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1. Introduction

Many investigations have been carried out
concerning the existence and uniqueness of solution
of deterministic and stochastic integro-differential
equations of Volterra type. See [1]-[5].However, in
the last few decades, many authors pointed out that
fractional models are very suitable for the description
of properties of various real materials, e.g. polymers.
It has been shown that new fractional-order models
are more adequate than previously integer-order
models. See [6]-[7]. In many cases it is better to have
more initial information to obtain a good description
of the evolution of a physical system. The local initial
condition is replaced then by a nonlocal condition,
which gives better effect than the initial condition,
since the measurement given by a nonlocal condition
is usually more precise than the only one
measurement given by a local condition, see [8]-[9].
Therefore, in this paper we shall be concerned with
extending the results in William J.padgett and Chris P.
Tsokos [5].That is we shall consider a nonlinear
random perturbed factional integro-differential
equation of Volterra type of the form:

r

=h(txt:w) + " kit w) Flrx(m: w) )dr

o

8% x(t: )
ats

With the nonlocal condition
B
x(0: ) + Z cixl(t;, w) = xp(w)
=1
Where

0<a=l,teR, =[0w) 0<t; < ..< t, <00
the fractional derivative is provided by the Caputo
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derivative and

(i) « £ 1, the supporting set of a probability measure
space ((1.:4, F) ;

(i) x (t;@) is the unknown stochastic process for
teR,;

(i) h{t.x) is called the stochastic perturbing term
and it is a scalar function of t € R ,and scalar x € R ;
(iv) k(t.7: w) is a stochastic kernal defined for ¢ and
Tsatisfying0 =7 <t < ®=;and

(v) f(t.x) is a scalar functions of t € R, scalar
x € R and will be specified later.

The purpose of this paper is to obtain the
conditions concerning the stochastic process in
equation (1.1) which guarantee the existence and
uniqueness of random solution x(t;e) and to
investigate the asymptotic statistical behavior of such
a random solution. In addition, the usefulness of the
results will be illustrated with an application to
fractional stochastic differential systems. We shall
utilize the spaces of functions and admissibility
theory which were introduced into the study of
random integral equations by Tsokos [10].The
nonlocal Cauchy problem (1.1}.{1.2} has
applications in many fields such as viscoelasticity,
fluid mechanics and electromagnetic theory. See for
example [11].

2. Preliminaries.

Let (£).=4, P} denote a probability measure space,
that is {1 is a nonempty set known as the sample
space, <1 is a sigma-algebra of subsets of {1, and F is
a complete probability measure on =1 We let
x(t;w).t eR, ,w e 0, denote a stochastic process
whose index set is R.. Let L, ({1, =4, P} be the space
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of all random variables x(¢: ), t € R_which have a
second moment (or square- summable) with respect
to P-measure for each t € R . That is;

Eflx(t: )17} = [ e )P dpla) < .

The norm of x(t:es) in L,((Q.A.P)) is
defined for each t € R _by:

etz cod | = N CE: ol (rn e z)

Bl

= [Ellx(t; )P 72 = IJ‘ lx(t; w2 dP(aﬂ}

With respect to the functions in equation
(1.1}, we make the following assumptions:

The random solution x(t:c) will be
considered as a function of ¢ £ A with values in the
space L,(Q,AP). The functions
hit.x), f(t.x) under convenient conditions will be
functions of £ € B_ with values in L,{(},-A,P ).

Let L.((L A, P) be the space of all
measurable and F -essentially bounded random
variables of « € 1. With respect to the stochastic
kernel, we will assume that, for each ¢ and t
satisfying 0 =t =t =< =, kit,m:aw) is essentially
bounded with respect to P, So that the product of
klt.mw) and flo.xlziwl) will always be
in L,({), .4, P ) for each fixed t and 7. The norm of
k(t.;w) in L.(0«AP) will be denoted and
defined by
k(. m cd Il =P — ess supy, .|kt 5wl |.

Also the mapping (t.7) — k(t,7:e) from
the set A= {{t.7):0 =7 <t = =} into L.((LAP)
is continuous.

And further, whenever 7, = 7 asn — =,

P —ess supycplklsrpw) — ks, niwll =0 as
1 — =, |t will be assumed also that for each fixed
and 1.

