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Abstract: In this paper, we study the qualitative behavior of following two systems of second-order rational

difference equations:
Xy Pk e 01, -

¥ =y =
mit T g2 Mo+t

5

Bi+yixd’
and
B¥m—i O3 —4 —
Tper =3 2+l = 3 .:’ﬂ_n-'l-'”"
b+oxd by+cy ¥

where the parameters e, &, v, oy, 84,9, a.B, 6.8y, by, 61 and initial conditions xp.%x_y ,¥p ¥_y are positive real
numbers. More precisely, we study the local asymptotic stability and instability of equilibrium points, global
character of equilibrium points and rate of convergence of these systems. Some numerical examples are given to
verify our theoretical results.
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1. Introduction

The study of difference equations has been
growing continuously for the last decade. This is
largely due to the fact that difference equations
manifest themselves as mathematical models
describing real life situations in probability theory,
statistical ~ problems, stochastic time  series,
combinatorial analysis, number theory, geometry,
electrical network, quanta in radiation, genetics in
biology, economics, psychology, sociology, etc. For
basic theory of difference equations, we refer
interested readers to [1-4]. Moreover, in [5-14],
dynamics of some difference equations is given. In
Refs. [15-18], qualitative behavior of some biological
models is discussed. Recently there has been a lot of
interest in studying the global attractivity,
boundedness character, periodicity and the solution
form of nonlinear difference equations. For some
results in this area, for example:

C. H. Gibbons et al. [5] investigated the global
asymptotic stability of the difference equation:
@+ Bxy_y

¥+ xn

where § = 0,&,¥ =0 and initial conditions
xp.%_y are positive real numbers.

AE. Hamza et al. [6] studied the global
asymptotic behavior of the difference equation:

Ax,_y

Fret T B Cl

where A, B, C and initial conditions xy.x_; are
positive real numbers.

Tt =

To be motivated by the above studies, our aim in this
paper is to investigate the qualitative behavior of
following two systems of second-order rational
difference equations

GXyp—q ZiVr—1
Lpg ==V == =01, 1
S B Mo+t Fatyard (1)
and
e o GiXey —
et = 2 +¥n+1 = n =101, 2)

by+oyFy

where o f.v.ay. By el coa b0, and  initial
conditions Xy, x 4 ¥ ¥-1 are positive real numbers.
Let us consider four-dimensional discrete dynamical
system of the form:

st = flrnXn 1.9 Yoo 1), } 3)
In+t :E{-rg-'xnjld’wl’n—llﬂ = DJ}J"'J_

where f:l*=J* =1 and g:I*=j"—=] are
continuously differentiable functions and I.] are
some intervals of real numbers. Furthermore, a
solution {{x .. ¥, n=_: of system (3) is uniquely
determined by initial conditions {x; %} € x J for
i € {—1,0%. Along with the system (3) we consider
the corresponding vector map F = {f.x ,.g. ¥,). An
equilibrium point of system (3) is a point (&, ¥} that
satisfies

x = f(x.xy.5)

¥ = 9(%%5.5)

The point (x, ¥} is also called a fixed point of the
vector map F.

Definition 1. Let (x.%]) be an equilibrium point of
the system (3).

(1) An equilibrium point (i, ¥ is said to be stable if
for every £ = [ there exists & = 0 such that for every
initial conditions (xjy)i e{—1,00 if

b+cxd
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”EF:_l{.rl-,yl-:l — (%) " = 48 implies
Iz, v ) — & 90l =2 for all m = 0, where |-l is
usual Euclidian norm in B®,

(ii) An equilibrium point {x.¥) is said to be unstable
if it is not stable.

(ii)) An equilibrium point {*,¥) is said to be
asymptotically stable if there exists rj = 0 such that
12 Grey) = G < and (xpym) = (£.5)
as 1 —+ oo,

(iv) An equilibrium point {x.%) is called global
attractor if (x ¥, ) — (£, 7) asn — =,

(v) An equilibrium point {x.¥]} is called asymptotic
global attractor if it is a global attractor and stable.
Definition 2. Let {x,¥]) be an equilibrium point of a
map F ={(f x,.8.v,) where f and g are
continuously differentiable functions at {x.,v). The
linearized system of (3) about the equilibrium point
(x.¥)is given by

Yoy =F(L) =R X,

Xn
n-1
¥n
Fn-1

system (3) about the equilibrium point (x, 3.
Lemma 1. [3] For the system
X,. =FLX), n =01, of difference equations
such that ¥ be a fixed point of F. If all eigenvalues of
the Jacobian matrix [z about X lie inside the open
unit disk il = 1, then ¥ is locally asymptotically
stable. If one of them has a modulus greater than one,
then X is unstable.

