationship between them is given we obtain the identity

by the equation y=[f(x)dx +C, Vxe <a;b> (4)
Let x e <a;b> x — independent variable,

y(x) - is a continuously differentiable function when C=0, (p(X) - Jf(X)dX we find a unique

defined on the interval <a;b> and the relationship solution @(x), satisfying the identity (2). If C is an

arbitrary constant (possessing any numeric value),
, then the expression (4) gives the formula of the
y = f(X) (1) general solution, ie defines the general solution of the
equation. Hence, for a fixed value of C (for example,
when C = 0), the function gives a particular solution.

between them is given by the equation

where <a;b> - a finite or infinite open or closed

interval. Equation (1) — is the first order differential Left-hand side of equation (3) on the basis of (4)
equation. Every function Y = ([)(X) is continuously satisfies the identity [1]:
differentiable on the interval <a;b> together with its — f(x)dx + dy = d[— J‘ f(x)dx + y]

derivative, turns this equation into an identity is
called a solution of the equation

¢'(x)=1(x), Vx e(a;b). ()

or

—f(x)dx +dy =dU(x,y) 5
U(x,y) = —j'f(x)dx +y.
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In other words, the left-hand side of equation
(3) is equal to the total differential continuously

differentiable function U(X,y) . This equation is
called the total differential. Since dU(X,y) =0,

then to solve ((X) here is the equation

U(x,y)=C, x e (a;b), ye(o(a),p(b))=:{(c;d)

This expression is called the general solution
of equation (3). The general integral is the implicit
form of the general equation. Hence there is the
general solution of the form (4). We now consider the
question of finding the function U(X,y) . To do

this, we write the equation (5)

- f(x)dx +dy :dU(x,y):(i—de + (i—Udy, V(x,y)e DD = (a;b)x (c;d).
ox oy

so [2]

ouU

— = —f(x),
[0)'¢

Integrating the first equality on X (taking

into account that U(X, y) depends on y)
U(x,y) =—[f(x)dx + C(y)

Substituting it into the second equation we
get C'(y) =1. Consequently, C(y) =Y . Hence
we obtain the general solution in the form (4)

U(x,y) = —j'f(x)dx +y=Coy= J'f(x)dx +C.

If the first of equation (6) is differentiable
with respect to y, and the second - for x, we have

of_amy_,_ 2’U_ou
0x0y 0yox

oy Ox
This is a sufficient condition to equation (3)
to be a differential equation in exact differential.
The way of the proof for the equation (1)
can be used for the equation y’ = f(y) For this

keeping equation content we swap independent of x
and y.

ouU
—=1 (6
oy

2°. Now consider the general form of the
equation (1).

M(x)dx + N(y)dy =0 (7)

M(x) € C{a;b), N(y)e C(c;d).
This equation is called a differential equation with

separated variables, since each term has only a
function of one variable. Equation (3) is of this kind:

N(y)=1LVye <c;d> :

where
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Let search the function U(X,y) , satisfying
the equation (5)

M(x)dx + N(y)dy =dU(x,y) = Z—de + aa—l;dy, V(x,y)eDD= <a;b> X <c;d>

)

Hence [2]
ou ou
— =M(x), —=N(y)©
o (x) oy (y) ©
and
o’U U
Xy Oyox
that is,

M _oN_
oy 0Ox
From equations (9) we obtain

Ux,y)=Mx)dx+(y) =C(y) =N(y) =y) = [ N(y)dy

0

Function U(X, y) satisfying the equation
(9) or (8) can be written as

U(x,y) = [M(x)dx + [N(y)dy = C.

That is, (7) is a differential equation in the
dipole differentials. Therefore, its general integral has
the form

[M(x)dx + [N(y)dy =C. (10)
Consider the equation of the form
M, (x) - My (y)dx + N, (x) - Ny (y)dy =0
(11)
where M ,I\Ii ’ 1= 1,2 - continuous functions.

Equation (11) is called the equation with separable
variables, since equation (11) reduces to equation (7).

To do this considering M2(Y) . Nl (x)#0, it

is sufficiently to divide both sides of this equation by
this product. Thus taking (10) into account the
general integral has the form [3]:

j—Ml(X) dx +j—N2(Y) dy =C (12)

N; (%) M, (y)
We must have an eye to the
case M2 (y) . Nl (X) =0 The resulting

solutions M2 (y) =0, Nl (X) =0 of this

equation satisfy the equation (11). It is necessary to
check whether they are included in the formula (12).
If included in the solution (12) then they are partial
solutions, and if not, they will be special solutions.
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Function M(X,y) after multiplication by the

equation will be a differential equation in total
differentials and is called integrating factor, i.e.

