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Abstract: In this paper, we have proposed an estimator which is the combination of a difference and exponential
type of estimator using two auxiliary variables for estimating median in two-phase sampling. Under simple random
sampling without replacement scheme, the expressions for the bias and mean square error are given for the
suggested estimator. The Bias and MSE of the suggested estimator is less than all the other median estimators
existing in the literature. The MSE and Bias comparison are provided using four different data sets.
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1. Introduction Let M, , M, and ,Me the population medians

The main objective of this paper is to propose of their respective subscripts variables indicated by
more efficient estimator for median estimation in two- the subscripts. Let M,, M, and M be the
phase sampling using two auxiliary variables. In corresponding sample medians for the second phase.
survey gampllr}g we fieals Wlth Fhe highly skewed Let M, and . Bé the first-phase sample medians.
distribution so in this kind of situation we prefer to use Let f( My) , (M), and (M,) be the probability

median as an average for skewed distributions. In

sampling literature Gross (1980), Kuk and Mak density functions of M, , M, and ,Mrespectively.

(1989), Singh et al. (2001, 2006), Allen et al. (2002) Let pyy be the coefficient of correlation between
etc have studied the estimation of median. At the end sampling distribution of M, and M which is defined
Gupta et al. (2008) have proposed a class of as Pxy =P (i, 1) = 4{P,;(x, y—13},
estimators, in their study of estimation of median, but where Py, (x, =P ( X< M,nY < My) It s

they couldn’t provide an estimator which has less
MSE than the other existing estimator Singh et al.
(2006) but improved the bias factor. In this paper we
proposed an estimator which has more efficient and
less bias than the Singh et al. and Gupta et al. (2008)
and the other median estimator.

assumed that as N —»9 the distribution of the
bivariate variable (X , Y approaches a continuous
distribution with marginal densities for X and 7,
respectively. Similarly, we can define p,, as

Pxz =P 1y, 1 = AP (x, 2—1}, where Py;(x, 7=

Consider a finite population U= {1,2,3...,i,...N). PX< M,nZ< M) and  py, =p(g, 1)
Let assume that ¥ be the study variable and the one 4P, (y, 3—1}, where P;(y, 3=P(X< M, N
auxiliary variable is representing by X and the other Z < M) respectively.
bY.Z- 'Letlyéla(rllq Xis Zi (iil,zim) gepotes thelvalugsfof the Suppose that yy ¥, .. .oy are the sample
nits in in sam - ize m ted from a : : :
goplsllaticoﬁ ‘tfy thesme‘fl)l(?ds Ofosirilpel:e ra;iigfnesamgling y values in the ascending order. Let ¢ ‘t_)e an integer
such that Y,y < M, < (¥, and letP =t/m be the

without replacement. We assume that y and x are
strongly related and information on population median
M, is not available, but the information on the second
auxiliary variable Z (closely related with the auxiliary
variable X but remotely related with the study variable
Y), is available on all units of the population. The two-
phase(is)ar;lﬁle1n§r:;j;ehr::elssagg;1r; ‘t;enlo(z:. C U ) of fixed Gross (1980) suggested tlie following estimator:

size n is drawn to observe only x in order to furnish an . M GR :.M y
estimate of M,. The variance of Mgy is given by:

proportion of Y, values in the sample that are less than
or equal to the value M,, (see Singh et al., 2006).
2. Estimators Suggested by Various Authors

We now discuss briefly a few estimators for
median.

(i) Median per Unit Estimator.

(i) Given s,, the second phase sample s, (s, C
s, ) of fixed size m is drawn to observe y, x, and z.
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4{F (M)}’
(i) Ratio Estimator in Two-Phase Sampling.
Singh et al. (2001) suggested the following ratio

. . My ~
estimator: Mg, = M—y M
X

The bias and MSE of M, are as follows:
~ My fo(zvsc))}
B(Msy) = 4 {My f(sz}z{ (M vf (M)

MSE(M,) Em[c—n——

f ()

ezt 2o

The bias and MSE of M, are as follows:

Var (M) =

(iii) Median Ratio-Type Estimator.
Srivastava (1970), a ratio-type estimator is given

by: flse =11, (55)

where § is constant.
The bias and MSE of Mg are as follows:

(& 2)exy {1 —p (fo(m)}
8 M{r(M)r(4) 7 Y \Myf (M)
V..) = 1 1_1y_(r_1
MSE(Msg) = 4 {f(pf { (m N) (m n) P;%y}

(M)
for 6 =puy (Myf(My))

(iv) Chain Ratio-Type Estimator
Chand (1975), a chain-type ratio estimator is

given by: Mgy =M (Mx) (Mz)