Lemma 2. [4] Assume that
Xy, =FUX,). n =01, is a system of difference
equations and X is the equilibrium point of this
system. The characteristic polynomial of this system
about the equilibrium point X s
PlA) =gy + g A" + -+ a4+ 0, =0, with
real coefficients and a; = 0. Then all roots of the
polynomial P{A} lies inside the open unit disk 4| if
and only if A; =0 for k = 0,1, where Ay is the
principal minor of order k of the n x n matrix

Where X, = and Fjis Jacobean matrix of the

'a.,_ = 0
e )
0 0 - ay

The following results give the rate of convergence of
solutions of a system of difference equations

Koo =(4+B0)x,, )
Where X, is an +n —dimensional vector, 4 € £ ™™ jg
a constant matrix, and B:Z* = ™™ is a matrix
function satisfying

Bl -0 (6)
asn — =, where ||. || denotes any matrix norm which
is associated with the vector norm

44

IB(m)Il = /=% + ¥2

Proposition 1. (Perron’s theorem) [13] Suppose that
condition (6) holds. If X, is a solution of (5), then
either X, = 0 for all large n or

p = lim, . (IX, D= (7
exist and is equal to the modulus of one the
eigenvalues of matrix A.

Proposition 2. (Perron’s theorem) [13] Suppose that
condition (6) holds. If X, is a solution of (5), then
either X, = 0 for all large n or

p = lim, el (8)

ll. |l
exist and is equal to the modulus of one the
eigenvalues of matrix A.

2. On the system x,,,; =

Gxp-g | _ Ei¥m—4
I?"';f'}'%:‘l Y = ﬁi"';"'ixg:

In this section, we shall investigate the qualitative
behavior of the system (1). Let (x,%) be an
equilibrium point of system (1), then for & = 5 and
oy = f; system (1) has following two positive
equilibrium points F, = {00} and
P, = ( [21-Fs |"?—3],

A oA ¥

To construct corresponding linearized form of the
system (1) we consider the following transformation:

Crn s ¥n Yp-a) = (f. 0 9. 5 . )
_ EXn-—q _ _ Ei¥m—a -
where f="—ufi =% =5 5081 = Vn -

The Jacobian matric about the fixed point (& .¥)
under the transformations (9) is given by

0 A B 0
-=_(1 0 0 0
EGEH=\¢c 0 o b
0 0 1 0
Where
JPRE _ —ayEy . 2wy AY
B+¥F2 ! ':3+;r'j'::':J .:31+:r.1f::.:’
D= B fi = The characteristic polynomial of
1TF1

F, (%, 7) about equilibrium point (£, ¥) is given by

drrry v Byt

— | — '
P{HJ = 1% (lﬁ1 + rx’ f.l'-‘iI ‘|‘}"f"j {lﬁ1 T rxty ke
W o
~ B+

oy

(B +rF2IEs ]
2.1 Main Results
Theorem 1. Let o = f and &y = &, then every
solution {{x.¥,)1 of the system (1) is bounded.
Proof. It is easy to verify that

o m+1
DExﬂE(E] I_y. m=2Zm+1,

o, Mk L
0=x,= (EJ Xp

(10)

n==:2m+ 2,



Life Science Journal 2014;11(6s)

http://www.lifesciencesite.com

m+1

y_q m=2m+1,

0y
o< (Z)
Mn B,
o m+1l
Ud_i}-'ﬂi(—) Y. m=2m+ 2
By

Taking &, = max {x_,.x;] and &, = max {y_,. 1 ).
Then, O0Zxp =48, and 0=y, =246; for all
n=01,.. "

Theorem 2. For the equilibrium point F; of the
system (1) the following results hold:

(1) If ¢ = Fand ey < §, then equilibrium point Fy
of the system (1) is locally asymptotically stable.