P —ess sup, | ks, i) | < M

Uniformly for 7 = s = £, Where M,y = 0
is some constant depending only on ¢ and T
D=t1=tae=

Definition 2.1.

We define the space ¢, = ¢ (R,.L,(0.4.P))
to be the space of all continuous functions from R,
into L,(0,:4.P) and define a topology on C, by
means of the following family of seminorms
lx(t; ), = supgerenlx(t: wlll, n = 1.2, .. ...

It is known that such a topology is
metrizable and that the metric space C; is complete.

Definition 2.2.
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We define the space
C,=C,(R,.L;(Q.:4.P)) to be the space of all
continuous functions from &, into L;({2, -4, P J such
that there exists a constant @ = 0 and a positive
continuous function g (¢} on R, satisfying

=)l inua e = aglt)

The norm in €, (R,.L,(Q.-A. P )) will be
defined by:

ks el llz, (cn.a20) }

||.r'it:|:¢.‘-:] "|:g = SUPren. { g{t:]
Definition 2.3.

We define the space
€=cC(R,,L,(0),A,P)) to be the space of all
continuous and bounded functions on A, with values
in L,(0), 4, P ). that is C is the space of all second
order stochastic processes on &, which are bounded
and continuous in mean square. The norm in € is
defined by:

(e )Ml = supeen, {MxCt: )l (au0m ) < =

It is clear that C.C, are Banach spaces and
the following inclusion hold: € = £, = €.

Finally, let B,D c €,(R,.L,(0,:4F))
be Banach spaces and let T be a linear operator from
€.(R,.L,(Q..4.P)) into itself. Now we give the
following definitions with respectto E. D', and T

Definition 2.4.

The pair of Banach spaces (E. D) is said to
be admissible with respect to the operator T if and
only if T(B) = D.

Definition 2.5.

The Banach space E is said to be stronger
than the space C if every convergent sequence in B,
with respect to its norm, will also converge in C.(but
the converse is not true in general).

Definition 2.6.

We call x(t: e} a random solution equation
(1.1) if x(t;w) € C, for each t € R, satisfies the
equation (1.1) for every t =0 and satisfies the
nonlocal initial condition, almost surely.

Definition 2.7.

The random solution =x(t:ew) s
stochastically exponentially stable if there exist
constants ¥ =0 and S =0 such that for
eacht = 0,
lx(t:ead | < fa~F,
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We now state the following lemma which
is given by Tsokos in [4].

Lemma 2.1.

Let T be a continuous linear operator from
C.(R..L,(0,:4.P)) into itself. If B and D are
Banach spaces stronger than C. and if (B.D) is
admissible with respect to T, then T is a continuous
linear operator from E into I,

Note that:

If the operator T: E — D is continuous, then
it is bounded, and there exists a constant K == [ such
that
NCTx) (el < Kpllxc (el 5

The infimum of such constants K is called
the norm of the operator T.

3. Main results

Using the definitions of the fractional
derivatives and integrals, it is suitable to rewrite the
considered problem in the form:
2t e) :r x (0

+ %!{t — 0%t hln x(r @) )dr

L =
+%! !{t - 5)% k(s w @) f (7.2 (i w) )drds

Changing the order of integration
x(tyea) = x(0;e) +

(

1
- _ et .
) J‘{t ) h.{T, x(7; w) }dT

¢ r
— [kt mwfer ) G
+T{E‘JD yTrea) flooxlnw) JdT .
Where
r
Kt tiw) = f{r —5)% s, mwlds (3.2)
NoW define the integral operators T; and T;

on
C.(R,.L, (0. A P)) as follows:
t

(Mx) e w) = "{t — o) tx{riwldr (3.3)
D

1
r(a)
1
(Tyx}t; ) = )
Now we shall prove two lemmas
concerning the continuity of T; and T: as mappings

:
!‘ K(t, ;) x(7; wldt (3.4)
o
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from C.(R, L, (0.4, P ) into itself.

Lemma 3.1.

The operator T; defined by the
equation (3.3} is a continuous mapping from the
space £, into itself.

Proof:
Stepl, we shall show that T;: €. — €.
First let x(t: ) € C_then

..................... !
r(a)

r
M, t®

(T ) (e edll = Il (t: m]||[{t— Je-thgr =
i)

For each teR.. Since =x(t:e) s
continuous function on the interval [0,t] and hence
bounded by some ;.