1
N, (x)M, (y)

Integrating factor of the equation (11).
3°. Consider the general form of first order
differential equations written using differentials.

M(x,y)dx + N(x,y)dy =0, (13)

where M,N - second measurement functions

wx,y) =

defined in the area of D C R2 function [4]. If
M(X,y), N(X,y) are homogeneous functions

of the same degree, that is, if for any variable s-
equalities

M(sx,sy) =s"M(x,y), ¥(x,y) € D
N(sx,sy) =s"N(x,y), V(x,y) € D

Then the equation (13) called homogeneous

equation. If the equation is homogeneous, then if

S = — we obtain the following equality
X

M(x,y) =x"M(L,Y), N(x,y)=x"N(,)
X X

Hence, applying the substitution y = Xz it
can lead to an equation with a variable in a form

x™[M(1,2) + zZN(1,2)|Jdx + x™*'N(1,2)dz =0

Integrating factor for this equation is the
function

1
x"[M(1,z) +zN(1,2)]

nx,y) =

A type of equation
a;x+byy+c

y' =f (14)
a,x+byy+c,

is called reducible to homogeneous equation [5]. The

variables X, y introduce new variables u, v by

replacing
ax+by+c, =v;a,x+b,y+c,=u

Hence

dv=a,dx +b,dy; du=a,dx +b,dy

and instead of the equation (14) we have the equation
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v

b, f| —
dv_apeby T 1) ~of )
du a,+b,y 32+b2f(;,j u

This is a homogeneous equation. It is by the
way of substitute V.=UZ, Z = Z(U) has the look
(11):

z+uz'=g(z),(z—g(z))du+udz=0

Integrating factor is the function

1
u[z-g(z)]

first order differential

wx,y) =

4°. Consider the
equation of the general form

M(x,y)dx + N(x,y)dy =0 (15)

where M,N - function of the second measurement

. 2 . . .

in the arca D R, continuously differentiable.
In the particular case, as was shown above, in D there
is a function defined in this area, continuously

differentiable function U(X, y) satisfying
dU(x,y) =M(x,y)dx + N(x,y)dy (16)
If there is a function U(X,y) , equation

(15) would be an equation in clandestine
differentials. Necessary and sufficient condition for
the equation to be a differential equation in exact
differentials is the equality [1]

oM ON

—=—, V(x,y)eD.a7

oy Ox

If (15) is a total differential equation, then
by equation (15) and (16) it can be written as a
general integral

Ux,y)=C
Consider the case when the equation (15) is
not an exact differential equation, that
oM _ON . N
1s ¢a—, it is possible to find an integrating
X

factor. If there is such a factor, then consider the
formula to find the integrating factor. Let

M(X,y) be such a factor,that is Ll € Cl (D) then

there exists U(X, y) satisfying the identity
uMdx + uNdy =dU, V(x,y)eD.

Hence on the basis of (17) we obtain
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O(uM) _ o(uN)
oy ox

If you open the derivatives, the equation for
the integrating factor has the form [6]

5HM 8M auN+ua—N (18)
oy 8y ox ox

We consider two cases, when it is possible
to find a relatively easy solution of equation (18).

, V(x,y)eD.

Suppose L = M(X) , that is, the integrating factor is
a function of x alone. Hence

op_ oM _ou
oy ox 0x
and then equation (18) can be reduced to
any_ fou_aN
ox 6y ox

or aratio of

on ON

% =ra(x) (19)

Is a function of only one x, then for the
equation (15) integrating factor is the function

H(X) _ eja(x)dx'
Similarly, if the ratio
on_oN
8>
P ()

Is a function of only one x, then for the
equation (15) integrating factor is the function

u(y) =el°®

With the help of an integrating factor we
find the solution of linear equations of the first order.
5°. Equation of the form

!
Y +p(x)y=q(x) @0
Is alled inhomogeneous linear differential
equation of the first order, where p(X), q(X) are

continuous functions in the interval <a;b> [71.