(i) If & = f or er; = f, then equilibrium point F; of
the system (1) is unstable.

Proof (i). The linearized system of (1) about the
equilibrium point Fy, is given by

Ky =F(R ),

P \
C X, 0 3 0 0
_ | *n-z |11 0 0 0
where = ¥, and F(0.0) = 000 2
-:I'!i’!—L -\':I |:| 1 E[l]";

The characteristic polynomial of F (0, 0] is given by

— 14 _ (& F1) 42 , E5 11

P =1 (3+31)A +oot (11)
& fay .

The roots of P{1) are + |= and + |=* . Since all
-\13 -\lll?i

eigenvalues of Jacobian matrix F;(0,0) about (0,0)
lie in open unit disk || < 1. Hence, the equilibrium
point (. 07 is locally asymptotically stable.
Proof (ii). It is easy to see that if & = 8 or &y = f,,
then there exist at least one root 4 of equation (11)
such that |4] = 1. Hence by Lemma 1 if & = 5 or
e, = f, , then P, is unstable ™
Theorem 3. The
r.- (2. [2)
N R “\'
Proof. The linearized system of (1) about the
equilibrium point F; is given by
Yooy = F (B,

equilibrium point

of the system (1) is unstable.

Fn 0 1 1L 0
Lnoy 1 0 0 0
X, = =
where X, i and £ (£7,) Moo 1l
Vn-1 o 0 1 0
The characteristic polynomial of F; () is given by
PO =2-(AB +2)1+1 (12)
Where
s I
r =22 |xlﬁ"31|fi £4] M==2 |k [e—F ey —54)
a -\1 2] and oy Y A

It is clear that not all of A; =0 for & = 1.2,3.4.
Hence by Lemma 2, the positive equilibrium point

( Ir:,_—.?i o
Ay

B
|—) is unstable. ®
F

45

Theorem 4. Let @ =<§f and @, =, , then
equilibrium point F; of the system (1) is globally
asymptotically stable.
Proof. For & = f and &, = f,, from Theorem 2 (0,
0) is locally asymptotically stable. From Theorem 1,
every positive solution {{x.¥,J1 of the system (1) is
bounded. Now, it is sufficient to prove that {{x,.y,)}
is decreasing. From system (1) one has

GXpn_q
B +yyi
¥ -1 Ty

et =

15'
This implies that x5, < %gp_y and Xgp,n < oy,

Hence, the subsequences {xgn4idixpap) are
decreasing i.e. the sequence {x,} is decreasing.
Similarly, one has
@3¥n-1
By +vyxj
&y
= ﬁ._i}"r! -1 % ¥nog-
This implies that ¥zn +3 < ¥an-1 and ¥an +3 < Yans1-
Hence, the subsequences (¥on.ih{ven .2} are
decreasing i.e. the sequence {w,} is decreasing.

¥ns1 =

Hence, lim, .. x, =lim,_.v, =08

2.2. Rate Of Convergence

In this section we investigate the rate of convergence
of a solution that converges to the equilibrium point
F, of the system (1).

Let {(x,.%,)} be any solution of the system (1) such
that limx, = x, lej.‘ = ¥. To find the error terms,

M=o
one has from the system (1)
= E¥poy

B+vye  B+yFY

ayalys —¥°)
B+ @ Py, —}J
|9+.r_'ln"{ n-1— :]’ s

e P St B |
¥yt =¥ By+p 2 B+ 52
_ @ flam-al _
a E|5'1+.f111='-'15'1+if'1f::":xr:—ﬂ Cen =) +
Si"'."ix‘ {}i" -1 }1:] )
Set en =x,—Xand &; = W,
E?i;j!-+1. = gy 9%—1 + bi:gﬁ 5
Sha1 = Cpop T dpen_g.

