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Abstract: We study inextensible flows of non-null curves on pseudo-Euclidean surface in RI” and derive equations

for inextensible evolution of non-null curves on pseudo-Euclidean hypersurface. Necessary and sufficient conditions

for non-null inextensible curve flow on pseudo-Euclidean hypersurface in R are expressed as a partial differential

equation involving the i.geodecic curvature and a, = II(E|, E;) functions.
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1.Introduction

Inextensible curve flows have many applications
in computer vision, computer animation and structural
mechanics. (Chirikjian and Burdick,1990),(Hamilton
and Gage, 1986).

Recently Kwon and Park examine inextensible
flow of curves and developable surfaces for plane and
space curves (Kwon, 1999),(Kwon and Park, 2005).
Later author studied inextensible flow of curves and
developable surfaces and space curves in Minkowski 3-
space ( Giirbiiz, 2009).

In this section we give fundamental definitions
relation Pseudo-Euclidean space (O’ Neill, 1983)..

R" with the metric
I n
—inyi +2xiyi, x,yeR",0<¢<n
i=1 o+l
is called pseudo-Euclidean space and is denoted by
R/, where ¢ is called the index of the metric.

Let RI" be a pseudo-Euclidean space furnished with a
metric tensor <,> A vector x to RI" is called spacelike
it (x,x)>0 or, null if (x,x)=0 and x#0 ,
timelike if (x,x)< 0.

Let M be a pseudo-Euclidean hypersurface in n-
dimensional Lorentz-Minkowski space Rln and non-
null curve [ which lies on M . Apart from the Frenet
vector field system {EI,EZ,E3,...,E,171,N}, there is

also exist a second orthonormal vector field system
{EI’EZ’Ef&""’En—l’N} at every point of non-null

curve . Let £, =/' denote the unit tangent vector
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to [, let N denote the unit hypersurface normal to
M . {El,Ez,Ep...,Enfl,N} gives a basis for all
vectors at [ and {El,Ez,Ey...,Enfl,N} gives a
basis for the vectors tangent to M at [ . Let 1]
denote the second fundamental form of M . The
orthonormal  system {EI’EZ’E37""En—17N} is
called natural frame field for hypersurface strip £ .

Let M be a pseudo-Euclidean hypersurface
in R and £ be non-null curve on M . Then, for
each i, 1<i<n-1, the function,

k[g = <Ei”E[+l>
is called the i. geodesic curvature function of the curve
f and (") denote the derivative with respect to the arc

length parameter of a non-null curve.
Let M be a pseudo-Euclidean hypersurface

n RI". The derivative formulas of orthonormal vector
field system {EI,EZ,E3,...,En71,N} is given by as
following:

!
El =&,k E, +&,aN
!
E, =-&k E +é&k, E +ée,a,N

El=-

1

gi—lk(i—l)g kigE

!
N =-gaE —-&a,)F,..+&, a,E,

E

i T i TE,4,N

where

a, =I(E,E) , 1<i<n—1and

b
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(E.,E\)=¢, (E,,E,)=¢,,., (E,,E,

n—-12

(E,iEa)=¢

2. Method.
The arc length of the non-null curve not be subject to
elongation can be given by the the following condition

SZT%GZO
o Ot

for all o €[0,/]. Here, v= is non-

2t

>l/2
s

0o Oo

null curve speed, §is arc length of non-null curve on
pseudo-Euclidean space.

Definition 2.1 Non-null curve evolution B(o,t) on

0
pseudo-Euclidean hypersurface and its flow —'B are

n 1

(N,N)=¢
ov oh oh
2y 87 =(VE,, a—U‘El +h,(e,vk  E, +&,va,N) + a—;Ez

+hy (& vk E| + &3k, Ey +&,vaN)+ ...

+h, (—&va E —e,a,vE, —...— ¢, ,a, \VE ) >

ov Oh,
2v—=2v(g, —hyvk,, —hyva) (2.1

ot £
Thus we have
ov oh
50 ——hyvk,, —h,va, .

