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1. Introduction

Integro-differential ~ equations arise  quite
naturally in the study of many physical phenomena
in life science and engineering, for example,
equations of this form occur in the formulation of
problems in reactor dynamics, in the study of the
growth of biological population models and in the
theory of automatic systems resulting in the delay-
differential equations, see for more details [1].
Many investigations have been carried out
concerning the existence and uniqueness of solution
of deterministic and stochastic integro-differential
equations of Volterra type, see [2-5]. However, due
to the complex nature of the problems being
characterized by such equations, many authors, in
the last few decades, pointed out that fractional
stochastic models are very suitable for the
description of properties of various real materials,
e.g. polymers. It has been shown that new models
are more adequate than previously integer-order
models [6-8]. In many cases, it is better to have
more initial information to obtain a good
description of the evolution of a physical system.
The local initial condition is replaced then by a
nonlocal condition, which gives better effect than
the initial condition, since the measurement given
by a nonlocal condition is usually more precise than
the only one measurement given by a local
condition, see [9]. Therefore, in this paper we shall
be concerned with extending the results in EI-Borai
et al. [10], William J. padgett and Chris P. Tsokos
[5]. That is, we shall consider a nonlinear stochastic
perturbed factional integro-differential equation of
Volterra-1tStype of the form:

http://www.lifesciencesite.com

3368

0%x(t;w) _
ace

h(t, x(t; w)) + fot ki (t,7; @) fi(T, x(x; w))dT +

fot ko (t, T w) fo (T, x(7; 0))dB (T) (1.1
with the nonlocal condition
P
x(0; w) + c;ix(t;, w)
2
= xo(w) (1.2)

where 0<a<1,teR, =[0,0),0<t< ..<
t, < oo.The fractional derivative is provided by the
Caputo derivative and

(i) w € 0, the supporting set of a probability
measure space (2, A, P) ;

(i) x(t; w) is the unknown stochastic process for
tER,;

(iii) h(t, x) is called the stochastic perturbing term
and it is a scalar functionof t e R, and x € R ;

(iv) k1(t, T; w), k,(t,T;w) are scalar stochastic
kernels defined for ¢t and t satisfying 0 <7<t <
0

(v) fi(t,x), f>(t,x) are scalar functions of t €
R,,x € R to be specified later;

(vi) B(t) is a stochastic process to be defined later.

The purpose of this paper is to obtain the
conditions which guarantee the existence and
uniqueness of random solution x(t;w) of the
problem (1.1),(1.2) and to investigate the
asymptotic moment behavior of such a random
solution. In addition, the usefulness of the results
will be illustrated with an application to fractional
stochastic feedback system. Equations (1.1), (1.2)
generalize the results of EI-Borai et al. [10], and the
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results of Padgett and Tsokos [5]. The considered
nonlocal Cauchy problem (1.1), (1.2) consists of
two parts, the first integral being a lebesgue integral
and the second a stochastic integral of the 1t&Doob
type. In our work we shall utilize the spaces of
functions and admissibility theory which were
introduced into the study of stochastic integral
equations by Tsokos [11]. The nonlocal Cauchy
problem (1.1), (1.2) has applications in many fields
such as electromagnetic theory, viscoelasticity, and
fluid mechanics [12-13].

2. Preliminaries

Let (2,A, P) denotes a probability measure
space, that is 2 is a nonempty set known as the
sample space, A is a sigma-algebra of subsets of 2,
and P is a complete probability measure on A. Let
L,(2,A,P) be the space of all random
variables x(t; w), t € R,, which have a second
moment with respect to P-measure for eacht € R,.
That is: E{|x(t; w)|*} = fﬂlx(t; w)|? dp(w) < .

The norm of x(t;w) in L,(Q,A,P) is
defined for each teR, by |[x(t;w)| =

[E{Ix(t; w) |2} /2.

Let L,(2,A,P) be the space of all
measurable and P -essentially bounded random
variables of w € 2. The norm of k(t,7;w) in
L,(2,A,P) will be defined by: |||k(t,T; w)||| =
P — ess sup,eqlk(t, T; w)| . With respect to the
random process S(t), we shall assume that g(t) is
adapted to the filtration (A;).> Which is an
increasing family of sub sigma-algebras A, c A.
furthermore, we shall assume that:

(i) The process {B(t), A, 0<t <o} is a real
martingale.

