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Abstract: IN this paper, we derive the stability of the 2-variable quadratic functional equation (0.01)(x + y,z +
)+ f(x+0), z+0a(t)) =2f(x,2z) + 2f(y,t). and the stability of the 2-variable quadratic functional equation
0.02) fx+yz+t)+ g(x +o(y), z+ O'(t)) =h(x,z) + k(y,t) . forall x,y,z,t € G, where G is an
semigroup and ¢ is a homomorphism of G such thatcooc = I.
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1. INTRODUCTION AND PRELIMINARIES

Let XY be real vector spaces. For the mapping f : X X X —» Y, consider the 2-variable quadratic functional
equation

(1.03) fx+yz+t)+ f(x +o(), z+ O'(t)) =2f(x,2) + 2f(y,¢t).

we define

(1.04) Df(x,y,z,t)=f(x+y, z+t) +f(x +o(), z+ a(t)) —2f(x,z) — 2f (y, t).

Dy f 6,9, 2,8) = [y G + 3, 12 (2 + ) + f(uy (x + 0), 12 (2 + 0 (D) = 2pa 1 (%, 2) = 2 f (0, ©).
forall uy,u, ET*:={A1€C:|A| =1} andallx,y, z,t € X.

Let X be a set. A functiond : X X X — [0, o) is called a generalized metric on X if and only if d satisfies

() dx,y)=0ifandonlyif x =y

(12) d(x,y) =d(y,x) forallx,y € X

(us) d(x,z) <d(x,y) + d(y,2)

Theorem 1.0.1Let (X,d) be a generalized complet metric space. Assume that A : X — X is a strictly contracting
operator with the lipstick constant<.1If there exists a nonnegative integlersuch thatd(A**1f , A¥ f) < oofor some
f € X, then the following are true.

(a) The sequence {A" f} converges to a fixed point F of A;

(b) F is the unique fixed point of A in

(1.0.5) X ={g e X|d(Af,g) < oo};
(c)Ifh € X*, then
(1.0.6) d(h, F) < ——d(Ah, h).

ANEJADALI AND R.GHOOCHANI
2. MAIN RESULT
Theorem 2.0.2 Let o be an homomorphism of the semigroup G such that 0o = I and Y is a Banach space. Suppose
that f : G X G — Ysatisfies the inequality

(2.0.7) Dy o f oy 2, 0)|ly < 6
Jor all py, 1, € Tt and for all x,y,z,t € G and for some § € [0,0). Then there exists a unique

2-variable quadratic mappingF : G X G = Y such that
(2.0.8) | fCx,2) = F(x, 2llY <6
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(2.0.9) Dy, u,Fx,,2,t) = 0.

forall uy, 1, € T and for all x,v,z,t € G.

Proof. Letting pty, 4, =1,y =xand z =t in (2.0.7) , we have

(2.0.10) Il fF(2x,22) + f(x + 0(x), z+ 0(2)) — 4f(x,2)|| < 6.
for allx,y,z,t € G.Then we obtain

f(2x,22)+f(x+0(x),z+0(2))
4

(2.0.11) I — f(x,2)| < 6.

for all x,y,z,t € G. Now we setX ={h|h: G X G - Y is a fu nctionhnd introduce a generalized metric on X
as follows :

(2.0.12) d(g,h) = inf{§ € [0,0) | [lg(x,¥) —h(x,y) || < 6}

First, we will verify that (X,d) is a complete space. Let {g,,} be a Cauchy sequence in (X,d). According to definition
Cauchy sequence, for any € > 0 there exists a positive integer N, such that d(g,,, g,) < efor allm,n > N,. From
the definition of the generalized metric d, it follows that

(2.0.13) Ve>03IN, e NVmn =N, ||gm(x,y) — gn(x, V)| < €.

This implies that {g,,(x, y)} is a Cauchy sequence in Y. Since Y is a complete space, {g,(x,¥)} converges in Y for
each x,y € G. Hence we can define a function g : G X G — Y by

(2.0.14) g, y) = lim,_,, g, (x).