Where

Enyt —

- ¥+

— ¥, one has

b ay #¥y; — )
B+yyd’ ™ G+ )B i)y, -7
o = a; v, ¥(xf — &%) d, = oy
N A T [T L
Moreover,

o, =

.'?,_ + yxl

o —2aoyxy

limag, =———.lim b —_—

oz lrj’ + Fye nom I:lrj’ -|--}r} :]

N T _ Sy
(By+p #2027 llmi’!—:x I"ii’! -

lim Cp =
e B+t
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So, the limiting system of error terms can be written
as

E .  =KE,,
it
Where E, =| ¢, and
1.93"1;
@ —ZayEf \
——— 0
. B+yyd  (B+yp®?
. 1 0 o0
R= —Zayp £F 0 &
':ﬁ'i+:r'1f::': 0 |?1+:r';|_.f:
W 0 1 0

which is similar to linearized system of (1) about the
equilibrium point ( x=.¥) = (0,0} . Using the
proposition (1), one has following result.

Theorem 5 Assume that {{x,.¥,]} be a positive
solution of the system (1) such that rl|[_’t'tj'jcjc'ﬂ = x and

Lirrjncyﬂ = ¥ where (£.%1 = (0.0). Then, the error
13

i

fn

term E, = of every solution of (1) satisfies

5
“m-1
7

Loy
both of the following asymptotic relations
li E, == |AFR (£ .¥
n‘_,”}c{" WD = a5 (x5 |,

o NEgaqll _
1 = |AE{x,v)|,
mae 5. )

where AF(%,7) are the characteristic roots of
Jacobian matrix F, (¥, ¥/} about (0.0 .

E¥Vp—1 Sg¥pm—q
3. On the system x = AL, = ————
Y n+1l B+cxd Mot By+Cy¥3E

In this section, we shall investigate the qualitative
behavior of the system (2). Let (x.%) be an
equilibrium point of system (2), then system (2) has a
unique positive equilibrium point {0.07. To construct
corresponding linearized form of the system (1) we
consider the following transformation:

{an-xn—LJ}’nJ}’ij!—i:] - {fJ.ﬂ.JEJHL:L (13)
—_ n—1i — —_ 1sm—1 —_
where f =" h =X 8= 208 T -

The Jacobian matric F, {.7) about the fixed point
(. %) under the transformations (13) is given by

E 0 0 F
- = 1 0 0 0
FEN=\y ¢ 1 o
00 1 0
Where
£ —2acIy & &y
RN btest’ bty
_ =gy Ry
(by +c4F721

The characteristic polynomial of F {(x,7]) about
equilibrium point (%, ¥) is given by

46

2acxy 2a,o, %V
P{J{]=ﬂ4+( - — _]1!+
(b +ex2) " (by + o, 0
dngycca gl 2 ads (14)

(B+cx2 )by +c 722 (B+cED By +0y 7Y

3.1 Main Results
Theorem 6. Let {{x,.%,)} be a positive solution of
the system (2), then for every m = 0 the following

result hold:
fray M+l gy ™
S —
(E]mﬂ.(ﬂyﬂ 1 n = dm i 2
b/ \p) T MTIETS

Mo=x, =4 aa, ™+
(H] X_y, n=4m+3
1

aa, m+1
L (—J X n=4m+4,

bb,.
e ”‘1 m+1
{E:] (h—] Xy n=4m+1,
L
a\™ fa m+1
— == — 2
Y
(i) 0=y, = 4 e, ML
1
(EJ y_;, n=4m+3,
feted m+1
L (EJ Yp. n=4m+4
1

Theorem 7. For the equilibrium point Fy of the
system (2) the following results hold:

(1) If @ = b and @y =< by, then equilibrium point F, is
locally asymptotically stable.

(ii)) If & = b or @y = by, then equilibrium point Fy is
unstable.

Proof (i). The linearized system of (2) about the
equilibrium point F, is given by

Xner = F0.0)X,,

where
, f a
I, o o 0 3
- 1 0 0 0

X, =| """ |andE(0.0) = :

| m ! 0 2 0o
Y-t 0 g 1 0

The characteristic polynomial of F (0, 0] is given by
P(1) =% -5 (15)

BBy
The roots of are
i

=+ () 2= 13

Jacobian matrix £, (0, 0) about (0, 0) lie in open unit
disk |1l = 1. Hence, the equilibrium point 0,0} is
locally asymptotically stable.

Proof (ii). It is easy to see that if @ = & or
gy = by, then there exist at least one root 4 of
equation (15) such that |l = 1. Hence by Lemma 1

ifa = b ora, = by, then P, is unstable. ®

) F(1)

. Since all eigenvalues of
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Theorem 8. Let & < b and &, < b,, then equilibrium
point Fy of the system (2) is globally asymptotically
stable.