(i) There is a continuous monotone nondecreasing
function F(t) on R,, such that, if s <t, then
E{IB(t; w) — B(s; w)[*} = E{IB(t; w) — B(s; w)|* \
A} =F@t)—F(s) P—a.e.

Note that:

If F(t) = ct, c is a constant, with almost
all its sample functions are continuous, then g(t) is
a Brownian motion process, (see [14], pp. 436-437),
and this is the most important special case.

Definition 2.1

We define the space
C.=C.(Ry,Ly(2,A,P)) to be the space of all
continuous  functions x(t;w) from R, into
L,(2,A,P), such that for eacht € R, x(t; w) is
A,-measurable.

We define a topology in the space C, by
means of the following family of seminorms:
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lx(&; )l = supo<e<n tll x(&; @) 3,
n=123,..
It is known that this topology is metrizable and
the space C, is Frechet space.

Definition 2.2

We define the space
Cy = Cy(Ry, Lo(2,A4,P)) to be the space of all
continuous functions from R, into L,(2,A,P),
such that there exist a constant a > 0 and a positive
continuous  function g(t) on R, satisfying
[ x(@ )l <ag(t) The norm in
Cy (R4, L2(02,A, P)) will be defined by:

(6 )lle, = supier, {M}

g@®)

Definition 2.3

We define the space
€ =C(Ry L(2,4,P)) to be the space of all
continuous and bounded functions on R, with
values in L,(02,A,P), that is, C is the space of all
second order stochastic processes on R, which are
bounded and continuous in mean square. The norm
in C is defined by:

Ix(t; w)llc = suprer, {lx(& W)} < oo

It is clear that C,C, are Banach spaces

and the following inclusion hold: € < C; < C, .

Definition 2.4

The pair of Banach spaces (B,D) with
B,D c (, is said to be admissible with respect to
the operator T: C, — C, ifand only if T(B) < D.

Definition 2.5

The Banach space B is said to be stronger
than C,, if every convergent sequence in B, with
respect to its norm, will also converge in C,. (but the
converse is not true in general).

Definition 2.6

We call x(t; w) a random solution of the
equation (1.1) if x(t;w) € C, for each t € R,,
satisfies the equation (1.1) for every t > 0 and
satisfies the nonlocal initial condition almost surely.

We now state the following lemma which
is given by Tsokos [4].

Lemma 2.1

Let T be a continuous linear operator
from C.(Ry, L,(2, A, P)) into itself, if B and D are
Banach spaces stronger than C. and if (B,D) is
admissible with respect to T, then T is a continuous
linear operator from B into D.
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3. Main results

Using the definitions of the fractional
derivatives and integrals, it is suitable to rewrite the
considered problem in the form:
x(t; w)

=x(0;w) + J-(t -0 h(7,x(1; w))dr

L
F(oc)o

o

LJ- f(t =)V k(5,1 0) fi (7, x(1; ) )drds

0

’—J

LJ‘ f t — )y (s, 7 0) f2(7,x(5; 0))dB (T)ds
0

0

>_J

Changing the order of integration (note
that: the assumptions on the functions k, and f,
permit this operation on the last integral and the
proof is essential the same as the one given in ([14],

pp.430-431)
x(t; w)
— . 1 \ a-1 h . d
=x(0;w) + mof(t ) (T,x(‘[, w)) T

1 t
+ mof Kl(t, T; (U)fl (‘L’, X(T; (D))d‘[

f Kot 1 0)fo(tx(@m w))dp@ (1)

1
el
Where
t
K (t,7;w) = f(t —5)* 1k (s, 7; w)ds (3.2)

T
t

K,(t,1;,0) = f(t —5)* (s, t; w)ds  (3.3)

T
Now define the integral operators T, T,
and T on C. (R, L, (2, A, P)) as follows:
t
(3.4)

(120t @) = j (t — D x(z w)dr

1
I'(a)
0

1
(Tx)(t w) = Ta)f K. (t,7; 0)x(t; w)dt (3.5)
0

t
%a) Of Ky(t,1; 0)x(z; 0)dB(z)  (3.6)
In lemma (3.1) in [10], El-Borai et al.
proved that T; is continuous operator from C, into
C. . Now we shall prove a lemma concerning the
continuity of T, and T; as mappings from
C.(Ry,L,(2,A,P)) into itself.

