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1. Introduction 

In recent years, there are many ways for 
solving the nonlinear equations [1 - 6]. We extend the 
generalized tanh method [7] to special types of 
nonlinear equations for constructing their multiple 
travelling wave solutions [8 - 10]. The key idea is to 
use the solution of a Riccati equation to replace the 
tanh function in the tanh method.The efficiency of 
the method can be demonstrated for a large variety of 
special equations. For example, the travelling wave 
solutions of some equations such as Benjamin-Bona-
Mahony equation, Lax's fifth-order KdV equation 
and Drinfeld-Sokolov-Wilson equation system. 

 Recently, much work has been concentrated 
on the various extensions and applications of the 
method [2 - 21]. We simply describe this method as 
follows. 
 

2. The generalized tanh function method 
The main idea of our method is to take full 

advantage of the Riccati equation that tanh function 

satisfies and use its solutions F  to replace tan . 

The desired Riccati equation reads 

CBFAFF' 2=        (1) 

where )(=),(=,= tqxtx
d

d
' 


 and 

CBA ;;  are constants. 

1. if 1== CA , then  1  has solution 

.tan  

2. if 1== CA , then  1  has solution 

.cot  

3. if 1,=A  1= C , then  1  has solution 

,tanh  .coth  

4. if 
2

1
== CA , then  1  has solution 

,sectan    ,cotcsc    .
sec1

tan






 

5. if 
2

1
== CA , then  1  has solution 

,csccot    ,tansec    .
csc1

cot






 

6. if ,
2

1
=A  

2

1
= C , then  1  has 

solution ,csccoth  h   hi sectanh   

1),=( 2 i  ,
sec1

tanh





h
 .

csc1

coth





hi
 

7. if 1,=A  2,= B  2,=C  then  1  

has solution .
tan1

tan






 

8. if 1,=A  2,=B  2,=C  then  1  has 

solution .
tan1

tan






 

9. if 1,= A  2,=B  2,= C  then  1  

has solution 




cot1

cot


 

10. if 1,= A  2,= B  2,= C  then 

 1  has solution 




cot1

cot


 

11. if 0== BA , 0,C  then  1  has 

solution .
1

0cC 




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12. if 0=C , 0,B  then  1  has solution 

.
)(exp

B

AB 
 

 For a given PDE with two variables general 
form of nonlinear PDE 

0.=,...),,,( xxxt uuuu            (2) 

 
The solution of Equation (2) we are looking 

for is expressed in the form as a finite series of tanh 
functions 

),(),(=),(
0=

i
i

i

n

Ftxatxu             (3) 

 where n  is a positive integer that can be determined 
by balancing the highest order derivate and with the 
highest nonlinear terms in equation, 

),(,),,(,),( 10 txatxatxa n  and ),( tx  can be 

determined. Substituting solution (3) into Eq. (2) 

yields a set of algebraic equations for )(iF , then, 

all coefficients of )(iF  have to vanish. After this 

separated algebraic equation, we could found 

coefficients ),(,),,(,),( 10 txatxatxa n  and 

),( tx . 

In the following we illustrate the method by 
considering the Benjamin-Bona-Mahony equation, 
Lax's fifth-order KdV equation and Drinfeld-
Sokolov-Wilson equation system.  
 
3. Results  

Example 1. Consider the Benjamin-Bona-
Mahony equation 

 

0.=xxtxxt uuuuu            (4) 

 

 When balancing xuu  with xxtu  then gives 

2=m . Therefore, we may choose 

)()()()()(= 2  FthFtgtfu     (5) 

 

where )(=),(= tqxtx  . 

