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Solving Fractional Vibrational Problem Using Restarted Fractional Adomian’s Decomposition Method
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Abstract: In this paper, the proposed Restarted Fractional Adomian’s Decomposition Method (RFADM) is applied
to obtain the analytical approximate solutions to the time fractional vibration equation. The fractional derivative are
described in the Modified Remann-Liouville sense. The proposed method performs extremely well in terms of
efficiency and simplicity. The effectiveness and good accuracy of method is verified by the numerical results.

Numerical results are presented graphically.
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1. Introduction

In recent years, considerable interest in
fractional differential equations and analysis of
fractional differential equations, which are obtained
from the classical differential equations in
mathematical physics, engineering, electromagnetics,
acoustics, viscoelasticity, electrochemistry and material
science vibration and oscillation by replacing the
second order time derivative by a fractional derivative
of order & satisfying 1 < @ < 2, have been a field
of growing interest as evident from literature survey.
Fractional derivatives provide an excellent instrument
for the description of memory and hereditary properties
of various materials and processes. Analytical methods
used to solve these equations have very restricted
applications and the numerical techniques commonly
used give rise to rounding of errors. Several
mathematical methods including ~ Adomian’s
decomposition method [1-3], Modified decomposition
method [4], variational iteration method [4,5],
differential transform method [6] and homotopy
perturbation method [7,8] have been developed to
obtain exact and approximate analytic solutions to
differential equations of fractional order.

For the past three decades, a great interest has
been focused on the application of Adomian’s
decomposition method to solve for analytic solutions of
a wide variety of linear and nonlinear problems. This
method was first introduced by G. Adomian’s [9, 10] in
the beginning of the 1980’s and has led to several
modifications on the method made by various
researchers in an attempt to improve the accuracy and
applications. Adomian’s and Rach [11] introduced
modified Adomian’s polynomials which converge
slightly faster than the original polynomials and are
convenient for computer generation. Adomian’s also
introduced accelerated Adomian’s polynomials [12],
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despite the various types of Adomian’s polynomials
available; the original Adomian’s polynomials are
more generally used based on the advantage of a
convenient algorithm which is easily remembered.
Recently, F. A. Hendi et al.[13] presented simple
Mathematica program to compute Adomian’s
polynomials. Wazwaz [14] used padé approximants to
the solution obtained using a modified decomposition
method and found that not only does this improve the
result, but also that the error decreases with the
increase of the degree of the padé approximants.
Another modification to ADM was proposed by
Wazwaz [15] a reliable modification of the Adomian’s
decomposition method. In 2005, Wazwaz [16]
presented another type of modification to the ADM.
New modification was proposed by Luo [17, 18], this
variation separates the ADM into two steps and
therefore is termed the two-step ADM. Another recent
modification is termed the restarted Adomian’s method
[19, 20], this method involves repeatedly updating the
initial term of the series generated. Several other
researchers have developed modifications to the ADM
[21,22]. The modifications arise from evaluating
difficulties specific for the type of problem under
consideration. The modification usually involves only a
slight change and is aimed at improving the
convergence or accuracy of the series solution.

In this paper, we will consider fractional
vibration equation by using factional restarted
Adomian’s decomposition method (FRADM) . This
fractional vibration equation is obtained by replacing
the second time derivative term in the corresponding
vibration equation by a fractional derivative of order
@ with 1 < & < 2, The general response expression
contains a parameter describing the order of the
fractional derivative that can be varied to obtain
various responses. In the case of & =2, the fractional
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vibration equation reduces to the standard vibration

equation.

2. Preliminaries

We give some basic definitions and properties
of the fractional calculus theory which are used further
in this paper.
2.1. Definition
Assume R >R, x > f (x) denote a continuous
(but not necessarily differentiable) function and let the
partition /2>0 in the interval [0, 1] .
derivative is defined through the fractional difference

Jumarie’s

A =(FW -1)° f(x)
&2 a (1)
:Z(—l)k( Jf(x+(a—k)),
k=0 k
Where FWf (x ) =f (x + h) . Then the fractional
derivative is defined as the following limit.
f(a) =£11’I(')1 A [‘f(':l)a_f(o)] ) )

This definition is close to the standard definition of
derivative, and as a direct result, the ¢ th derivative of

a constant 0 < <1; is zero.