(T32)(t; w) =

Lemma 3.1
Suppose that
(i) The functions k,(t, 7; w) and k,(t, 7; w) are A,
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measurable and P -ess bounded for each t,7
satisfying 0 <t <t < oo;

(i) k1 (t,T; w) and k,(t,7; w) are continuous as
maps from A={(t,7):0<7<t<o} into
L,(2,A,P).

Then the operators T, and T; defined by
the equation (3.5) and (3.6) are continuous
mappings from the space C.(R,,L,(2, A, P)) into
itself.

Proof:

The assertion about T, follows from
lemma (3.2) in El-Borai et al. [10]. Hence, we shall
only prove the assertion regarding the operator Ts.
Stepl, we shall show that T3: C, — C, .

We need to prove that (T3x)(t;w) €
L,(2,A,P) and is continuous function in mean
square sense for each t € R,. By the same way
which was used in lemma (3.2) in El-Borai et al.
[10], it is easy to prove that the assumptions (i),(ii)
on k,(t, 7; w) imply that K, (t,7; w) € L,(2, A, P),
also for each (t,7) €AK,(t,T;0) is A,
measurable and is a continuous map from A into
L,(2,A,P), hence for each x(t; w) € C, and for
each t, the function K,(t,t; w)x(t; w) is dtdP
measurable and
I(T52) (&; w)I?

2

[F( T f K, (t,7; 0)x(5; 0)dB ()

F( N f|||K2(f T )| lIPllx(z; w)l?dF (2) < oo

Thus, the stochastic kernel in (3.6) is well
defined, and (T;x)(t; w) € L,(2,A,P). Now it
remains only to prove that T is continuous in the
mean square sense for each t € R, as follow:

Let x(t;w)€EC,,0<t; <ty,t,t; €
[0,n] c R,, then

||(T3x)(t2, 0)) — (T3x) (t1; W)II?

< oo H [ Ko 0)ap@

- f Ko (t1, 7 0)x (z; ) dB(2)

- f (K (22,75 0) = Kot 0) (3 ) (0)

2

+ f Ko (t3, % 0)x(5; 0)dB ()

tq
Using the inequality (4 + B)? < 2(A? + B?), yields
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I (T320)(t2; w) — (Tt3x)(t1: w)?
2

S ||| [K2(tz 75 )
T@P Hof

- K;(t1, 7; w)]x(7; w)dp ()

2 2

Appling It&Doob Isometry, yields

<o f 1Kot 0)
—&mﬁwmﬁhﬁwmmﬁﬂ

b f 11Kt 75 )12 (s ) 2F ()

(6 )2 f 1K (£, 73 )

0
—Kz(tl.r: w)|lI*dF ()

= [r(a)]2

+ o I 0l f 1Ktz ) dF ()
-0, as ty =t

Since K, is continuous from A= {(t,7):0 <1 <

t < oo}into L,(2,A,P),and F is continuous, then

T; is continuous in the mean square sense for each

t € R.,and hence, T5: C, = C, .

Step2, we shall show that T;:C. - C. is a

continuous operator as follow:

Let x(t; w) € C,, then

||(T3X)(1f'w)ll2

2
[r( r@P f {f Ko (67 0)x(x; w)dﬁ(r)}

Appling ItéDoob Isometry, yields
< K, (t,7; w)x(t; w)|*dF () |dP
< fﬁ 26,7 (@ ) PAF ()

1
=T@r

(fle(t 7 0)x(t; a))lzdP> dF (1)

< [r( N fIIIKz(t T )llI% llx(z; w)I?dF (2)
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< [r( NE llx(t; w)llnfllle(t & w)|||% dF (2)

Now,

I(T3) (& w)

2

< s I )1, f 1K (2, 5 @) 12 dF (1)

Thus,
||T3x((t; “’))”n = SUPo<t<n ||T3x((t; (U))”

1

t 2
f 1K (6, )12 dF(r)] l
)

< F( Y —lx(t; w)ll, {Sup0<t<n
< NMllx (& @)l

where Ny is a constant depends upon n and « .
Since|||K,(t, T; w)||| is continuous, it follows that
T5 is continuous operator from C, into C,, (see [15]
p. 42). Hence the required results.