Substituting (5) into Eq. (4) yields a set of 

algebraic equations for )(),(),( thtgtf  and 

),( tx . These equations are finding as 

 
 

0=)(24

)(54)(40

)(38)(52

)(8)(16)(14

6)(2)(2

)(2)(6)(12

)(8)(7)(8

)6()(2

)()()(6

)(10)(8)(4

)(62)()(2

)(3)(2)(

)()(2)(2

)(2)(3)(3

)(3)(2)(2

)(2)(2)(2)(2

)()()()(

)()()(

253

242232

23222

2232222

223222

243232

2222222

232222

2242

2322222

2222232

22222

22524

2343

232

32

232222

2

t

tt

tt

ttt

ttt

ttt

ttt

ttt

tttt

ttt

tttt

ttt

ttt

hqFC

hqFBChqFAC

hqCFBhqABCF

hqFBhqCFAhqFAB

hqBAhqFChqFB

hqAFgqFCgqFBC

gqFACgqCFBgqABCF

gqFBgqCAgqAB

gqCFgqBFAgqhFC

hBCFhACFhFB

hABFhAhFgFC

gBCFgACFgFB

gABgFfhCFhBF

hAFghCFghBF

ghAFfhCFfhBF

fhAFhCFhBFhAF

gCFgBFgAFfgCF

fgBFfgAgCFgBFgA









































































 
From the solutions of the equations, we can 

found 
 

,0=

)7(,
8

=

,12=,12=
222

2

tt

ttt

tt

q

ACqBqq
f

BCqgCqh












 
with the aid of Mathematica. From (7), we can get 

.
8

=

)8(,12=,12=

,=,=

222

2









ACB
f

BCgCh

tqqt






where .= const  
Substituting (7) or (8) into (5) and using 

special solutions of Eq. (4), we obtain the following 
multiple soliton-like and triangular periodic solutions 
of Eq.(4): 

,tan12
8

= 2
2

1 






u  

,cot12
8

= 2
2

2 






u  

,tanh12
8

= 2
2

3 






u  

,coth12
8

= 2
2

4 






u  

  ,sectan3
2

=
2

2

5 






u  
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  ,cotcsc3
2

=
2

2

6 






u  

,
)sec(1

tan
3

2
=

2

22

7













u  

  ,csccot3
2

=
2

2

8 






u  

  ,tansec3
2

=
2

2

9 






u     

)9(,
)csc(1

cot
3

2
=

2

22

10













u

  ,csccoth3
2

=
2

2

11 



hu 


  

  ,sectanh3
2

=
2

2

12 



hiu 


  

,
sec1

tanh
3

2
=

22

13 























h
u  

,
csc1

coth
3

2
=

22

14 























hi
u  

,
tan1

tan
48

tan1

tan
48

20
=

22

15 






























u  

,
tan1

tan
48

tan1

tan
48

20
=

22

16 






























u

,
cot1

cot
48

cot1

cot
48

20
=

22

17 






























u

,
cot1

cot
48

cot1

cot
48

20
=

22

18 






























u

.
1

12=

2

0

2
19 

















cC
Cu






  

     Now, we draw some pictures. 
 

  
Fig1: u1; ( 1 C )     

 
Fig2: u2; ( 1 C ) 
 

 
Fig3: u3; ( 1 C )          

 
Fig4: u4; ( 1 C ) 

 
Example 2. In this example we consider the 

fifth-order KdV equation 

)10(,0=2
xxxxxxxxxxxxt ducuuubuuauu 

 

where ,a  ,b  c  and d  are constants. This equation 

has been known as the general form of the fifth-order 
KdV equation. Equation (10) is known as Lax's fifth-
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order KdV equation with 1030,=  cba and 

1.=d  

)11(0=103030 2
xxxxxxxxxxxxt uuuuuuuu 

When balancing ,2
xuu  xxxuu  or xxxuu  with xxxxxu  

then gives 2=m . Therefore, we may choose 

)12()()()()()(= 2  FthFtgtfu  wher

e )(=),(= tqxtx  . 