Thus (Tyx)(t: w) € L (0, A, P
each t e R, .

Secondly let @ = &; = £; =X = then

(T x)(tys o) — (T ) (el

t1 N
1
) |j [(t; — )%t — (&, — )% alr; w)dr + [ (t, — D% tx(r: w)dr
o :
1
frarp FEelle-a -2 -6)T-0 et -t

Hence T;x is a continuous function at each
t € R, with values in L, (0}, 4. P .
That is, continuous in mean square on & .
then Ty: O, —= €.
Step2 we shall show that T;: £, — £ is a continuous
operator as follow:
Let x,(t ) — x(t; ) inCoasn — =,
Then for t € R . then
(T2, ) o) - (Tyx) (t; w)

= %!{t — )%y, (n w) — x(r; w)]dr
||Q{T1xn]{t: ) — (Tyx) (e el
= %!(Q - 0% Yz, (mw) — 2wl dr
= ﬁ e (s ) — (e cad
For t € [0.Q] but by definition asn — =
I, (t: ) — x(t:ea) ll < %

Uniformly in [0.91.0 < @ =< =. therefore,
For £ = 0 there exists an ny € Z, such that n = ng
implies that || (Tyx, (8 w) — (Tox) (5 wlll < &
Then T;: €. = £ is a continuous operator, Hence the
required result.
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Lemma 3.2.

The operator T, defined by equation (3.4)
is a continuous mapping from the space £, into itself.
Proof:

Stepl, we shall show that T;: €, —=

First we must show that the function
K(t.7:w) given by the equation (3.2) belongs to the
space L..((L.:A, P } and is a continuous mapping from
the set A= {(t.7):0 =7 <t < =} into L.((LAP)
as follow:

For fixed £ and T satisfying 0 =t =t < =,
and by using the assurpptions on k. then

K G,z )l < J‘(t—s]“'lﬂlk'fsm Wllds
T g-pe
< Mgy ———

Hence K(t, t:eu) € L ((0,:A.P) for each t
and 7 satisfying 0 = 7 = £ = =,
Now let {(t,.7,}} be a sequence in 4 such
that (t,.7,) = (£.7) asn — =. then
K, 7,0 e) — Kt 7o) ]
L

= J‘(tﬂ —5)¥ kst iwlds

In

+ "{t — 5)* ks, Ty ) ds

t
[[(rn )=t — )25 ks, 7 60) — ks, 73 ) 1ds

Since 7, =1 as n —* and |lk(s, & el ll|
is continuous in T then, for = 0 there exist an
N; € Z, suchthat n = N, implies

t
i‘(t“ — s} ks 1, wlds
rﬂ

= My J‘ (-t ) ds 2 My

r‘E

EE
Mz ey
Also there exist an ;= Z, such that
n = N; implies that

Mk (s, 7 e0) — ks, )l < ﬁ

Uniformly in s for 7, = s = t = ==, then
r

(Since t, = tasn — =) then (t —t, )% =

H J‘ [, —sd5 =t — )] [kl 7 ) — ks mrao)]ds

[
<2
o

r
= [ [, — =)= +( — ) Lk (s 1 ) — ks, wllllds

<= ]E[[{r e 4 - 5] ds

http://www.lifesciencesite.com

1604

GE
T Bl — 1)

20t —T_]':'] E

o

Since (t,.7,) = (£,7) as n — =, then

¢
[[(tﬂ — )5t = 505 (ks 1y ) — k(s T ) 1ds

Similarly, there exist an ¥z € Z such that
n = Nz implies that

J‘{t — 51" Yels, mwlds ||| < g

Hence there exist an ¥ = max {N,,N,, N;] so that for
7n = N we have

K, i) — K ad Il < 2

That is the mapping K: 4— L.((.:A.P }is
continuous. Now, since K(t. 7w} € L.((.:4.F ) for
each t and t satisfying 0 = = ¢ = =, we have that
for each x(t:w) € C.. the product K(t,7;w) x(t; w)
isin L.(0,«4. P ). Thus,

(T, x) (t:rl:cﬂ I
! J‘III 7 adll]. llxCz; I
Emn Kit,rwllll llxlr: wlldT =< =,

Since |IK(t. z;llll and llx(zm el |l are
continuous in T on the interval [0, t] and are therefore
bounded on [0, ], Then (Tox) (£: ew) & L,(0. 4. P ).