Now let the operators T;, T,and T; be defined
by equations (3.4),(3.5) and (3.6) respectively,
and let B,D c C.(Ry,Ly(2,A,P)) be Banach
spaces stronger than C., such that (B,D) is
admissible with respect to each of the operators
T,,T,and T5. Then, It follows from lemma (2.1),
that Ty, T, and T; are continuous from B into D,
hence there exist constants M;, M, and M3 such that

10 ollp < Millx(Go)lly — i=1,23

The infimum of such constants My, M,
and M, is called the norm of the operators Ty, T,and
T respectively.

In what follow we shall assume that
fi and f, are maps from C, into C, and that
ki(t, T; w) and k, (¢, T; w) satisfy the conditions of
lemma (3.1).

Lemma 3.2
Assume that Y'_ c; # —1, then the
nonlocal Cauchy problem (1.1), (1.2) is equivalent

to the following integral equation
p

x(t; w) = Axy(w) — A ¢; [(Ty;hx) (t;, w)
0 ; 1
+ (T f10)(t;, )

+ (T3 /) (t;, w)]

+(T1hx)(t; ) + (T2 f12)(t; w) + (Tsf2x)(t; w) (3.7)

where
, _
A=|1+ z ¢
i=1
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T,, T, and Ty are defined by (3.4), (3.5) and (3.6)
respectively and

(T ) (t; w) = %I(ti — 1) x(1; w)dT
0

(T22) (t;; @) =

1 i
m! Ky (t;, 7; w)x(t; w)dt

(T (& @) = f Kz (t, 7 0)x(7; )dB ()
0

1
I'(a)
i=12,.....p
The proof is analogous to that of lemma
(3.3) in El-Borai et al. [10] and hence omitted.

We now go to the following existence theorem.

Theorem 3.1
Suppose the integral equation (1.1)
satisfies the following conditions:
(i) B and D are Banach spaces stronger than C, and
the pair (B, D) is admissible with respect to each of
the operators, Ty, T, and T; defined by (3.4), (3.5)
and (3.6) respectivly;
(ii) x(t; w) = h(t,x(t; w)) is an operator on
S = {x(t; w) € D:||x(t; w)|lp < p}, with values in
B satisfying:
[|R(t, x(t; ) = h(t, y (& )|,
< Allx(t w) = y (& w)llp
for x(t;w),y(t;w)€S and p>0,1; >0 are
constants;
(iii) x(t; w) = fi(t, x(t; )) is an operator on S
with values in B satisfying:
DACKICIDIESACRIGID)] A
< llx(t w) — y(E w)llp
for x(t; w), y(t; w) € S and A, > 0 constant;
(iv) x(t; ) = fo(t, x(t; w)) is an operator on S
with values in B satisfying:
|2 (8, x(t; @) = fo(t, y(t; (0))”3
< Bllx (G w) — y (& w)llp
for x(t; ), y(t; w) € S and A; > 0 constant;
(V) k1(t, T; w) and k, (t, T; w) satisfy the conditions
of lemma (3.1)
(vi) xg(w) € D.
Then there exists a unique random solution
x(t; w) € S of equation (1.1), provided that:

p
(Mlll + Mzﬂ.z + M3A3) 1+ IAlZlCLI <1
i=1
p
|Alllxo(@)lIp + My1[R(2, 0)llp | 1+ |Al Zlcil +
i=1

P
(M, 1f1 (¢, 0|15 + M3llf2(¢, 0)ll5) (1 + |A| ZIQI)
i=1
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i=1

p
Sp| 1-MiA + MyA; + M323) <1 + |A|Z|Ci|>

where M; and M, and M5 are the norms of T}, T,
and T, respectively.

Proof:
By condition (i) and lemmas (3.1) in [10],
(2.1), and (3.1), Ty, T, and T3 are continuous from B
into D. Hence, their norms M; and M, and M5 exist.
Define the operator U: S — D by
(Ux)(t; ) = Axo(w) + (T1hx) (; w) + (T2 f120) (& w)
, + (T3£22)(t; w)

~ A 6 [(Tihx) (6, @) + (Toefi0) (6, 0)

i=1
+ (T3, /2 (&, )]
(3.8)

We must show that U(S) c S and that the
operator U is a contraction operator on S. Then, we
may apply Banach’s fixed-point theorem to obtain
the existence of a unique random solution.