Equation (20) can be written using differentials

[P(x)y —q(x)ldx+dy =0,
where

M(x,y) =p(x)y —q(x), N(x,y) =1 and

condition (19) is done. Hence
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u(x) = el PO

is an integrating factor, multiplying the last equation
we obtain the equation by a factor of total differential

(8]
x)dx x)dx
[p(x)y —q()Je/ P dx + [Py = 0
Therefore, form the equality

%~ [ptory - a0k,
ox

we get

Ux,y) = [[p(x)y - a(x)]e! " dx + C(y)
ou = IP(X)GIP(X)dXdX + Cr(y) — efp(x)dx

oy
C'(y)=0=C(y)=C.
If C=0. then

U(x,y) = y_[ejp(x)dxdx -~ _[q(x)ejp(x)dxdx
yj. ejp(x)dx dx — _[q(x)ejp(x)dx dx =C.

Hence we obtain the formula of the general
solution of equation (20) in the form [2]

y= ¢~ IPO)dx (C+ jq(x)ejp(x)dxdx).

In the course of solving problems we must
be able to freely choose the textbooks and methods,
in fact, consider simple and convenient cases as a
mathematical model, base on their classification and
level.

ou
oy

_ o/pCodx

=

Integration of linear homogeneous equation
with constant coefficients.

Consider the linear homogeneous equation
with constant coefficients.

a)y' +a,y +a,y=1{(x)
where a; (1 =0, 1,2) real numbers, f(X) known

continuous function defined in the interval <a,b> .
This equation can be written in short form:
LDy =1(x) an
The corresponding homogeneous equation is
L(D)y=0.@2

You can always find a solution to equation
(22). Using the method of variation of parameters
you can solve an equation (21) [9].

Consider the case when a particular solution
of equation (21) can be found by the algebraic way. It
is known that the general solution of equation (21) is
the sum of the particular solution found and the
general solution of equation (22). Consider the case
where the function on the right side of equation (21)
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consists of the polynom product and an exponential
function, i.e., has the form:

L(D)y =P, (x)e*™ (23)
For definiteness, P2 (X) - is a polynomial of second

degree.

A particular solution of this equation does
not depend only on the right side of the form, but the
form of the left side, namely, whether or not the
number is a aroot or not of the characteristic equation

M(A)=a,\ +ar+a,=0 4
To find a particular solution we consider

three cases [1].
1) Number o is not a root of the

characteristic equation, i.e, M(O(,) #(0. Then a

particular solution of equation (23) will be in the
form

y =ze** (25
Substituting this function into equation (23)
we obtain the following equation

M(a)z + %M'((x)z' + %M"((x)z" =P, (x)

(26)
Here
M@ ) _dM@) ,i=0,1,2.
d)&1 A=a
We introduce the notation
1
pi :M'—'(O(,), 1 — 091,2
1

whence P, =M(a) #0, P, =a,. Using the
notation (26), the equation can be written as
! "
PoZ+ Pz +p,rz" =Py (x) @7)
Particular solution of equation (27) will be
sought in the form of a polynomial of second

degree Z = N2(X) . Substituting it into equation

(27) and having differentiated the resulting equation
we received the following system twice:

poN, (x)+p, N, (x)+p,Nj(x) =P,(x)
po N5 (x)+p, N3 (x) = Py (x)
PN’ (x) =PJ(x)

(28)

This is triangular inhomogeneous linear
algebraic system. So
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P,(x) p, P>
L P/ (x) p, P,
P;

P/(x) O Po
Z value found by substituting into (25) we

find the particular solution of equation (23) as
follows:

Nz (X) = (29)

Y, =" N, (x) (30)

2) Let the number a is a simple root of the
characteristic equation (24). Then

M(a)=py =0, M'(a)=p; #0 and
equation (27) can be written as
piz' +pyz’ =Py (x). 1)
If we denote by Z "=u , we obtain

pu+p,u’ =P,(x) 32

and hence
1 Pr(x
U= »(X) Ps ~N,(x)
2 Pf
P P2 (X)
will be its solution. Then

Z= INz(X)dX = XQ2 (X) will be a solution

of y= Xe“"Q2(X) , and a solution of equation
(23) [10].

3) If the number of a is twofold root of
characteristic equation (24), then equation (27) can
be written as

n 14 1
p,z"=P,(x)=>z"=—P,(x)

p»

and Z = Xsz(X) would be a solution of this
equation. Then

y=x"e"R,(x)
gives the solution of equation (23).

The introduction of the offered thesis was
realized by teaching mathematics (lectures giving,
delivering practical lessons) at pedagogical institutes
of higher education, participating at conferences and
seminars according to the theme of the research. The

elaborated syllabus is used by students and
mathematics teachers in the educational process.
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