t

Theorem 2.1 Let M be a pseudo-Euclidean

hypersurface in n dimensional semi-Euclidean space
R and {EI,EZ E N } be natural frame field

n-1°

0B op for non-null hypersurface strip (f,M). A flow of
called inextensible if 6_ Ka " > =0. non-null curve on an pseudo-Euclidean hypersurface
O 00O
0
—ﬂ:hE +..+h_E _+h N (2.2)
av ahl 61‘ 11 n—1"n-1 n
Lemma2l —=¢&——hyvk  —hyva, L o .
ot oo g is inextensible if and only if
oh
Proof. =g bk, +eha,. 2.3)
2 _ (9B B
v at at Proof.
v _,l0p o Sty —I (6 5=k, ~hpado =0 G4
2v—= Zh E, |+h,N
0 ot 80' From (2.4) , We obtaln Equatlon (2.3).
Corallary 2.1 Inextensible non-null curve flow is
independent of /15,4, ,...,h,_; components.
Lemma 2.2
oF - Oh;
—t= glhl lk(t g 1hi+1kig _giaihn niti
ot = os (2.5)
n—1
( eh gk, +eah, — —&h ki, |E +28 v, E (2.6)
i=2
ON
EZ_ 1 aihi)El _Zzg-/l//-/”E 2.7
Jj=
Proof.
OE, 0 3B, 0
— )= —(Z hE
ot 8t os Os ‘S
O0E, 0Oh oh oh,_
8t1 = 8s1 E, + h(&,k E, +¢,a N)+ o LE, +hy(—¢k E, +é&k,,Es+&,a,N)+ ..+ aTlE”’l
+h, (-&a,E —¢&,a,F, - a, E ) (2.8)
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From (2.3) and (2.8), we obtain (2.5).

aEl,El_ + El,% =0 i=23,...n-1
ot ot

& Oh, oh, & oE,
<[;(a+ gihiflk(ifl)g _5ihi+1kig —¢&,ah, )jEl +( os + ;gnaihi)N’Ei> +<EI:E> =0

(2.9)

OE . OE.
E., SN+ ,2—1=0 i1# 7], j723,...n-1 2.10
<lat></at> Js ] n-1- (2.10)
From (2.10),
OE,\ OFE .
l//ij_<Ej,E> 1:1,2,...,1'1-1 and l//jn_<N,a_t]> (211)

Using (2.9), (2.10) and (2.11), we have
aEi n—1 ahl n—1
r = (Z eha ki, +&ah, —&é, ra ehi ik, jEl +Zg_/1//i/Ej (2.12)
i=1 S =2
0

§<E1,N>=0 (2.13)

—1 n—1
6_N=_glgn(6h” +Zgnaihi)El —ZSAI//AnEA (2.14)
ot as = = Jrn

0
Theorem 2.2 Assume that the curve flow 8—'8 =hE +..+h _E  +h N isinextensible. Then the following
t

system of partial differential equations holds

6k1g _y azhz n a(hlklg) _2a ahn —h 6a2 _a(h3k2g) B 2
T2

&g,a —-&.a
at aSz aS 2 as n as aS nr2772 n ll/lzn
da, o*h 0
—=¢&,—+t—(ah
at n aSZ as( 1 1)
o’h, 0
V/In :gn asz +g(a1hl)
S%— < a(!/jln)
i=2 ot i=2 Os
o, al//i(Hl)
6tg = EnkingV i ~ EinkigV i ~EAY G + ds
Proof.
0 OE, 0 OE,
— (=)= (— 2.15
sl " ale) P
n—1 ahl
Fl (aEl)_ P [;(E_nghilk(il)g _gihHlkig _giaihn)jEi
bs ot os » (2.16)
’ ’ +(aah" +Y &,a,h)N
S i1
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o OE, ok, , OE oa
—(—b= ¢ E +e,—%k,_+& —LN
at(as) o 2 o 't T ot
0
+a,[-¢&,(

Jj=2
From (2.15), (2.16) and (2.17) , we obtain
aklg =&, azhz + a(hlklg) —2a Oh,

h n—1 n—1
as” + Zl:aihi)E1 +e, Zgjl//anj]

da, O(hik,,)

(2.17)

o 2o os o e e ewhmaaws,
oa, o’h, 0
— =5, —+—(a,h
o o o)
0 OE.. 0 OFE
o (ZZiy= 2 (I Zl 2.18
6t(8s) 8S(8t) (215)
0 OE. Ok OE._ ok,
_(_l) ==&, ﬁEi—l - giflk(ifl)g -+ Ein . i+l
ot Os ot ot ot (2.19)
OE.,  Oa, ON '
+5,~+1k,~g +&,—N+¢g,a,—
ot ot ot
0 OFE, 0l(E oh, al
5(5) = EHZ &h ki +8a:h, — &, 2 el 1Ky jEl + ZE%/@EJ (220)
i—2 =
From (2.18), (2.19) and (2.20), we obtain
ok, OV i)
6tg = gi—lk(i—l)gl//(i—l)(iﬂ) _8i+1kigl//([+l)(i+l) &,V iy +T~

0 ON., 0 oON
ata) ol as)
From (2.21), we obtain

(2.21)

Oh
Vie = al(gn a—s”+a1hl) ,

S Oa, 0,
= Ot = Os
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