2.2. Definition
The Riemann-Liouville fractional

operator of a>0
function f'€C,,, 1 2—1,is defined as

[i=-o)

integral

order for a

I

)

I¢ f(x) f(&)dé, a>0, t>0.

:L
S

€)

2.3. Definition
Jumarie's fractional derivative is a moldified Riemann-

Liouville derivative for 0< <1, defined as

D; f(x)

“)
Some useful formulas and results of Jumarie’s
modified Riemann—Liouville derivative are
summarized as
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D?c=0,a 20, c=constant. (5)
D? [Cf (x)] =cD! f (x), a >0, c=constant. (6)

_ r(l+p)

D%x” r(1+ﬁ—a)xﬁia’ﬁ >a20. ()

DE[f(¥)g(x)]= [Df f()g(x)+ £ (x)DE gx)]
®)

DI f(x(e) = f1(x)x*(¢) ©)

2.4. Definition
Fractional derivative of compounded functions is
defined as

d“f(x)=T(1+a)df, 0<a<l.
2.5. Definition

The integral with respect to (d é:)a is defined as the
solution of fractional differential equation given by Eq.

dy=f(x)(dx)*,x20,y(0)=0, 0<a<l, (11)
ye[fENd ) =a[(x=£)" f(§)d¢. 12

For example f(x)zxﬂ

tosls e DU+a)T(1+8) Lop
;[é (@) = T(l+a+p) *

(10)

in Eq. (12), we have

(13)

3. Analysis Fractional Adomian’s Decomposition
Method (M-1)

The Adomian’s Decomposition Method
(ADM) is a method for solving wide range of problems
whose mathematical models yield equation or system
of equations of algebraic, differential, integral and
integro-differential equations or system of equations. In
this method the solution is considered as rapidly
converging, infinite series.

In order to elucidate the solution procedure of
the ADM, we consider the following fractional
differential equation:

L u(x,t)=Ru(x,t)+ Nu(x,t)+q(x,¢), (14)
>0, xeR, I<a<2,
u(x.0)=£, (x). u, (x.0)=1, (x)

where L% is the fractional derivative, N represents
general nonlinear differential operator and R is the
linear differential operator inXx, f (x) and q(x,t )are

continuous functions. According to the ADM, we can
construct relation for Equation (14) as follows

u(x,£)=u(x,0)+u, (x,0) +
I(Ru(x,2)+ Nu(x,t)+ q(x, t)),
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1
I(a)
( Ru(x,t)+Nu(x,t)+ q(x, t))d &,
(15)

Combining Eq. (12) and Eq. (15), we obtained a
proposed relation

u (x,t)zu
(=)

(x, 0)+ u, (x, O)t +

t

CONCEE
(16)

The Decomposition method suggests that the solution

ulx,t)=g(x,

0

u(x,t) be decomposed into an infinite series of

components
u(x,t):iun (x,t), 17
and the: nonlinear function in Eq. (14) is
decomposed as follows
Nu(x,t)ziAn, (18)
the so-called Adomian’s

o0
where z A~ are
n=0

polynomials. Substituting the decomposition series Eq.
(17) and Eq. (18) into the both sides of Eq. (16) gives

g u(x,t):g(x)+—r(01+l).
l (19)

| Ru(x,t)+§ 4 @2y

0

From Eq. (19), the iterates are determined by the
following recursive way

”ozg(x)a
1 a
un+l=mj(1eu +4,)(d &), n>0, (0)

The Adomian’s polynomial can be calculated for all the
types of nonlinearities and are given by

A0=F(u0),
A =u, F'(u,),
y=uy F (u0)+u1 (0)
Ay=us F (”o)"'” u, F (“0)"'%}7'"(”0)’
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where N u (x,t)=F (u) is the nonlinear function in

Eq. (19). Finally, we approximate the solution u(x,t)
by the series
u(x,1).