Now, let 0 =t, = t; <<= then by the
continuity condition on K (. 7:c} we obtain

(T2 (o) — (T x) s )
71
s | 1Ces 72 ) - Ko L e e
1 2
+m rJ‘ Kt 7 wdlll Ix(z; wllldz]] =0

Asn — = thus (T;x)(£; «) is continuous in the
mean square foreach t € .. Then T;: C, = €, .
Step2 we will show that T;: £, — £ is continuous
operator as follow:

Let x,(t w) — x(t; w) inCoasn — =,

(T Mt w0) — (Tyx) (t:e0) |l

then
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t
1
Em!”m’{tm; )l Iz, (o) — x(z; )l dz

2
< ﬁ D[ B, 56 . Ly o ) — (s o) | e

Where t = § = =
Since |IIK(t.7: @}l is continuous in (£, 7).
it is bounded by some M = 0 in the compact region
{to0=t=0Q0=7= gL
By definition, we have for £ = 0 that there
existsan W € Z so that for n = N,
el
Q M,
Uniformly in [0. @], and hence for n = N,
I(Tx )t w) — (x)alll <&

lx,(mew) —x(mawlll =

For all tel0.@Ql. where t=Q < = .
Therefore, (Tox )t w) = (Tox)(t;w) in C. as
n — =, That is T;: ;= £, is continuous operator,
Hence the required result.

Lemma 3.3.
Assume that Ii_,c; = —1. then the

nonlocal Cauchy problem (1.1J(1.2} is equivalent to
the following integral equation.

x(trw) = Axpla)

_A( '”

D T ) e ) + (T ) (e w]]) + TR0 ) + (110 (:00)
=1 1
Where: A = [1 + 15.] .

by (3.3}, (3.4) and

T, and T; are defined

(T x)(tpew) = ﬁ[ (t; — )% tx(7; wldr
o

(Tyx) (g w) = %! K, ©awx(twdr
i=123 . u.p
Proof:

Let t = #; in (3.1). multiplying both sides
by ¢; and taking XF_, , then
o 2}

i=1"'

Z 6 x(t; @) = x(0; ) Z .

i=1 i=1

1_,{ ]Z [ J‘{t -0 h(nx(w) )dr

r{]z

J‘K{t.,T a:-:]f{f,_r{T a:-:]} (3.5)

http://www.lifesciencesite.com

1605

Substitute from (1.2} into (3.5) then
w0 w) = Ax {m:]

. .
PR
- _ -1
(@) L J‘{t ) h{T,_r{T a:-:]}
o fL 1
A =
T EEJ‘ K, m ) f(rx(rw) )dr
& i=1 o ] {3 5‘:]
Substitute from (3.6} into (3.1). then
x(traw) = Axpla)
i)
A & [Tkt ) + (T f) (1, )]
i=1
+(T, hx) (8 w) + (T fx) (8 ) (3.7)
Hence the required result.
We now prove the following existence theorem.
Theorem 3.1.
Suppose the random equation (1.1}

satisfies the following conditions:

(i) E and I are Banach spaces stronger than C,
and the pair (B. D) is admissible with respect to each
of the operators, T; and T; defined by (3.3, (3.4);

(ii) x(t;e) — h(t.x(t;w)) is an operator on
§={xlt;w) e D:llx(t: w) l; = pk. With values in
B satisfying:

In(t x(t: ead) — B(E (2 aﬂ}"a = A llx(e w) — vt )l

For x(#;e),v(t:w) €5.p=0 and 1, = 0 are
constants;

(iii) x(£:e0) — (£, x(¢: @) ) is an operator on §
With values in E satisfying:
||f{t,x{t: w]}

For x(t;ew),y(t:ew) €5 and 4, = 0 constant;
1wl €D,

Then there exists a unique random solution
x(t:e) € 5 of equation (1.1), provided that