Let x(t; w) € S, then take the norm of
(3.8), we get

1CU) (& )llp < lAxg(w)llp + I(T1hx) (& w)llp
+I(T2 /12 (& w)llp + 1(T3 /22 (& w)llp

p
* ||—AZ Tk e @) + (T f)(6 )
i=1

+ (T3 f22) (t;, w)]

D

< |Alllxo(@)lp + I(T1hx) (& @)l p
, +I(T2fix) (& )l p+I (T3 f22) (& )l p

WAL G
L;l

A Tl IT2efi) e @)l
i=1

r
ALY Jel 1T o) (8 )l

i=1
< |Alllxo(@)llp + M[[a(t, x(t; )|,

P

+|A] Z|Ci |M; || (¢, x(t;; w))”B
i;l

HALY lail||fi (6 x5 @),
=1

P
+1A| ZlcilMSHfZ(ti:x(ti; w))”B

i=1
+M,||f1 (t x (& w))”B + Ms||fo (¢, x(t; a)))”B
< |A|”px0(w)”D + My [A4]x (6 ) llp+1A(E, 0]

+]A] Z|Ci|M1 (A llx(t; )llp + Il A(t;, Ol g]

i=1
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p
+lAl Z'Cil My [2;11x(ti; 0)llp + 11 £ (€, 0)1l5]
i=1

P
+lA Z'CilMS [A3llx(ti; 0)lIp + Nl f2(Ei, 0Dl 5]
i=1
+M; [ 11x (8 )llp+If1 (¢, 0)lI5]
+M;3[A311x(t; )llp+IIf2 (£, 0l 5]

i=1

p
< |Alllxo(@)llp + My llh(t, 0)lI5 | 1+ Al ZIQI)

i=1

p
+p(My A1 + M4, + M3A3) <1 + |A] Z|Ci|>

p
+(M |l f1(t, 0I5 + M3l f2(¢, 0)ll) <1 + |A|Z|Ci|>
i=1
=p

Thus, U(S) c S, by the last condition of
the theorem.

Let y(t; w) be another element of S, from
the assumptions, it is clear that:
[(Ux)(t; w) — (Uy)(t; w)] € D, since the difference of
two elements of a Banach space is in the Banach
space.

I(Ux)(t; w) — WUy (& w)llp

p
< —A< Z ¢; [(Ty;hx)(t;; w) — (Ty;hy) (t;; )] >
=1

D

i=1

p
+ —A<2Ci [(T2: 1) (t;; ) — (To: 1) (ti; w)] )

D

+
i=1

P
_A<Z ¢; [(T3:f22) (ti; w) — (T3 f20) (&5 w)] )

+||(T1hx) (t; w) — (T1hy) (& w)llp
+HI(T2£12)(t; w) — (T2 f1¥) (& w)llp
+||(T3];2x)(t; w) — (T5£25) (& w)lp
< A1) Jeil My [|A(e x(t5 )

i=1

= h(t,y (s ),

p
ALY el My|lfi (6%t )
i=1
- fl(tiﬂy(ti; w))”B
p
HALY leal Ms[lfy (6 x(s )
i=1

~ Aoy ),
+M1||h(t,x(t; w)) - h(t,y(t; w))“B
+M, || (8 x (8 w)) — fi(t, y(& w))”B
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+Ms||fo(t, x (5 w)) — fo(t, ¥t w))”B
p

< IALY Tal My llx(65 ) = (e @)l
i=1

p
ALY Ll Mo lle(e; @) = y(ts )l

i=1

p

ALY lal Mysllx(e; @) = y(ts )l
i=1

+M; A lx (8 w) — y(& w)llp

M2, (6 0) = ¥ (6 )l

+ M3 A3]1x (8 @) — y (& @)llp

i=1

p
< |:(M1/11 + MyA; + M3A3) (1 + |A|Z|Ci| > ] lx(t; w)
-yt w)llp

Since by hypothesis:

[(M1 41 + Ma2y + Ma23) (1 + AL ZE_lcil )] < 1,
then U is a contraction operator on S. Applying
Banach’s fixed-point theorem, there exists a unique
element of S so that (Ux)(t; w) = x(t; w). That is,
there is a unique random solution of the random
equation (1.1), completing the proof.