If we let m increase to infinity, it follows from (2.0.13) that for any € > 0, there exists a positive integer N, with
lgn(x,v) — g(x,¥)|| < efor all n = N,, that is, for any € > 0, there exists a positive integer N, such that
d(gn g ) < efor anyn = N,. This fact leads us to the conclusion that {g,} converges in (X,d). Hence (X,d) is a
complete space. Now we define an operator A : X — X such that

(2.0.15) A (x, z) =

We assert that A is strictly contractive on X. Given,h € X ,let§ € [0, ) be an arbitrary constant with d(g, h) <
4, that is,

(2.0.16) Il g(x,z) —h(x,2)|| <&

f(2x, 22)+f(x+a(x) Z+0(z))
4

STAMILITYOFTHE GENERALIZED 2-VARIABLE QUADRATIC FUNCTIONAL EQUATION
It then follows from (2.0.15) that

I(Ag)(x, 2) — (AR) (x, 2|l = ||
h(Zx 2z) + h(x +o(x), z+ a(z))

g(2x,2z) + g(x +o(x), z+ o(z))

”g(Zx Zz) h(2x,22) i

g(x +o(x), z+ a(z)) h(x +o(x), z+ a(z))
s 5§ 5 17
=gtzs35= Ellg(X.Z) — h(x, 2|l
That is, d(Ag, Ah) < %d( g,h), forany g,h € X. Hence A is a strictly contractive function. It easily follows that

F(22x,222)+3f (2x+20(x),2z+20(2))

(2.0.17) (A%f)(x,z) = o
And by direct computation, we obtain
(2.0.18)

f2"x,2"z) + 2" — Df (2" x + 2" 1o(x), 2" 1z + 2" 10 (2))
22n

A f)(x, z) =

Now we obtain
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1
(4™ ), 2) = (A" PG 2N S sy 1F22,27402)
+f(2"x + 2"0(x), 2"z + 2"0(2) ) — 4f (2"x, 2"2)

1
+ 22(n+1) 22" = 1)f(2"x + 2"0(x), 2"z + 2"0(2))

—42" = 1f (2" 1x + 2" 10(x), 2" 1z + 2" 1o (2))||
5 2"-1)5 _ 26 5

= 22(n+1) 22(n+1) T p2(n+1) = on+2 < .

Hence, if we set n = 0 then d(Af, f) < % < oo. Thus Theorem (1.0.1)(a) implies that there exists a function F € X,
which is a fixed point of A, such that F(x, z) := lim,,_,.,(A"f)(x, z)for any x,z € G. One can verify F satisfies of
(1.0.3). Indeed,
[ +y,2+0) + (A )(x + o),z + o) = 2(A" ) (x, 2) = 2(A" ), D|

= @t + )

+@2" = D2 (x +y) + 2" o (x +¥), 2" Wz + t) + 2" La(z + 1))

+f (Zn(x +o)),2"(z+ a(t)))

+"-1)f (2”‘1(x +o()+ 2" o(x) +y),2" Yz + o)) + 2" (a(2) + t))

—2f(2"x,2"z) — 22" — Df (2" 1x + 2" o (x), 2" 1z + 2" 10 (2))

—2f(2"y,2"t) — 22" — Df(2" 1y + 2" ta(y), 20 e + 2" (t)) |

§ (@"-1)5 2" §

SomtTom Tt
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Letting n — oo, we see that F satisfies (1.0.3).
In Theorem (1.0.1) let k = 0. Since f € X* ={g € X |d(f, g) < ©} In Theorem (1.0.1), by Theorem (1.0.1)(c)
and (3.0.31), we have

(2.0.19) d(f,F) < —d(Af,f) <25=2<6.
Therefor (2.0.8) is true. One can verify F satisfies of (2.0.10). Indeed,
”DMM‘-ZF(x‘ Y.z t) ”

=i Dl‘-1rl‘-2f(2nx’ an)
- nl_)rg, 22n
) @"=1D,, ., fQ2" x4+ 2" o (x), 2" 'z + 2" 0 (2)) 2" 6§
* Jim, = 77 < lim oo = limgn =0

forallx,y,z,t € G. So Dm,uzF(x' y,z,t) = Ofor all u;, 4, € T* and for all x,y,z,t € G. Assume that there exists
another mapping H : G X G — Y which satisfies (1.0.3) and (2.0.8). we obtain
(A" ) (x, 2) — HCxe, 2Nl < 1(A™ ) (x, 2) — F(x, 2|1 + IF (x, 2) — f e, 2N + 11 (x, 2) — H(x, 2)l
©o+5+5< oo
Thus d(A"f,H) <o, and so H € X*. On the oder hand AH(x,z) = H(x,z) for all x,z € G. Hence