Proof. For & < b and a, < b,, from Theorem 7,
(0, 0) is locally asymptotically stable. From Theorem
6, it is easy to show that every positive solution
[(x ¥ )7} of the system (2) is bounded. Now, it is
sufficient to prove that {(x,.1,J} is decreasing.
From system (2) one has

B¥n-1
x =—
nel T p cxl
a
= PR B L ¥n-1
This  implies that x4y, < ¥an_y and
Xin+s < Yansz- Also
By¥n—_1
Y+ = S
. by + oy
= -_1-7:?'—1 = Xp-y
2 T 1
This implies that Vin+i < Xgn_1
and ¥gnas < Xgpez. Hence, Xypus < Yanss < Fanst

and  Yamss < Xgmaz < Vansr Hence, the

subsequences
anerd U gnezd i anea d (X anea]

{.1}"4?! +1}J {.1}"4?! +:}, {.1}"4?! +!}, [Van 40
are decreasing. Therefore the sequences Lw,)
and {y,} are decreasing. Hence

and

limy o2, =lim, ..y, =08
3.2. Rate Of Convergence

In this section we investigate the rate of
convergence of a solution that converges to the
equilibrium point P, of the system (2).

Let {{x,.3,)] be any solution of the system (2)
such that l[t‘nx = x, l[t‘n}'r. = y. To find the error

terms, one has from the system (2)
oy

T
xiﬂ+l x I5'+I.'I-E I5'+l'f"
acylxy — %) G 2)
= - - — - -x
(b +oxl)b+ cx?)ix, —x) 7"
a —
b+cxd On-1—%)
i o= Ti¥roy  _ oF
] ¥ 1 B4y 57
&y
=——(x,,— %) —
by + oo n
ay €, % .‘}r- ¥ 1) ( 5)
(b, + e ¥2)(by + €, 7" :](}r. -y) n ¥
Set &5 —xr. — & and €2 = y, — ¥, one has
1 —
fn+1 = On# n L+ '!Jr!gr!—l.:
fna1 = Cnfpai T dpen.
Where _
_ eoyl 22— 27} =
G = (b+cxd)beea@z, -2 1 _qb+rx_$,’
o= __ 216180777
Bobgteyit " (by+oy 3@ oy +e 72 -
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Moreover,

" -2aciy fimm b, o

IM Gy = 7 550 L1 -

A {Ez+c.r 1 imo= EJ-I—C‘J."

. 2y =T340 X7

lim c, = =, lim dy, = ———--.
o = g M= T by ey §202

So, the limiting system of error terms can be
written as

E...=HE,
Where
i
“n
E, =| sxy and
£k
\.E":"i.:
—Zacxy 0 a
(b+cx?)? b+t
o 1 0 0 0
H= 0 oy —2a461XF 0 ’
By+0y 72 (by+oy 727
.0 . sl !

which is similar to linearized system of (2)
about the equilibrium point (&%) = ({0, 0}. Using the
proposition (1), one has following result.

Theorem 9 Assume that {{x,¥,}] be a positive
solution of the system (1) such that ?E[_’n%xﬂ = i and

limy, =¥ where (,y) = (0.0). Then, the error

i

fn

term E, = | i,
R
T,
both of the following asymptotic relations
lim(IE, D= = |25,z |,

lin 1=2 1" =15 P

n—sm B

where AFJ, (. v) are the characteristic roots of

of every solution of (1) satisfies

Jacobian matrix F; (£, ¥} about (0.0}.
4. Examples
In order to verify our theoretical results we
consider several interesting numerical examples in
this section. These examples represent different types
of qualitative behavior of solutions to the systems of
nonlinear difference equations (1) and (2). All plots
in this section are drawn with mathematica.
Example 1. Consider the system (1) with conditions
x_y =20 x,=18vy_, =05 =099
Moreover, choosing the parameters
a=30, f=32y =0009,a, =213, =22y, =
0.0038
Then, the system (1) can be written as
Wxp—y L¥m—
e ppp— 0L (16)
32 +0009YE 2+0.008x2
and with conditions x_;=2.9,x,= 1.5,
¥o1 = 0.5,y = 0.99.