We now state the following corollary when the
stochastic perturbing term h(t, x(t; w)) is zero
which is a generalization of the integro-differential
equation studied by Tsokos [5] and El-Borai et al.
[10].

Corollary 3.1
If the stochastic fractional integro-differential

equation

2% x(t; .
% = J- kl (t, T, w)fl(‘[,x(‘[; (U))d‘[

0
t

+ [l 50 fn @)@ G9)
0
with the nonlocal condition

P
x(0; w) + Z cix(t;, w) = xo(w) (3.10)

i=1
satisfies the following conditions:
(i) B and D are Banach spaces stronger than C,. and

the pair (B,D) is admissible with respect the
operator T, and T; defined by (3.5), (3.6);

(i) x(t; w) - fi(t,x(t; w)) is an operator on

S = {x(t; w) € D:||lx(t; w)|lp < p}, with values in
B satisfying:

”fl(t'x(t; 00)) - f1(t:3’(tJ (D))”B

< Llix(t w) —y(E& 0)llp
for x(t;w),y(t;w) €S and p>0,1, >0 are
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constants;
(i) x(t; w) = fo(t, x(t;w)) is an operator on S
with values in B satisfying:

”fz (t,x(t; (U)) - fz(t,Y(t; (U))”B

< Lllx (6 w) = y (& w)llp
for x(t; ), y(t; w) € S and A; > 0 constant;
(vil) k1(t,; w) and  k,(t,T;w) satisfy  the
conditions of lemma (3.1), and
(iv) xo(w) € D.

Then there exists a unique random

solution x(t; w) € S of equation(3.9), provided that:

p
I(ﬂzMz + A3M3) (1 + |A|Z|Ci| )] <1

i=1
|Alllxxo ()l +

P
(MalIf1 (8, 0)llp + Msllf2(¢, 0)1l5) (1 + 1Al Z|Ci|>
i=1

p
<p|1- (42M; + A3M3) <1 + |A|Z|Cz|>

i=1
Where M,, and M; are the norm of T, and Tj
respectively.
Since (3.9) is the equivalent of (3.7) with
h(t,x) equal to zero, the proof follows from that
theorem (3.1) with T; being the null operator.

4. Boundedness and Asymptotic Behavior of
Random Solution.

Using the spaces C, and C, we now give
some results concerning the asymptotic behavior of
the random solution of (1.1). We first consider the
unperturbed case (3.9).

Theorem 4.1

Suppose that equation (3.9) satisfies the following
conditions:

() Nk, (s, T3 w)]]| < Ay €77 for some constants
A;>0andy>0,0<t<s<t;

(i) f:lllkz(s,r; w)|||?ds < A, for some constant
Ay, >0and0<t<s5<t

(iii) fot(t —1)2* le=2hdF(r) < Ay for some
constant A; > 0;
(iv) x(t; ) = fi(t, x(t; w)) satisfies

|A(tx(& )| < Ase™, e >0, for some A, >0,
y>f>0,and
||f1(t,x(t; w)) _fl(t,J’(t; w))”

< e Px(t; w) — y(t; w)l
for ||x(t; w)|l and ||y (t; w)|| < p at eacht = 0 and
A, > 0 constant;

v) x(t; w) - fz(t,x(t; a)))

satisfies
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|2 (e x(&; )| < Ase™P5 e >0, for
As >0,y > >0,and

£ (t, x(t; @) = fo(t, y(&; @) ||

< Aze P |x(t; w) — y(t; w)||
for ||x(t; )l and ||y (t; w)|| < p at eacht = 0 and
Az > 0 constant; and
(vi) xg(w) = 0P —a.e.
Then there exists a unique random solution to
equation (3.9) such that

Supllx(t )|l = sup{E[Ix(t w)|? ]}2 <p,

Where E[] is the
provided that: A, , A3,

Il (¢, 0)||Cg are small enough.

some

mathematlcal expectation,
Il f1(¢,0)ll¢, and

Proof:

It is sufficient to show that conditions (i) ,
(ii) and (iii) implies the admissibility of the pair of
spaces (C,, C) with respect to the operators T, and
T; defined by (3.5), (3.6), and that conditions (iv)
and (v) are equivalent to condition (ii) and (iii) of
corollary (3.1) with B=C(,, D=C, g(t) =
e P, B> 0.