byTheorem(1.0.1)(b),weget F = H.This completes the proof of the theorem.o

3. STABILITY OF EQUATION (0.0.2) IN ABELIAN SEMIGROUPS
In this section we investigate the stability of the 2-variable quadratic functional equation
(3.0.20) fx+yz+t)+ g(x +a(y),z+ O'(t)) =h(x,z) + k(y,t).
forall x,y,z,t € G, where G is an abliane semigroup and ¢ is a homomorphism of G such that 60c =1 .
First we will establish some results which will be instrumental in proving our main results.
In the following lemma, we will present a stability result for Jensen’s functional equation :
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(3.0.21) fx+y,z+t)+f(x+0@®),z+a(t)) = 2f(x,2),

forall x,y,z,t € G.

Lemma 3.0.3.Let 0 be an homomorphism of the abelian semigroup G such that c0o = 1. Let Y be a Banach space.
Suppose that f : G X G = Y satisfies the inequality

(3.022) || £ (1 G+ )2z + 0) + f (1 + 00, 2 (2 + 0(0))) — 212 f (2, 2) || < 6.

Jor all uy,uy € TY, for all x,y,2z,t € G and for some § =0 . Then there exists a 2-variable quadratic mapping
F:GXG - Y suchthat

(3.0.23) lf (x,2z) — F(x,2)|l < 6.

STABILITY OF THE GENERALIZED 2-VARIABLE QUADRATIC FUNCTIONAL EQUATION
and

(3.0.24) F(,ul(x +y), U, (z + t)) +F (,ul(x + a(y)),,u2 (z + a(t))) — 2uu,F(x,z) = 0.
forall py,u, € T* and for all x,y,z,t € G.

Proof. Letting uy, 4, =1,y = x and z =t in (3.0.33), we have

(3.0.25) ||f(2x, 2z) + f(x +o(x),z+ a(z)) - 2f(x,z)|| <§é.

for all x,z € G. Then we obtain

(3.0.26) | FEE ORI £, )] < 6.

for allx,z € G. Now we setX = {h|h: G X G - Y is a linear fu nction Jand introduce a generalized metric on
X as follows :

(3.0.27) d(g,h) = inf{§ € [0,0) ||lg(x,y) — h(x, Y|l < &}
By Theorem (2.0.2), follows that (X,d) is a complete space. Now we define an operator/1 A : X — X such that
2
00 (A= [zttt
2

We assert that J1 A is strictly contractive on X. Given g,h € X, let § € [0,00) be an arbitrary constant with

2
d(g,h) <6, that is,
(3.0.29) lg(x,z) —h(x,2)ll <&
It then follows from (3.0.28) that

”(f% /‘9) (x,2) = (]; Ah) (x,2)

2
1 [|lg(2x,22) + g(x +o(x),z+ a(z)) h(2x,2z) + h(x +o(x),z+ a(z))
2| 2 2
- 1[||g(2x, Zz) h(2x,22) g(x +o(x),z+ a(z)) — h(x +o(x),z+ a(z))
2 2
116
<= 2] > =3ll9Ce2) ~ e 2
That is, d(J1 Ag,J+ Ah) < 2d(g, h), for any g,h € X. Hence J1 A is a strictly contractive function. It easily
2 2 2
follows that
2 2
(3030) (] i/lf) (X, Z) _ ziz[f(z x,2 z)+3f(2)2c:—20(x),22+20(z))
2

And by direct computation, er obtain
1 [f(2‘”9(,2‘”2)+(2n—1)f(2n_1 x+2""1g(x),2n"1 z+2n_1a(z))]

(3.0.31) (] g/lf) (x,2) =

277.

ANEJADALI AND R.GHOOCHANI
Now we obtain
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10 £ ) @ = (13 47) 2 < g B I 2141, 2712)

2 +£(2"x + 2"0(x), 2"z + 2"a(2)) — 4f (2"x, 2"2) ||

+ 5 122" - Df (2 + 2"0(x), 2"z + 20 (2))

—4(2" = 1f (2" 1x + 2" 1a(x), 2" 1z + 2" 10 (2))||]
1 [ 5 (zn—1)5]_ 1 2" &

S on+1|pn+l on+1 - on+1gn+l - on+2’

Hence, {(] 1A f) (x,2z)} is an Cauchy sequence. Since Y is a complete space, implies that there exists a linear
2

function F, such that F(x,z) == lim,_, (] z/lf) (x,z)for any x,z € G. one can see by Theorem (2.0.2) that F
2

satisfies of (3.0.21), (3.0.23) and (3.0.24).0

By using the proof of preceding lemma, we get the stability of the Jensen’s function equation

(3.0.32) f+xt+2)+flc(y)+x,0(t)+2z)=2f(x,2).