Enyt < 1 ¥4l T
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Moreover, in Fig. 1 the plot of x, is shown in
Fig. la, the plot of ¥, is shown in Fig. 1b and an
attractor of the system (16) is shown in Fig. 1c.

0.5

1 + L »n

50 100 130 200

(a) Plot of x, for the system (16)

P 1 eSS o n
50 100 150 200

(a) Plot of ¥, for the system (16)

i)

loF

\

osf @;\i&x\
i ; \:Q;:\ N \\\\’ms \\

W\

:\ﬁi

D.Ifl i .IE) 1 .IS l.l':' 2 .Ifl
(c) An attractor for the system (16)
Figure 1: Plots for the system (16)

X

Example 2. Consider the system (1) with initial

conditions Xy = 2.9,x,= 038,
¥_y =1.8,% =099 . Moreover, choosing the
parameters

a=12, =13,y =0.9,a, = 19,5, = 20,y, =
0.2
. Then, the system (1) can be written as

1i3m_y 19 ¥m—1

Ko = — VL, = — = =01, 17
n+l T Taipepd Tl T Snipaar e (17)

and with conditions x_; = 2.9, x,= 0.8,
y_; =18y =0.99,

Moreover, in Fig. 2 the plot of x, is shown in
Fig. 2a, the plot of ¥, is shown in Fig. 2b and an
attractor of the system (17) is shown in Fig. 2c.

x(n)

I 1 L
50 100 150 200

(a) Plot of x, for the system (17)

P N g U U S Sl B 2 e n
ki 100 130 200

(b) Plot of ¥, for the system (17)

M)

1o

0.8t H};\i

0sf —

0.3 To 13 0 2.3
(c) An attractor of the system (17)
Figure 2: Plots for the system (17)

i)

Example 3. Consider the system (2) with initial
conditions x_y=10,x,=1108,
v_y =16y =077 . Moreover, choosing the
parameters
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&= 111, 5—113,c— U3 e — 113 & =
Lile, = 01

. Then, the system (2) can be written as
111y _ MEx,y

Enyt < 113+[:Ex%_'l ¥t = LZD+D.1&"%JH - D.l]-.l 1 (18)
and with conditions x_;= 1.9,x,= 1.98,

v_y =18,y =077,

Moreover, in Fig. 3 the plot of x; is shown in
Fig. 3a, the plot of %, is shown in Fig. 3b and an
attractor of the system (18) is shown in Fig. 3c.

i . T
: 100 200 300 400

(a) Plot of x, for the system (18)

WA

1 1 1 1 1 1 1 n
100 200 300 400

(a) Plot of ¥, for the system (18)

W

0.5 10 15 1.‘0 i
(c) An attractor for the system (18)

Figure 3: Plots for the system (18)

Example 4. Consider the system (2) with initial
conditions x_; = 0.9, x = 1.9,y_, =1.8,%, = 0.5,

Moreover, choosing the parameters.

49

a=130, b=131,c=14, =125,b, =
13,6,=20

Then, the system (2) can be written as

150y _ iEEnny
et T e Tt T n g T 0.1, (19)
and with conditions x_;=0.9x,= 105,

vo; =18y =05
Moreover, in Fig. 4 the plot of x; is shown in
Fig. 4a, the plot of %, is shown in Fig. 4b and an

attractor of the system (19) is shown in Fig. 4c.
()

" 100 200 300 400

(a) Plot of x,, for the system (19)

)

¥ T A i

: 100 200 300 400

(b) Plot of ¥, for the system (19)

W

15

1.0

0.5 1.‘{) l.lﬁ
(c) An attractor of the system (19)
Figure 4: Plots for the system (19)

Conclusions

In the paper, we have investigated the
qualitative behavior of two four-dimensional discrete
dynamical systems. Each system has only one
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equilibrium point which is stable under some
restriction to parameters. The most important finding
here is that the unique equilibrium point {&,07 can be
a global asymptotic attractor for the systems (1) and
(2). Moreover, we have determined the rate of
convergence of a solution that converges to the
equilibrium point (0.0} of the systems (1) and (2).
Some numerical examples are provided to support
our theoretical results. These examples are
experimental verifications of theoretical discussions.
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