Zu xt and hm‘P ()

n=0

4. Restarted Fractional Adomian’s Decomposition
Method (RFADM) (M-2)

The restarted ADM was used in [23] as a new
method based on standard ADM for solving algebraic
equations. The author in [24] applied the method to
solve a system of nonlinear Fredholm integral
equations of the second kind. Basically the RADM has
the same structure as that of the ADM but the ADM is
used more than once. In this paper, we propose the
extension of RADM and test it for Fractional vibration
equation. If we consider a general nonlinear equation
of the form (14) and applied ADM to solve it we get
the recursive relationship (20), we introduce the
algorithm of restarted Adomian’s method as the
following.

Choose small natural numbers 1, k.

Apply the Adomian’s method on Equations (6) and
calculate u,, U, ,U,,..., U,

Set u, +u, +u, +...+u,

Let Z be the proper function which will be determined

nextfor j=2:m,Z=¢’"'

u,=2,
=f-Z+4,,

u,=4,

U, =4,

O =u, +u, +u, +..+u,.

The Adomian’s method usually gives sum of the some
first terms as an approximation of u, in this algorithm
we can update #,, in each step, but we don’t calculate

the terms with large index, so m and k& are considered
small.

5. Fractional Vibration Equation
We consider the fractional calculus version of
the standard vibration equation in one dimension as

Fu tou_1 0%
ot ror ot

r>0,1t20, 1<a<2,

@1

with the initial conditions
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0
—u

u(r,O):rz, ot

which constitute the relation between the radial

(r, 0) =cr,

velocity of u(r,t) to the fractional time derivative
oforder ¢ (1< a < 2) of u(r,t) and ¢ is the
wave velocity of free vibration. It is easily seen that the
whole hierarchy of moments M, =< rk (l‘ ) > have

the same time dependence as for the fractional
Brownian motion though their statistical features are
quite different. Now taking the Laplace transform of

eq. (21), we get
d’u 1du
s“u(r,s)=c’ +—
( ) Lir2 r dr}

where LT(I’, t) = L[u (r, t)] Eq. (22) can be written as
d’ _

r—u
dr?

(22)

(24

(r,s)+dib7(r,s)—s—2n7(r,s) =0, (23)
¥ c

Taking the series solution of LT(r, s) as

L_l(l",s) = Zanr”“’, a,#0, p is real.(24)
n=0

We finally obtain

_ B
u(r,s)zA(l+lnr)+—2sar2+0(Sza) (25)
C
where A and B are constants.

Therefore, we have

u (r,t) ~t (26)
which clearly exhibits the power law decay of u(r,f)
with ¢ in contrast to the stretched exponential decay

characteristic generally seen in fractional Brownian
motion.

6. Application of the Method
M-1

According to Eq. (20), the components of the
decomposition series are

u, (r,t)=r*+crt,

u, (r,t)= LN T
: F(a+l) rF(a+2)
5
_ c 1+2a
%(nﬁ_r3F@a+2) ’
_ 9¢’ 143a
%(hﬁ_rﬁr@a+2)
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225¢°

_ 1+4a
L”OJ%Vﬂr@a+n ’
_11025¢" L,
%(nﬁ_r9F6a+2) ’

and so on, in this manner the rest of components of the

series solution can be obtained.
U=u,+u +u, +u, + (23)

Thus the exact solution may be obtained by using

u(r,t)=> u,(r1), (24)
2 2’1:0 a C3 l+a
=r +crt+r(a+l)t +rF(a+2)t
(25)

¢’ 142a 9¢’ 1+3a

r’T(2a+2) P’ T(3a+2)
2 a 2

= 2+m+crtEa,2 (%ktaJ, (26)
where k" =[1.3.5.......(2n-3) ]’
and Ea,b (I)Z;W is the generalized

Mittag-Leffler function [30].