Corollary 3.0.4.Let o be an homomorphism of the abelian semigroup G such that o0 = 1. Let Y be a Banach space.

Suppose that f : G X G - Y satisfies the inequality

B.033)|f (& + )t + 2) + f (1 (0(¥) + %), 15 (0(8) + 2)) = 231, f (x, 2) || < 6.

Jor all uy,uy € T, for all x,y,z,t € G and for some § =0 . Then there exists a 2-variable quadratic mapping
F:GXG - Y suchthat

(3.0.34) If(x,2) — F(x,2)|| < 6.

and

(3.0.35)F (u, (v + %), 11 (¢ + 2)) + F(uy (0(¥) + %), 1, (0(8) + 2)) — 201, F (x, 2) = 0.

for all pyy,u, € T! and for all x,y,z,t € G.

In the following lemma, we obtain a partial stability theorem for the 2-variable quadratic functional equation
(3.0.36) fx+y,z+t)+g(x +0(y),z+0() =h(x,2) +k(y,t).

forall x,y,z,t € G.

Lemma 3.0.5.Let 0 be an homomorphism of the abelian semigroup G such that c0o = 1. Let Y be a Banach space.
Suppose that f, g, h, k : G X G = Y satisfies the inequality
(3.0.37)

£ (s G + 92z + ) + g (1 (2 + 00, 12 (2 + 0(0))) = 1, 2) = ey, )| < 6.

for all uy,u, €T, for all x,v,z,t € G and for some 6§ =0 . Then there exists a uniqueZ-variable quadratic
mapping Q : G X G =Y a solution of (1.0.3). Also there exists a solution |,], of Jensen’s functional equation
(3.0.21) and (3.0.32) such that

(3.0.38) lh(x,2) = J,(x,2) — Q(x, z) — h(e, )|l < 168.

(3.0.39) llk(x,z) —J,(x,2) — Q(x,2) — k(e,e)|l < 166.

STABILITY OF THE GENERALIZED 2-VARIABLE QUADRATICFUNCTIONAL EQUATION
(3.0.40) | fe(x,z)+ g°(x,z) — Q(x,2z) — %f(e, e)— %g(e, e)” < 126.
(3.0.41) H(fe—g)x+y,z+t)—(fe—g)x+ o), z+a®)l < 126.

(3.0.42) | fé(x,z) — %]I(x, z) — %]Z(x, Z)” < 106.
and

(3.0.43) | g¢(x, 2) — %]Z(x,z) + %]l(x,z)” < 106.
and

(3.0.44) Dy, u,@(x,y,2,t) = 0.
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(3.045); (e (x + Y) 2z + 0) + 11 (1 (x + 00)), z (2 + 0(0)) ) = 231121 (x,2) = 0.

and

(3.0.46)], (11 (v + 1), 4o (¢ + 2)) + J, (1 () + %), 142 (0 (8) + 2)) — 213 142)5 (%, 2) = 0.
for all pyy,u, € T* and for all x,y,z,t € G.

Proof. Letting u,,u, =1, Let us denote by f¢(x,z) =

w the odd part of /. For any function f : G X G - Y, we define F(x,z) = f(x,z) — f(e,e). By

puttingx =y =z =t = e in (3.0.37), we get

f—(x'Z)Jrf(;(x)'a(z)) then even part of f and by f°(x,z) =

(3.0.47) llf(e,e) + g(e,e) —h(e,e) — k(e e)ll < 4.
Consequently, if we subtract the inequality (3.0.37) from the new inequality (3.0.47), we obtain
(3.0.48) |Fix +y,z+ ) + F(x+0(),z+a(t)) — F3(x,2) — F,(y, t)|| < 26.

Now by replacing x by o(x) and y by o(y) and z by o(z) and ¢ by () in (3.0.48) and we add the inequality obtained in
(3.0.48), we deducethat

(3.0.49) ||Ff (x+y,z+t)+Ff (x +o(y),z+ a(t)) —Ff(x,z) — F£(y, t)|| < 26.
and

(3.0.50) |Fex+y,z+ ) + E2(x + 0(y), z+ a(t)) — F{(x,2) — FP (y, t)|| < 26.
for all. Hence, if we replace y,¢ by e and x,z by e respectively in (3.0.49), we get

(3.0.51) |Fg(x,2z) + F£(x,z) — F£(x, 2)|| < 26.

and

(3.0.52) IFE (v, ©) + F£ (v, t) — F5 (v, DIl < 26.