In [10], El-Borai et al. proved that (Cy, C) is
admissible with respect to the operators T,. Now let
us consider T3, let x(t; w) € Cy(R4, L, (2, A, P)),
taking the normin L, (12, A, P ) of (3.6), we obtain
[CRICHI

2

f Ky (t, 7 0)x(z; )dB (2)

I'(a)

< e f 1K 22,7 0)x(x; 0)I12dF ()

f|||K2(t T )12 llx(z; ) 12dF (1)

- A2 As
T Qa-1 [T(@)]?

F()

lle(t; )12,

This implies that sup, o ||(T3 x) (& )| is
bounded, which implies (T; x)(t; w) € C, and thus,
(¢,,C) admissible with respect to the
operators T5;. Now we will show that conditions (iv)
and (v) are equivalent to condition (ii) and (iii) of
corollary (3.1), let fi(t, x(t; w)), fi(t, y(t; w)) €
Cy, then

”fl(t x(t; 00)) f1(t y(t; (D))”
{Ilfl(t L x(t w)) — f1(t (& w))ll}

e Bt

= SUP;>g
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e Plx(t; w) — y(t; w)l| }
< Supexg —
= e Bt
= 2llx(t; w) — (& w)llc

and similarly for the other condition, applying
corollary (3.1), we get on the required result.

Now we state the results concerning the
perturbed equation (1.1)

Theorem 4.2
Assume that equation (1.1) satisfies the

following conditions;
() k1 (s, T; )]l < A4 for some constant A; > 0,
0<t<s<t
(i) th|||k2(5,Ti w)||l?ds < A, for some A, >0,
0<t<s<t
(iii) J, (t = )%~ dF(r) < A, for some A3 > 0;
(iv) x(t; ) > h(t,x(t; w)) satisfies, for some
Ay>0 and B >0, |h(txtw)|| < Aut =0,
and
||h(t,x(t; a))) - h(t,y(t; a)))”

< A llx(t; w) — y(t; )|
for ||x(t; w)|| and ||y (t; w)|| < p,t =0and 1; >0
constant;
V) x(t; w) - fi(t, x(t; w)) satisfies, for some
constant As > 0, ||/, (¢, x(t; @))|| < As, t =0, and
£t x(t; w)) = fi(t, y(t; )|

< Lllx(t w) —y (& o)l
for ||x(t; w)|| and ||y (t; w)|| < p at each t = 0 and
A, > 0 constant;
(vi) x(t; @) = fo(t, x(t; w)) satisfies, for some
constant Ag > 0, ||z (¢, x(t; w))|| < Ag,t =0, and
”fz (t,x(t; (0)) - fz(t,J’(f; (0))”

< Lllx(t w) — y (& w)l|
for ||lx(t; w)|| and ||y (t; w)|| < p at each t = 0 and
A3 > 0 constant;
(vii) xg(w) €C

Then, there exists a unique random of

solution of (1.1) satisfying

supllx(t; )|l = sup{E[|x (& )[2]}/2 < p,
t>0 t>0

t=0,
Provided that:
My A llxe(@lle T R(E Ol f1 (6 Ol and
[| £-(t, 0)|l. are sufficiently small.

Proof:

It will suffice to show that the pair of
spaces (C,C) is admissible with respect to the
integral operators defined by (3.4),(3.5),(3.6)
under conditions (i), (ii) and (iii). In [10], EI-Borai
et al. proved that (C, C) is admissible with respect
to T;,T,, so we need to prove that (C,C) is
admissible with respect to T; as follow: Let
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x(t; w) € C.then from (3.6) we have that
I(rs )& )

2

sz(t T; w)x(T; w)dB (1)

I'(a)

< T f 1Kt 7 )x(x; @) |2dF (2)

= [r(a) B f”|Kz(t,T: ®)|II2. lx(; w)||2dF (7)

A2A3 e

This implies that sup,o (T3 x) (& )| is

bounded, which implies (T3 x)(t; ) € C and thus,

(C, C) is admissible with respect to the operators Ts.