M-2
According to fractional Adomian’s decomposition
method, the of problem (21) upto first 6 components is

u(x,t)=r2+crt+ 2 1"+ ¢’ e
F(a+1) rF(a+2)
+ C'5 142 9C7 1+3a
P T(2a+2) r’T(3a+2)
225¢° leag . 11025¢" L,
=Ty (e )
¥’ T(4a+2) P T (5a+2)
27)

According to restarted fractional Adomian’s
decomposition method, we have

@' =u,+u, +u,,

Let
2 3
_ .2 a 4 l+a
uo(x,t)—r +crt+r(a+1)t +rF(a+2)t
5
¢ 1+2a
+r3r(2a+2) ’
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4C2 c3 X ( )_ ) 8C2 a 2C3 lia
u (x.t)= 4+ ra u, \(x,t)=r +crt+1_ 1t+1_ 2t +
R ey e PRy )l
36’5 1+2a 18C7 tl+3a +
c’ 12 9¢’ RIEw T (2a+2) P T (Ba+2)
r*T(2a+2) PrBa+2) 225¢° i
"T(4a+2 ’
i, (x t):ic5 1+2a+79c7 1+3a . j > 3 268
PP T(2a+2) T (Ba+2) y (x,8) =t S
, Cla+l)  rT(a+2) P T(2a+2)
+72’$ HM, PEEEN 25¢7 e 450c” I+4a
r T (4a+2) P’ T(3a+2) P T (4a+2)
11
Now . 911025c 1Sa
5 ¥’ T (5a+2)
Q =u0+ul+l/l2, ( ) &5 L 18¢7 .
at =
) <, 2 . T at2) P T(a+2)
=r-+crt+ t+ T+ 0 " 13
C(a+1)  rT(a+2) 625" i, 22050c" ., 893025c" .,
S ; P T (4a+2) P T (5a+2) Mr(6a+2)
3c 1+2a 18¢ 1+3a 28 Now
5 +— P (28) .
P’ T(Q2a+2) r’ T(3a+2) 0 =u, +u, +uu,,
9 2 3
225¢ l+4a =r’tort+ € ey 3¢ "4
r7F(4a+2) T(a+l)  rT(a+2) (29)
Let 6c’ (e 61c’ [ 1300¢°
© T (2a+2) T (Ba+2) P T(da+2)
fia 33075¢" prsa 893025¢” .6
r T (5a+2) T (6a+2)

Fig. 1. Plot of u(r, ¢) with respectto »and fat ¢ =5
a=13,1.6,2.
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(b)
Fig. 2. Plot of u(r, ¢t) withrespecttorand tat ¢ =35
(a) Graph of eq. (28) forg =2, (b) Graph of eq. (29)
forg =2

7. Numerical results and discussion

It is observed from the Fig. 3 and Fig. 4 and
Fig. 5 that the displacement increases with the increase
of both r and ¢ with wave velocities. Numerical results
coupled with graphical representation explicitly reveal
the complete reliability of the proposed algorithm. It is
found that the proposed modification is valid and give
results in the form of fast convergent series solution as
to FADM.

8. Conclusions

In this work, we applied the proposed
modification of Fractional Adomian’s method (FADM)
called restarted fractional Adomian’s method
(RFADM) fractional order vibration equation and
showed that the new algorithm gives better
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approximate solutions than the standard Adomian’s
method. Restarted fractional Adomian’s method is very
powerful in finding the solutions for various physical,
vibration and oscillation problems. The main interest is
to construct a competitive study of finding numerical
solutions of vibration equation. It is seen that our
method is efficient for finding the solutions in higher
degree of accuracy. Our method is direct and
straightforward and it avoids the volume of
calculations. The present study of solving fractional
vibration equation for very large membrane constitutes
a significant change from the usual approach and thus
will considerably benefitial for the engineers and
scientist working in this field.

Corresponding Author:

Jamshad Ahmad

Department of Mathematics

HITEC University Taxila Cantt. 47080, Pakistan
E-mail: jamshadahmadm@gmail.com

References

1. Momani S, An explicit and numerical solutions of
the fractional KdV equation, Mathematics and
Computers in Simulation, Vol. 70(2), 2005, pp.
110-118.

Momani S, Ibrahim R, Analytical solutions of a
fractional oscillator by the decomposition method,
International Journal of Pure and Applied
Mathematics, Vol. 37(1), 2007, pp. 119-132.
Momani S, Analytic and approximate solutions of
the space- and time-fractional telegraph equations,
Applied Mathematics and Computation, Vol.
170(2), 2005, pp. 1126-134.

Das S, Solution of Fractional Vibration Equation
by the Variational Iteration Method and Modified
Decomposition Method, International Journal of
Nonlinear Science and Numerical Simulation 9,
2008, pp. 361-365.