Mz

B( Mgg) =

1
G (, (1)
WP\t P \m,f(m)

1 Myf(My)> {( J(%)) }
n)<fo(M) W\ rcay) ~2P=

1 1
oo G =) (fo(n@)
MG {fo(M)}2<1 Pry Myf(My)
~ 1
MSE(W) s—[ )
4 {f(M)} ('" o)
1
’ (- N)< WL 7O

(v) Power Chain-Type Ratio Estimator

where A; (i =1, &% constants.
The bias and MSE of Mgy, are as follows:

B( Mgg,) =

8f(M)| M.f(M)

N

My f (M) Mzf (M)
for A1 =pyy and A=p,,
My f(My) Myf (M)

1 [G-3)ew (1 . (fo(m

T\M,f(M)

1 1 1 )
m n)ny (E_N)pyz]

)| Gercan) 2o

Srivastava et al. (1990), a power chain-type ratio estimator is given by: Mgz, = M (Mx)

A1 Az

()

My

1 1
G meoe () @y
M)\ P M, (M)

The MSE of Mgy, is equal to the variance of linear regression estimator in two-phase sampling using two

auxiliary variables as given below:

My=M,+d,(M, -

where d; (i =1, &} constants.
(vi) Singh et al. Estimator

M,)+d, (M, —M))

Singh et al. (2006) considered the following ratio-type estimator:

(M
MS = My =
M,
where ¢; (i =1, 2a®)constants.
The bias and MSE of Mj are as follows:

Mz az Mz as
M;) \M,
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. M,
o=

8 {Myf(My)}z(ll _pfz)z
[ c" _) {(ny -p yszz)2 _pry(pxy _pyszz)(l _pJ%Z)

( y]{g gi) (pxy _pyszz)(l —pfz)}
+ (_ B _) {pgz(pxy _p}’szz)z —Z,Dyszz(pxy _pyszz)(l —piz)
yf( My)> _ 2 }
* ( M,f( M) p"Z(ny pyszz)(l Piz)
+ (__ _){(p}’z _pxypxz)z +2pxz(pxy —pyszz)(l?yz _pxypr)
+ ( }Z]]]:E ﬁ;) (Pyz _pxypxz)(l _pagz)}]

s <l 3 (opi G

ny 5 yz2=2P xyPyzPxz

where R?
Y. xz= _sz

The optimum values of a’s are given as follows:

= (fo (M)) (pyszz - J@)

Myf( 1%) pJ%Z -1
_ [ Mzf (M) PyzPxz — Ry _ M (M) )\ (PxyPxz — Pz
*2 = (Myf(zvgv))p | P21 ) 3= (M‘;f(zvgv))( P21 )

(vii) Gupta et al. Estimator
Gupta et al. (2008), Consider an extension of the Singh et al. (2006) estimator by using a transformation

_ . 14! % 1%
involving the range of the second auxiliary variable Z. The estimator is: Mp =M, ( x) (MZ+RZ) ’ (w) ’

My MJ+R , Mz+R
wherey; (i =1, 2aR®)constants.
The bias and MSE of M, are as follows:

B(Mp) = i’
8 {M,f(M,)}’ (1 —p%,)?

X [ c_n n {(ny _Pyszz)2 —Z,ny(ny _pyszZ)(l —p)

M, f (M/)> B . }
+<—xf( 75 (Pxy =P yzPrz) A —p2)

2
+ (_ - _) {pgz (pxy _pyszz) _Zpyszz (pxy P yszz)(l _pgz)

vf( My)>
M, f(M,)

(5
( ){(pyz pxypxz) +2052(Pry =P y2Px2) (Pyz =P xyPrz)
(3

}Z]]]:E ﬁi) ) (pyz pxypxz)(l pxz)}]

e gl )G G

+

) Pxz (pxy —p yszz) (1 _pgz)}

—+

+

The optimum values of y ’s are given as follows:
1
— a ) — _—
41 1 2 =¥ ( M, )
M, +R,
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(ﬁ)

The MSE of M, is exactly the same as for the Singh et al.(2006) estimator. However, the bias expressions for
the two estimators Mg and M, are slightly different.

and 5 =ya,

(viii) Nursel, K. Exponential Type of Estimator
Nursel(2011) consider the following estimator:

M, -M
My = [k, M, +k,(M;, Mx)]exp(—ﬁ

N~ IN~

where k; (i =1, &} constants.
The bias and MSE of My, are as follows:

N B 3 _ k N —n pyz &
B(MN) = (ky —1)M,, P ( ) f(My)sz(M ) 4(sz(MZ))2}
MSE(M)min = 24 M;(f(My)) B

4§ Ar(M)) +p2 (B

The optimum values of k’s are given as follows:

= —B
! — P}
24(1+ (% ”)4 r 4fy(1v1y))2
and
L = —B g, f(M)

24 f(% 1+( mn ) 4@ 4?(1%))2]

where
N —m 1 N —n Pyz 1
A=]1 - 3
+( 4mN ) (Myf( %))2 ( 2nN ) % Myf( )sz(M ) Z(IIVsz(Mz))Z}l
_ E(N n) Pyz _ i(N n) 1 Z_Zl
4\ nN /M, f(M,)M,f(M,) 16\ nN /(m,f(M,))

3. The Proposed Estimator
We have proposed the new estimator for the estimation of median in two- phase sampling which is the
combination of a difference and exponential type of estimator. The proposed estimator is as follows:
M, =t,M,+t,(M, —M,) +t;exp [ (Z a(#, AMZ) ) + ( a(#; AA,/IZ) )]
a+d(M,+M,) 2a+d(My+M,)
wheret; (i =1, 2a®)constants, a and d are either constants or function of known population parameters of
second auxiliary variable such as skewness, kurtosis, correlation coefficient p,, , Range etc.

_ ( dM,e; dM,e,
Ma=t.My(1+e) +iMy(e; —€y) +tsexp [\Za +2dM, +dM. e ) (Za +2dM, +dM e )]
V4 z%3 4

taking, b= M , Therefore
2 (a+dM)’

M, =t,M,(1+e) +iM,(e;—e;)+tzexp [\1+be )+(1 —b:;e)]

After simplification we get,
tyh2e?

_ tzh%e?
My =t,M, +t,M,e, +tMee,—t,Me, + &+ she, — 3—2t—4 +tibe; +tib2ese, —

My—M, = (t, —1)M, +t,;M,e, +tM,e,—t,M,e; + &+tzbe, —
tyb2eze,
Taking expectation on both sides of (1) we get the bias of M, to the first degree of approximation as

+tsbes +

tzb%e? t3b tsb%ed
2
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B(My)=(t; —1)M, +t3 +-t3b?,CF — S t3b?*[,C7

Taking squaring and expectation on both sides of ( 1) ignoring higher order terms means e;’s having power
greater than two, thus we have

MSE(M) =2 t;Myts+t3+tIMZ—2t,M2+M2—2M t; —tZM2f,CZ +4tZb*f,CZ —M ,t;b*f,CZ +
Myt3b?f,C7 +t,Myt3b?f,C2 —t My t3b* f,CZ +tIMfi CF +t3MEfiCE + 2t My t, M, f5,04,,C, Cy, +
Zthyt3bf2pyszCz _ZthytZfolpxnyCy + Zthyt3bf1pyszCz +2t, My t3bf5 05, C C; —
ZtZMxt3bf2pszxCZ (2)

To obtain the values of t;, fand §. We differentiate (2) with respect to t;, $and %and equate to zero then
solve the equations for t;, $and %.i.e.

dMSE(M,) _  dMSE(M)  dMSE(M) _
=0, =0, =0

dt, dt, dt,
The minimum bias and MSE of M, are as follows:
—~ M. 1 1
BT =22 [(a,bM, (M) ~44) - S(2erony vm (G- 3

S E(#,)mi n = M2 [A—I%{{Aszyf(My) (Aszyf(My) ~24, —b?A, (= - i))} +44M2F(M,)?{A, +

DAy (2= 2) +AMEF(M,)> A bM,f(M,)} +b7 { QAA, +24,45p,,—43) (= — =) +43 (= — =) -

am am 4N
1 1

2 1 1
A1) (42 (54 5 =7) +Aap (5 - z))}} ¥ 1] (4)
The optimum values of ¢’s are as follows:
_ AZbMyf(My) + A3bMyf(Mx)

1 ! 2 2¢( )12
/ § 4y Nz z
‘11
where
dMZ

b= aramy)
Ay =AM, F(M, M, f D (52 (pya(fZ =) +Psyrs(fy —2)7)
F2MEFOY? (pyofy + 1) + Paypra(fy = £2)) )+ MEF(M,) ¥ (f, = £)?
—4M3f(M)* (02, (f, =f1) +11)
+4MZf(M,)*b? ((Pa%z(ﬁz —f1f2) +p32/z(f2 +f1)? +4P9%y(f1f2 —fF) —4fifs
+ Zgypxzpyz(fzz - 12)) _Mgzlf(My)z(fl +3f2 +p9%z(f2 _fl)))
Ay =2M,f M) (07 (paypaaf = F1)7 +Pyalff —f)) +2MEFMLY? (Pryprae =) +0yalfs +10)))
+M, (M) (b3(f, —f1)2 —4MZFM)?b(f, +3f, +p%(fs —f1)))
Ay =M, f(M,)MEF(M)?b (poupye(fy +£1) —p oy (i +312))
+2sz(Mz)b2 (pxy(flz _flfz) +pxypyz(f22 _flz)) _4'M23f(Mz)3 (pxzfl _pxypyz(fz +f1))
+ My, f (M) pxy b (f, —f1)?
Ay =2M2f)* (fi +p25(f ) =02 (2 —f1fs —p 5 (fy —f)%)