Substituting (12) into Eq. (11) yields a set of 

algebraic equations for )(),(),( thtgtf  and 

),( tx . These equations are finding as 

 

gFBCgFAC

gFCBgFABC

gFCBgFCA

gFCABgCFB

gFBCAgCFAB

gFBgCAgCBAgAB

555544

5432533

53235232

5222524

52253

5552352254

)(360)(240

)(390)(480

)(180)(136

)(292)(31

)(136)(52

)(1622

























fgFCfgFBC

fgFACfgCFB

fgABCFfgFB

fgCAfgABgFC

343332

322322

333

3232565

)(60)(120

)(80)(70

)(80)(10

2010)(120

















 

23222

23532342

23322332

2322323

232232232

2222

)(60)(60)(60

)13()(120)(270

)(200)(190

)(260)(40

)(80)(7030

)(30)(3030

fgCFfgBFfgAF

gFCgFBC

gFACgCFB

gABCFgFB

gCFAgFABgBA

gfCFgfBFgfA

























ghFBCghFAC

ghCFBghABCF

ghFBghCFA

ghFABghBFAghA

hfCFhfBFhfAF

fhFCfhFBC

fhFACfhCFB

352342

34233

333322

3223233

23222

353342

332332

)(1440)(1140

)(1110)(1680

)(270)(600

)(570)(36060

)(60)(60)(60

)(240)(540

)(400)(380





























fghCFfghBF

fghAFghFC





)(180)(180

)(180)(600
43

2363




 

232373

23622352

2352234

23432332

23322322

23325

2423

)(120)(600

)(1500)(1240

)(1220)(1960

)(320)(760

)(740)(540

)(120)(120

)(120)(120

fhAFhFC

hFBChFAC

hCFBhABCF

hFBhCFA

hFABhBFA

hFAhgCF

hgBFhgAF





























 

0=)(2)(2

)(2)(

)()()(

)(60)(60

)(60)(150

)(150)(150

)(120)(120

32

2

2

3736

3526

2524

2524

tt

tt

tttt

t

hqCFhqBF

hqAFgqCF

gqBFAgqhFgF

fhCFhBF

hAFghCF

ghBFghAF

fhCFfhBF





























 

From the solutions of the equations, we can found 

 
   

   
  )14(),1355

13520(4/)135

135251352(40=

,135=

2

45366

26666

22















CBC

BCBCg

Ch

).))1355(

)13520())(4135((6(2\)))135(

)7551()135)(1075732(

)135)(22670(35

)135)(278516(104

)135)(419112(43)135(

)45132(248)25(672((=

22

6

252

42

32

22

222















ACBACB

ACB

ACB

ACB

ACBACBf 

with the aid of Mathematica. 
Substituting (14) into (12) and using special 

solutions of Eq. (11), we obtain the following 
multiple soliton-like and triangular periodic solutions 
of Eq.(11): 

,tan)135(

)))135(5)135(20(4

))135()/(6(2)135(75

)135(2150)135(15820

)135(44560)135(46928

)135(144321344(=

22

22444

22612

512412

312212

1212
1























u
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Example 3. In this example we consider the 

Drinfeld-Sokolov-Wilson equation system 

0,=3 xt wwu               (15) 

0.=22 xxxxxt wuuwww    

      When balancing tu  with xww3  and xxxw  with 

xuw  then gives 2=1m  and 1=2m . Therefore, we 

may choose 
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),()()()()(= 2  FthFtgtfu   

),()()(= 11 Ftgtfw                  (16) 

where )(=),(= tqxtx  . 

Substituting (16) into Equation (15) yields a 
set of algebraic equations for 

)(),(),(),(),( 11 tgtfthtgtf  and ),( tx . These 

equations are finding as 
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found; 
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with the aid of Mathematica. From (18) and (19), we 
can get 
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where =, const.  

Substituting (19) or (20) into (16) and using 
special solutions of Eq. (15), we obtain the following 
multiple soliton-like and triangular periodic solutions 
of Eq.(15): 
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4. Discussions  

In this paper, the generalized tanh method 
has been successfully applied with aid of 
Mathematica, implement it in a computer algebraic 
system. The generalized tanh method is used to find 
new exact traveling wave solutions of the Benjamin-
Bona-Mahony equation, Lax's fifth-order KdV 

equation and Drinfeld-Sokolov-Wilson equation 
system. We also obtain some new and more general 
solutions at same time. The method can be used to 
many other nonlinear equations or coupled ones. In 
addition, this method is also computerizable, which 
allows us to perform complicated and tedious 
algebraic calculation on a computer. 
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