Momani S, Odibat Z, A. Alawneh, Variational
iteration method for solving the space-and time-
fractional KdV equation, Numer. Meth. Part. D. E.
2007.

Odibat Z, Momani S, A. Alawneh, Analytic study
on time-fractional Schrédinger equations: Exact
solutions by GDTM, Journal of Physics:
Conference Series 96, 2008, 012066.

Wang Q, Homotopy perturbation method for
fractional KdV equation, Appl Math Comp 190
2007, pp. 1795-1802.

Yildirim A, An algorithm for solving the fractional
nonlinear schrodinger equation by means of the
homotopy perturbation method, International
Journal of Nonlinear Science and Numerical
Simulation 10, 2009, pp. 445-451.



Life Science Journal 2013;10(4)

http://www.lifesciencesite.com

10.

11.

12.

13.

14.

15.

16.

Adomian G, A review of the decomposition
method in applied mathematics, J. Math. Anal.
Appl. 135, 1988, pp. 501-544.

Adomian G, Solving Frontier Problems of Physics:
The Decomposition Method, Springer, New York,
1993.

Adomian G, R. Rach, Modified Adomian
Polynomials, Mathematical and Computer
Modeling, Vol. 24, No. 11, 1996, pp. 39-46.
Cherruault Y, Adomian G, Abbaoui K,. Rach R,
Further  Remarks on  Convergence  of
Decomposition Method, International Journal of
Bio-Medical Comput-ing, Vol. 38, No. 1, 1995,
pp- 89-93.

Hendi F A, Bakodah H O, Almazmumy M,
Alzumi H, A Simple Program for Solving
Nonlinear Initial Value Problem Using Adomian
Decomposition Method, International Journal of
Research and Reviews in Applied Sciences, Vol.
12, No. 3, 2012.

Wazwaz A M, The Modified Decomposition
Method and Padé Approximants for Solving the
Thomas-Fermi Equation, Applied Mathematics
and Computation, Vol. 105, No. 1, 1999, pp. 11-
19.

Wazwaz A M, A Reliable Modification of
Adomian  Decomposition Method, Applied
Mathematics Computa-tion, Vol. 102, No. 1, 1999,
pp. 77-86.

Wazwaz A M, Adomian Decomposition method
for a reliable treatment of the Edman Flower
equation, Applied Mathematics and Computation,
Vol. 161, No. 2, 2005, pp. 543-560.

9/6/2012

216

17.

18.

19.

20.

21.

22.

23.

24.

Luo X G, A Two-Step Adomian Decomposition
Method, Applied Mathematics and Computation,
Vol. 170, No. 1, 2005, pp. 570-583.

Zhang B Q, Wu Q B, Luo X G, Experimentation
with Two-Step Adomian’s Decomposition
Method to Solve Evolution Models, Applied
Mathematics and Computation, Vol. 175, No. 2,
2006, pp. 1495-1502.

Babolian E, Javadi S, Restarted Adomian Method
for Algebraic Equations, Applied Mathematics and
Computation, Vol. 146, No. 2-3, 2003, pp. 533-
541.

Babolian E, Javadi S, Sadehi H, Restarted
Adomian’s Method for Integral Equations,
Applied Mathematics and Computation, Vol. 153,
No. 2, 2004, pp. 353-359.

Jin C, Liu M, A New Modification of Adomian
Decomposition Method for Solving a Kind of
Evolution Equations, Applied Mathematics and
Computation, Vol. 169, No. 2, 2005, pp. 953-962.
Jafari H, Gejji V D, Revised Adomian
Decomposition Method for Solving a System of
Nonlinear Equations, Applied Mathematics and
Computation, Vol. 175, No. 1, 2006, pp. 1-7.
Babolian E, Javadi S, Restarted Adomian Method
for Algebraic Equations, Applied Mathematics and
Computation, Vol. 146, No. 2-3, 2003, pp. 533-
541.

Bakodah H O, Some Modification of Adomian
De-composition Method Applied to Nonlinear
System of Fredholm Integral Equationsof the
Second Kind, Inter-national Journal of
Contemporary Mathematical Sciences, Vol. 7, No.
19, 2012, pp. 929-942.