(KA, + K:J{:](l + |Px|Z|Cg| )] =1
i=1
Al llxo () I, + ﬂ
(Kl R, 0I5 + Kyl £ 0)I1,) (1 +1al) |r:£|)
=1
1+1al th._-l))

i=1
Where K; and X; are the norms of T; and T,
respectively

= _ﬂ(l_{glﬂl+5{:ﬂ::](

Proof:

By condition (i), lemmas 2.1, 3.1, and 3.2
Ty and T; are continuous from E into I'. Hence, their
norms K; and &5 exist.

lifesciencej@gmail.com
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Define the operator U/: § — D by ?
(Ux) (8 w) =Axy(w) = |al Z|c[| Ky ||h.|[tl-,.r':t[: aﬂ} - h{ti,}-‘(t[: aﬂ}"B

o i=1
4 & [Tkt ) + (T f) (e )] »

i=1 +14l Z le;| K, f{t-,x(t-: o) } - f{t-, y () }"
+ (I 0 @) + (Tof) (@) (3.8) =4 o o

© +E |n(t x () ) — Aty (e )]l
We must show that L7/(5) =5 and that the
K, t.xlt; — flLE vl
operator L7 is a contraction operator on 5 .Then we HllF (e ) f{_ﬂ ¥ w]}"B
may apply Banach’s fixed-point theorem to obtain Z . .
the existence of a unique random solution. Let < | laltyd, + H:A:]. el et o) — y (& @)l
i=1

x(7; w) € 5. Taking the norm in D in (3.8]. we get
() (8 wdllp = 1A g (e}l
D

A1) el [T s @l + T3 £) G 0) ]
; Since by hypothesis

i=1
+"{Tj_h\-r:|{t| fﬂ-":l ";_;u + ||{T:f.r:]{t; ﬁ'-":] ";_) [{H]_Aj_‘l‘ H-A-:]{l-l— |A|E?_1|C[| }] <1,

< [alllx, Gl then I/ is a contraction operator on 5. Applying
- " L Banach’s fixed-point theorem, there exists a unique

b it ) element of 5 so that (Tx) (¢; w) = x(t; ), completing
[{CEICED) N the proof.

H(R A, + Kodp)lxts ) — y & all,

(Kydy + Kpdq) (1 + lal Z = )] lx(#; ) — y(&: wlllp

i=1

=

£181Y lel [KlIn e 2z )], +
FlEx(E: ca]}"a

=1
+K,[|R(e. x|l + K Corollary 3.1

If the stochastic fractional integro-

= |4l "_f'-‘{':"] 5 differential equation

E
+lal le (R 1z + 111t O] + Kyl + 1 £ (e, 0, B X ) [kem0 ferw)ar G

at
o
+K, [4, p+ IRt 0051 + K [ p+ 1 (e 0D 5] With the nonlocal condiition
)
= |Alllx o (el o x(0: ) + Z coxltiw) =xy(w)  (3.10)
i=1
+lalp(x, 4, + H’:;{:]Z il Satisfies the following conditions:
=t n (i) E and I are Banach spaces stronger than C,
ir (B, D) is admissible with respect the
4 R0 PARLT Z _ and the pair {_ . p
+HlAIE, I R 0I5 + Kl £ 001D i=1|CL| operator T, defined by (3.4);
+pE A+ Kad) + (K ne Ol + K £ 0)11) (ii) x(t:@) — f(tx(t: ) ) is an operator on
S={xlt;w) e D:llx(e: ) l; = o} With values in
= |Alllx g (el 5 B satisfying:
P lF(e xCt: aa)) — F(E wiE: a:n]}”B = Alxtre) —yE )l
+.ﬂ{5{111+5{:3:](1 + |~"1|Z|Ci|) For x(t;w).v(t;w) €5 and p=0.1 =0 are
=1 o constants;
' (iii) xpw) € D.
+&, | re 00z + Kol £ 00I5) (1 + lal Z |c[|) =p Then there exists a unique random solution
i=1

x(t:w) € 5 of equation (3.2) provided that:

a
;u{(l + IAIZI:EI )] =1
i=1

By the last condition of the theorem.
Thus U(5) = 5.
Let v(t: «) be another element of 5.

From the assumptions, it is clear that l
[(Ux)(t:ew) — (Uy)(t:e)] € D since the difference |Alllx o (el + KN FCE, 005 (1 + L‘HZ'C[')
of two elements of a Banach space is in the Banach =1
space, ?