—2bM, (MM, f(M,) (Payprs(f —f1) +03,(f +£2))
1 1 1 1

h=gm™an M TmTw
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4. Numerical Comparison

To check the relative efficiency and relative bias
of the proposed estimator over the other estimators
exist in the literature we use the following data sets
which have been taken from different sources.

Data set 1(Source: Singh, 2003). Y: The number of
fish caught by marine recreational fisherman in 1995;
X: The number of fish caught by marine recreational
fisherman in 1994; Z: The number of fish caught by
marine recreational fisherman in 1993.

N =69, n =24, m+0. 1505p ,
=0.3166, ,,=0.p1431
M, =2068, ,=2811  ,=2R07,
f(M,)=0. 00014, (M,
=0. 00014

f(M,)=0. 00013, ,=34R25

Data set 2(Source: Aczel and Sounderpandian,
2004). Y: The U.S exports to Singapore in billions of
Singapore dollars; X: The money supply figures in
billions of Singapore dollars; Z: The local supply in
U.S dollars.

N =67, n=23, m+3). 6624p ,
=0. 8624, ,, =0.4592,
M,=4.8, ,=7.M, ,=19,
f(M,)=0.0763, (M,
=0. 0526
f(M,)) =0. 0024, ,=11R

Data set 3(Source: MFA, 2004). Y: District-wise
tomato production (tones) in 2003; X: District-wise
tomato production (tones) in 2002; Z: District-wise
tomato production (tones) in 2001.

N =97, n =46, m 3. 2096p ,,
=0.1233, ,,=0.4494,
M, =1242, =183, ,=1M7,
f(M,)=0.00021, (M,
=0. 00022

f(M,) =0. 00023, ,=16R38

Data set 4(Source: Nursel, 2011). ¥: The apple
production in 1999 in Turkey; X: The number of trees
in 1999 in Turkey; Z: Apple production in 1998 in
Turkey.
N =854, n =410, m =290,
Pxy =0. 770491803,
pyz =0. 8969555504,
» = 18000, , =313,
f(M,) =0. 00002306, (M,)f
=0. 00000271

M, =300,

Py, =0. 793911007, , =R26 ,
£(M,) =0. 0000246

Using the above all data sets we have calculated
MSE’s and Biases of median estimators, the findings
are in the following tables. It is observed from the
following tables that the suggested estimator far
better than the other estimator exist in the literature
i.e Gupta et al.(2008), Singh et al. (2006) and Nursel
(2011). It is observed that the suggested estimator has
much smaller MSE and Bias than the other median
estimators. We got the most efficient estimator for all
data set above using d as R, (Range of the second
auxiliary variable) and (1 —p,,) .

Table 1: Numerical Comparison of MSE
Estimator Data 1 Data 2 Data 3 Data 4
1\7IGR 556443.5 | 2.22 113343.2 | 107052.5
1\7ISA 717528.7 | 1.89 138663.1 | 914674.3
1\7ISR 551589.5 1.78 111208.0 | 788875.5
1\7ICH 826933.5 1.01 180828.4 | 435673.7
1\7ISRA 517381.2 | 0.87 110223.9 | 309300.4
1\715 4632712 | 0.57 106785.4 | 204881.4
Mp 4632712 | 0.57 106785.4 | 204881.4
My 5187309 | 1.76 104869.1 | 87037.5
M, 1049.2 0.04 224.9 23814.2

Table 2: Numerical Comparison of BIASES
Estimator | Data 1 | Data2 | Data3 | Data 4
M, 5540.8 | 2.99 | 33353 | 208.1
Mg 7.0 0.02 3.1 313.7
Mgy 200.5 | 0.11 | 683 | 1508
Mggy 242 | 0.04 5.7 | 286.1

Mg 58.6 | 0.44 8.1 | 24519
Mp 202 | 0.28 3.6 | 1060.2
My 218.6 | 023 | 79.8 | 290.1
M, 0.5 0.01 0.2 79.4

5. Conclusion

In this study we observe that our proposed
estimator is more efficient than all other estimators
present in literature and also it has less bias than all
other existing median estimators for two-phase
sampling. Thus we have recommended that the
suggested estimator which is the combination of a
difference and exponential type of estimator is used
in practice.
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