Therefore, the conditions of theorem (3.1) hold with

B=2C,g(t) =1,and D = C, and then, there exists

a unique random solution x(t; w) of (1.1),(1.2),

which is bounded in the mean square by p for all
t € R,.and hence, sup,o||x(t; )|l < p.

5. Application to a Stochastic Fractional
Feedback System.
Consider the  following  nonlinear
stochastic fractional differential system:
dy(t; w) = N(w)y(t; w) + bl(w)lbl(t,a(t; w))dt
+ by (), (t, 0(t; w))dB () (5.1)
0% (t; w)

g = C Gy o), (5.2)
with the following initial conditions
p

o(0;w) + Z c;o(t;, w) = gp(w),

y(0;0) = yo(w)

where 0 <a<1,t€R; =[0,0),0<t; < ..<t, <
o . The fractional derivative is provided by the
Caputo derivative. II(w) is an n X n matrix of
measurable functions, x(t;w) and C(t;w) are
n x 1 vectors of random variables for each t € R,
bj(w),i =1,2, is an nx1 vector of random
variables, o(t; w) is a scalar random variable for
each t € R, ®;(t,0),i = 1,2, is a scalar function
for each t € R, and T denotes the transpose of a
matrix. B(t) is a standard Brownian motion.
Now integrating (5.1), we have
y(t; @) = e"@1ty(0; w)

t

+f @b, (0)D4 (7, 0(t; w))dr
0

t
+f el@=Dp, (0)D,(1,0(t; w))dp(T) (5.3)
0
Substituting from (5.3) into (5.2), we obtain

0% (t; w)
e = ¢ G yo@)
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t
+ f @ DT (5 w)by () Dy (7, 0(T; @) )dr
0

+ f DT (65 0) by()Da (1,05 ))dBE)  (5.4)
0

Now assume that |||c”(t; w)||| < K; for
allt > 0and K; > 0 a constant. Also, let y,(w) €
C,and b;(w) € L,(2,A,P),i = 1,2, if we assume
that the matrix I1(w) is stochastically stable, that is,
there exist an « > 0 such that

P{w: Re Y (w) < —, k=12, ...... ,n}
=1,
where Y, (w), k=12,...... ,n, are the
characteristic roots of the matrix IT1(w), then it has
been shown by Morozan [16] that
[l ][] < Kze™* < K,
for some constant K, >0. We also let
®,(t,0(t; w)) € C.(Ry, Ly (2, A, P)),i=12 for
eacht € R, and
||CDi(t, o, (t; w)) - CDi(t, o, (t; w))”
< Ailloy (6 w) — 02 (8 W)
where 4; > 0,i = 1,2, is a constant, also let
h(t, o(t; w)) = ¢ (t; w)e™ @t yo(w)
then
In(t, o (t; )|
< e (& )l |||e™ @ |]- lyo (@)l < ZK;Kpe™*
< ZKK,
where Z > 0 is a constant, since y,(w) € C.

Thus, by definition h(t,o(t;w)) € C,
also, since h does not depend on g, then

||h(t, o, (t; a))) — h(t, o, (t; cu))” =0
that is, it satisfies a Lipschitz condition.

Now, by the assumptions on
c’(t; ), b(w), and I(w), we have

ki(s, T; @) = e"@EDCT (55 0)by ()
Satisfying

k1 Cs, 5 )

< [||e™ =D [[l11e" (s; @) by (@)

< K K;e <60 ||y ()]l
< K1 K, [l1by ()]

and

ky(s, 73 w) = e"@E T (5;0) by (w)
satlsfylng

f|||kz(s Go)ll2ds < K2 K2 |||bz(w)|||2fds

= K{ KZll[by()]II? (t—T) <o

Moreover,
t

f(t — 1) 1gF(t) = a f(t —1)?e1dgr
0

0
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a
=—t2“<oo.

a
Therefore, all conditions of theorem (4.2)
are satisfied, and hence, there exists a unique
random solution of the system (5.1), (5.2) which is
bounded in the mean square on R,.
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