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1. Introduction
We are interested in studying the following third
order systems of rational difference equations

Xn72 yn—2

= . yn+1 = .
ili ynzn—lxn—Z ili Zan—lyn—Z

Xn +1

— Zn—2
t1+ Xn yn—lzn—z

n+1
with initial conditions are nonzero real numbers. We
mainly focus on studying their forms of solutions and
periodicity.

In the last decade, there are a number of
mathematical models that describe real life, such as
population biology, economics, genetics, psychology
and etc. To examine these models, we need to find
some means to describe these models. So, studying
systems of difference equations received considerable
attention from researchers.

In the references cited in [1-10], it is obvious that
the investigation of behaviors of difference equations
is intensely challenging. Currently, the main focus on
studying rational difference equations and rational
difference systems is the qualitative analysis, for
further details see [11-18].

There are many papers related to the difference
equations system, for example, the periodicity of the
positive solutions of the rational difference equations
systems

o =m __ DY
nel T 0 yn+1_—’
yn Xn—lyn—l
_1 __ Yy _ 1
X =T Yo = —n, o =
Zn Xn—lyn—l anl
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has been obtained by Cinar in [3-4].

Elabbasy et al. [6] has obtained the solution of
particular cases of the following general system of
difference equations

x =&t __ bz,+by,
n+l v Yo = b. b '
a3Zn + a4Xn—1Zn 3Xn yn + 4Xnyn—1
— Clzn—l + szn

n+1

C3Xn—1yn—1 + C4Xn—1yn + CSXn yn

Also, the behavior of the solutions of the following
two systems

X = i y = —y”
n+1 1 n+1 I}
yn Xn—lyn—l
X — i y - yn — anlyn—l
n+1 ' n+1 1 Sntl )
yn Xn—lyn—l Xn—z yn—zzn—z

has been studied by Elsayed [15].

In [16], Elsayed et al. dealed with the solutions of
the systems of the difference equations

X — 1 y — Xn—pyn—p
n+l v Yl T ,
Xn—pyn—p Xn—q yn—q
and
— 1 _ Xn—pyn—pzn—p
X =7 - o Yo T -
anpyn—pzn—p Xn—q yn—qzn—q
_ Xn—qyn—qzn—q
Zn+1 - '
X YnorZn_r
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Grove et al. [17] has studied existence and behavior
of solutions of the rational system
_a N b Y., = c N d
-, T YT T

Xn yn Xn yn

X

n+1

Kurbanli [20-21] investigated the behavior of the
solutions of the difference equation systems

X - Xn—l y - yn—l — 1
n+1 1 Jn+l n+1 ’
XnaYn -1 Yn-1Xs -1 Z,¥n
and
X yn—l Zn—l
Xn+l = ’ yn+1 ] Zn+1 = —.
Xn_ 1yn Yn-1X, -1 Z, 1Yy -1

In [27], Papaschinopoulos and Schinas studied the
oscillatory behavior, the boundedness of the
solutions, and the global asymptotic stability of the
positive equilibrium of the system of nonlinear
difference equations

- y
Xn+1 =A+ . ) yn+1 -
Xn-p Yn-q
In [30], Yalginkaya investigated the sufficient

condition for the global asymptotic stability of the
following system of difference equations

_tz ,+a _zt ,+a

n“n-1
tn +Z,.4 Z +tn71

n+l ! 'n+l

In [34], Zhang et al. studied the boundedness, the
persistence and global asymptotic stability of the
positive solutions of the system of difference
equations

xn:A+i, y, = A+ ———=— Yoa
yn—p nryns

Similar to difference equations and nonlinear systems
of rational difference equations were investigated see
[1-2, 7-12, 18-33].

Definition (Periodicity)
A sequence {X,}._ , is said to be periodic with

period p if X, , =X, forall n>-k.
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2. The system'

Yn-2
X = —_‘h—=2
zpxn ¥ 2’

n+l yn+1

__n-2 7 =
1+yn n 1Xn 2 n+l

In this section, we obtain the form of the solutions of
the system of three difference equations

Kooy oo Ve
My 2o X, O Lezx, Y., W
ZI’12
n+l 1+X ynlnz

where N € N, and the initial conditions are arbitrary
nonzero real numbers.

The following theorem is devoted to the form of
the solutions of system (1).

Theorem 1. Suppose that {X,,Y,,Z,} are solutions
of system (1). Thenfor n=0,12,...

r (1+(3i)X,2.,Y,)
_ZH(1+(3I+1)X Z.Y,)

X3n 2

n-1

_ ., 77+ @i+1)y ,Xx,7,)
X3n-1 X’lH (1+ B +2)y ,x,2,)

i=0

r(1+@i+2)z,y, %)
°H o (1+ (B +3)2,y.,%)

(1+(3i)y_,X,2Z,)
e 21_[(1+(3| +1)y ,x,7,)’

y3n 2

L (1+ (3 +1)Z,Y 1%)
Yan1 = Y- lH o (I+@1+2)z,y. 1Xo)

= (1+ (i +2)x ,2.,Y,)
- yOH o (1+ Bi+3)x,7.,Y,)
and
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(1+(3i)z_,y,1%)
‘ZH(1+(3| +1)2_,Y ,%,)

ZSn 2

= (1+ (B +1)x ,2.,Y,)
‘lH(1+(3|+2)x Z.Y,)

3n1

= (1+ (i +2)y_,%,2,)
H o (I+(3i+3)y, 120)

Proof: For n = 0 the result holds. Now suppose that

N >1 and that our assumption holds for N —1. that
is,

(14 (Bi)x,Z.,Y,)
3n 5 =X -2 . ’
ico (1+ (3 +1)x,2.,Y,)