() (8: w) — (W) (8 w05 =p (1 - AK (1 + 1Al Z |Ci|))
i=1
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Where ¥ is the norm of T;.
Proof:

Since (3.9 is the equivalent of (3.7} with
h(t.x) equal to zero, the proof follows from that
theorem 3.1 with Ty being the null operator.

4. Boundedness and asymptotic behavior of
random solution.

Using the spaces C,(R,.L,(Q,-A.P))
and C(R,.L,(Q,.4,P)) we now give some results
concerning the asymptotic behavior of the random
solution of (1.1}, We first consider the unperturbed
case (3.9},

Theorem 4.1.
Suppose the equations (3.9). satisfy the
following conditions: _
Q) Nkl madll =A, e for  some
constants Ay = O0andy =0, 0= v =5 = ¢;
(ii) x(t:e0) — Fl£ x(t: es) ) satisfies, for some
My =0andy = 8 =0,
lF(t x|l < Age ™ t=0
lr(e xtta)) — ey a))| < Allxle: w) — yiE: wl
For llx(t; )l and lly(t; w)ll = pe~"* at each t = 0
and 4 constant;
(iii) xple) = 0.P — a.e.
Then there exists a unique random of
solution of (3.2) which is stochastically
exponentially stable, provided that 4 is small enough.

Proof:

It is sufficient to show that condition (i)
implies the admissibility of the pair of spaces
(€,.C,) with respect to the operator T; defined by
(3.4}, and that condition (ii) is equivalent to
condition (i)  of Corollary 3.1  with
B=D =C,(R,.L;(Q.AP)).glt) = g >0
Let x(t; ) € C;(R,.L,(Q. A, P ), taking the norm
in L, (2,4, P ) of (3.4), we obtain
I(z }{r ) |

Age
*Te+D
Let t —t =#. then.
(7 x)es e ||
r

< A llx (; o) j g% e~ 1-Bigg
“Tla+1) Ty

Let(v — B8 = y.then

(2 x)Ce: ot |

—8t
Ae

S G-pr I+ D

I Ce: e, [ (t — )% -Frgy

o

(y—pht

e, [ 3o evay

o
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Since v = #. then
(v—Elt

J‘ y¥ e ¥dy =Tla+1)

Now
A et
I Tox) (et )l = - ﬁjuli T+ 1 |x(t; ) "cs. Tla +1)
My
= W "I{t G:.'lj ”C —Bt — _DE_ET

Sincey =8 =0, A, =0,

Hence for x(t:w) € C,p is a positive
constant we have (Tx)(t: w) & C,: that is (C,.C, ) is
admissible with respect to Ts.

Now let flt.y(t:a)), Fltx(t:w)) eC
then
I (e x(e: ) - £ (&3 ),

Irte x(es w)) — Fle y(es ) )|
T

lxit; cod — v (E; ) ||}

= SUPrsp

_E
gt

= mran{

= llx(t; w) —y(t: wl |l ¢

Then condition (ii) implies that condition
(ii) of Corollary 3.1 holds.Therefore, by Corollary3.1
there exists a unique random solution and
M7l =1 x| < pe®,  t=0

Then the solution is stochastically
exponentially stable, Hence the required result.

Now, if k(. x) is not identically equal to
zero, then we can still obtain the result that there is a
unique random solution of (1.1 which is bounded in
the mean square for all £ € R,

Theorem 4.2.
Assume that equations (1.1} satisfies the
following conditions:
() k(s medll =A, for some
M =00=r=Zs=
(ii) x(t: ) — h(t, x(t: w)) satisfies, for some
Ay =0, (e x )| = A,. £=0.and
In(t x () — k(6 yE )|l < 4, Ix(s @) — vt ) |
For llx(t;cod lland ly(t;cdll = p. £ = 0and 4, A,
are constant;
(iii) x(t: ) — f(£ x(£; ) ) satisfies, for some
Az =0 |flexad)l| = A;. £=0.and
lr(e x s 6) — FlevE )| < Asllx(e: ) — y(E; )
For llx(t:e) Il and lly(t: &)l = p at each £ = 0 and
A..45 are constant;
(iv) xplew) € C
Then there exists a unique random of
solution of (1.1} which is bounded in the mean
square on R, , provided that A4,.4;

constants

lifesciencej@gmail.com




Life Science Journal 2013; 10(4)

http://www.lifesciencesite.com

g Ceadllc. Il RCE 00 - and || ¢, 00l - are sufficiently
small.