So, in view of (3.0.49), (3.0.51) and (3.0.52), we obtain
||Ff(x +y,z+t)+ er(x +o(y),z+ a(t)) —(FE+ F8)(x,z) — (FE 4+ F£)(y, t)||||Ff (x+yz+t)

+Ff(x +0(y),z+ 0 () = F§ (x,2) — Ff (v, 0| + IIFf (x, 2) + Ff (x, 2) — F§ (x, 2) |
+HIFE G0+ F2 (. 0) — FE (v, Oll < 66.

ANEJADALI AND R.GHOOCHANI

By replacing y,z by o (y), a(t)in above, we get the following

(3.0.53)

||Ff (x +o(y),z+ a(t)) +Ff(x+y,z+t)— (Ff+F§f)(x,2) — (FE + F£)(y, t)|| <68

If we add the inequality above to (3.0.53), we get

NEE+F)(x+y,z+t) + (FE+ E)(x + 0(¥),z + a(t)) — 2(Ff + F§)(x,z) — 2(Ff + F§)(y,)|| < 126,

(3.0.54) |(Fs—F)(x+y,z+t) = (Ff = E)(x + a(¥),z + a(®))|| < 126,

for all x,y,z,t € G. Hence, in view of Theorem (2.0.2), there exists a unique function (, a solution of equation

(1.0.3) such that

(3.0.55) ||(FE + F£)(x,2) — Q(x, 2)|l <126,

Consequently, from (3.0.54) and (3.0.55), we deduce that

(3.0.56) |IF€(x, z) — Q(x,2)|| < 166,

and

(3.0.5NDIFE(x, 2) — Q(x, 2)|| < 166,

for all x,z € G. On the other hand, from (3.0.50) we get

(3.0.58) IS (x, z) — FP (x,z) — F3 (x, 2)|| < 26.
and
(3.0.59) |E2 (x,z) — FP(x,z) + F{ (x, 2)|| < 26.

for all x,z € G. Hence, we obtain
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(3.0.60) 12F2 (x, z) — F2(x,2) — E2 (x,2)|| <
and
(3.0.61) 12Ff (x, z) — F2(x,2) + E (x,2)|| <

for all x,z € G and Consequently, we have

46.

46.

|Ff(x+y,z+t)+Ff (x +o(y),z+ a(t)) — 2Ff(x, 2)
SIFf(x+y,z+t) —FP(x+y,z+t)—Ff(x+y,z+ o)l
+||F3"(x +o(y),z+ a(t)) — Fl"(x +ao(y),z+ o(t)) —Fp (x +o(y),z+ a(t))”
HIFeGe+y, 2+ 0+ Ff(x + o), 2+ 0() = F§ (x,2) = F (0,0
+||F1" (x +o(y),z+ o(t)) +F(x+y,z+t)—F2(x,z) — F? (a(y),a(t))” < 86.

and

|2y +x,t+2z)+F2(o(y) +x,0() +2) — 2F2(x,2z)
S||FPy+x,t+2z)—FP(y+x,t+2z)—F2(y+xt+ 2)|
+HIFZ (6(y) +x,0(t) +2) — FY (a(y) + x,0(t) + z) — F{ (a(y) + x,0(t) + 2)l
+HIFP @ +x,t+2) + F2(0c(y) +x,0(t) +2) — F{ (v, t) — FP (x, 2) ||
+||F2(c(y) + x,0(t) + z) + F? (a(y) +o(x),o(t) + a(z))

—F§(a(y),0(1)) — Ff (x,2)|| < 8.

STABILITYOF THE GENERALIZED 2-VARIABLEQUADRATICFUNCTIONAL EQUATION
for all x,y,z,t € G. Now from lemma (3.0.3) and corollary (3.0.4) there exists two solution of Jensen’s functional

equation J;,/, : G X G = Y such that

(3.0.62) |E2 (x, 2) — J¢ (x,2)|| < 86.
and
(3.0.63) |FS(x,z) — J2(x, 2)|| < 86.

for all x,z € G. Now, by small computations, we obtain the rest of the proof. o
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