Proof:

It will suffice to show that the pair of
spaces (C.C) is admissible with respect to the
integral operators T; and T: defined by (3.3, (3.4,
respectively under condition (i).

Let x(t;w) € C. then from (3.3) we have
that

¢
I, x)Ea) | = S G TD

Thus(T,x}(t; w) € C and the pair (C.C1is
admissible with respect to Ts.
By the same Way we have

(T (8 )|l = 1'{ 7

Thus{T:x]{t. w) € C and the pair (C.C) is
admissible with respect to T;. Clearly conditions (ii),
(iii) of theorem 4.2 implies conditions (ii), (iii) of
theorem 3.1. Therefore, the conditions of theorem 3.1
hold with B =C.g(t) =1, and D = (. and then
there exists a unique random solution of (1.1
x(t;c), bounded in the mean square by g for all
teR,.

e cadll; < =

lx(t; adll <=

5. Application to stochastic differential systems.
Consider the following nonlinear fractional
differential system with random parameters:

dylt; el

it = TT{g) y(t; w) + ble) @{t,a{t:m]} (5.1)
% alt; w) -
BTG (t; ) y(t; w), (5.2)

With the following initial conditions
y(0;w) = Y {ew)

a0: ) + Z ot w) = aplw),
=1

Where D=ag=l teR, =[0=) ,
0«<t, < .. «<t, <=, the fractional derivative is
provided by the Caputo derivative IT{w) is ann x n
matrix of measurable functions, x{t;w) and ¢ (t; w)
are nx1 vectors of random variables for each
teR,, hlw) is an nx1 vector of measurable
functions, o(t; w) is a scalar random variable for
each t € R, ®(t, =) is a scalar functions of t € R,
o € R, and T denotes the transpose of a matrix.

The system (3.1) —(5.2) may be reduced
to a stochastic fractional integro-differential equation
of the form (1.1} Now integrating (3.1}. we have

y(t: ) = T4y (0; )
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r
+ [ el -y () &( 7, ol Jdr (5.3)
o
Substituting from(3.3) into (3.2}, we obtain

8% alt; )
ﬂ't“'
+J’ T (=30 (T (1 05) bleo) @7, o (72 ) ) e (5.4)

D

Now assume that |llcT (¢: o) Il = K, for all
t=0and K, =0 a constant. Also, let y,{ew) € C,
and blw) e L (2,4 P ). if we assume that the
matrix [I{e) is stochastically stable, that is there
exist an = = 0 such that
Plow:Re Y (o) = —x, k=12,.......n} =1,

Where i (e}, k=12, .......1, are the
characteristic roots of the matrix, then it has been
shown by Morozan [12] that
le™e[l| < &y~ < &,

For some constant K;. we also let
&(t olt:w)) e C(R,,L,(Q,.4, P)) for eacht € R,
and

= ¢ (t; w) ™' g ()

le(t 0. (t: w)) — @[t 0,(t: ) )| < Aoy (¢: ) — 02 (8: ).

Let

h{t, alt: ca:l} = cT(f )l iedt g ()
Then

|| h{t, olt; m]}"

= Me™ (& ) ML [l ||, My Ceod I

< aK,K,e™™ < aK,K;

Where a = 0 is a constant, since y, () € C.

Thus by definition hit, o(t: w)) € €,

Also,

In(t. o, (£ ) ) — Bt oy (E: ) )| = 0

So that it satisfies a Lipschitz condition.
Now, by the assumptions on

e (# w), blw), and I{w), we have

Lis, ool = gni:.ﬂis—r)c.:r{s: ) blca)

Satisfying

ks, 7 cad |l

= " |gn:: ol (2-1]

e Gs: cd M ToCea) 1
< K, Ko™ lInled |1l = K, & b e ]
Therefore, all conditions of theorem 4.2 are
satisfied and there exists a unique random solution of
the system (5.11(5.2) which is bounded in the mean
square on f .
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