2 (1+(3i+1)y_,x,7,)
’lH(1+(3| +2)Y_,X,Z,)

X3n 4

2(1+(3i+2)z_,Y ,%)
H o (1+@Bi+3)z,y. 1Xo)

3n3

= (1+ @)y ,x,2,)
Yan-s y—ZH(1+(3|+1)y_ X_ Zo)

2 (1+ @B +1)7,Y %)
Yan-a = Y- 11—[ (]_+(3| +2)Z 2Y- 1XO)

L+ @i+2)x,2,Y,)
Yan-s yOH (1+(3| +3)X A 1YO)

and
(1+(30)2_,y_1%,)
255 = —2H(1+ @Gi+1)z,y, o)
2 (1+ (3i+1)x,2.,Y,)
Zan 4 = —1H(1+(3|+2)x Z1Yo)'
Zyn s = H(1+(3i+2)y Xa%)

o (1+(3i+3)y_,Xx o).

http://www.lifesciencesite.com

It follows from Eq.(1) that
X3n—5
1+ Vs, 323n 4X3n_s

(1+(3i)x ,2,4Y,)
’ZH(1+ (3i+1)x_,2.,Y,)
C(1+ B+ 2)X,2.,Y,)
01_[(1+(3|+3)x Z..Y,)
2 (1+ Bi+1)x ,2,Y,)
1+ ’11—[ o (1+ (B +2)x,2,Y,)

(1+(3)% ,2.,Y,)
_ZH(1+(3I+1)X Z..Y,)

X3n—2 =

(1+ (3i)X_,2.,Y,)
‘ZH(1+ (3 +1)X_,Z.,Y,)

t2 (14 (3i)X,2,Y,)
(]_—}- X_ Z_1yOH o (1+ (i +3)X z 1YO)J

(1+(B)x ,2,Y,) 1
721_[ o (I+@i+1)x,2,Y,) 1+ X 221
(1+(Bn=3)x,2.,Y,)
_o 1 (A Bi)x,7.1Y,) 1
- X’Zg(1+ @i+1)x,2.,Y,) L X,Z,Y,
(1+(Bn=3)x,2.,Y,)

(1+(3i)x ,Z.,Y,)
_ZH(1+(3I+1)X Z.,Y,)

(1+(3n-3)x_,2.,Y,)
(1+(3n=3)X_,Z1Yp + X ,2,Yp)

= X72

=2 1+ B)x,2.Y,) [ (A+(Bn=3)x,2,Y,)
ico (1+ (3 +1)x,2_,Y,) \ (1+(Bn-2)x_,2.,Y,) .

Then, we see that

(A +@i)x,Z.,Y,)
_ZH(1+(3I+1)X Z.Y,)

X3n 2

Also, we see from Eq.(1) that
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y3n—5
1+7z,, 3X3n 4Y3ns

(1+(3i)y_,x,2,)
’ZH(1+(3|+1)y X4Z,)

Yano =

21+ @i +2)y_,x,2,)
1_[(1+(3|+3)y ,X1Zo)

2 (14 (3 41)y X 12)
Ll G2y o

(1+ (3)y_x,2,)
’ZH(1+(3|+1)y ,X4Z)

(1+ (3)y X ,2,)
_ *ZH(1+(3|+1)y2 )

(“ v X 7lzoﬁ (1+ (3i)y_,X,2,) J

o (I+ @i +3)y.,x,7,)

— (1+(3i)y_ 2X42)
‘ZH(1+(3|+1)y X1Z,)

1
(l+ Y_2X1Zp) j
(1+ (3n - 3)y72X7120)

_ -zH A+@i)y_x_,z,) 1+(3n -3)y X ,Z,

o (L+ @i +1)y ,x_,2,) (1+(Bn =3)y X _Z,+Y X _Z )

Then,

yzln_[ 1+ @iy _.x,7)

Yan-2 s (L+Bi+1)y x,z,)

Finally, from Eq.(1), we see that

ZSn—S

1+ 3n 3y3n—423n—5

21—[ (1+(3i)z_,y 1%)

e A+ @+ z,y %)
L1+ (3 +2)2,Y ,%,)

01_[(1+(3| +3)2.,Y.,%)

14 H (14 @i +1)z,y,%)
Y o (1+ (Bi+2)2_,Y.,%,)

(1+(3)7,Y.1%)
'ZH o (1+ (Bi+1)Z,y ,%,)

L35 =
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(1+(3B)z.,Y 1%)
’ZH(1+(3| +1)Z_,Y_,%,)

(1+(3i)z_,Y _1%,)
(14- Z,Y, 0H(1+ (3| +3)Z oY 1XO)J

H (1+(31)7.,Y 1%) 1
22 o (I+@Bi+1)z.,y %) 1+ Z.,Y %)
(1+(3n=3)z_,y %)

H 1+ @Bi)z_,y_1%) 1+@Bn-3)z_,y X,
re o L+ @i+1)z_,y,%) (1+(3n 3,V X+, 1Xo)

Thus,

1 1+ @Gi)z,y.%)
Fan-2 = ’ZH(1+(3|+1)Z LY %)

Similarly, we can prove the other relations. This
completes the proof.

Lemma 1. Let {X,,Y,,Z,} be a positive solution of

system (1), then every solution of system (1) is
bounded and converges to zero.

Proof: It follows from Eq.(1) that
X 2

= N2 <X
n+1 n-21
1+ yn n- l n-2
yn—2
yn+l = < yn—2’
l+ Zan—lyn—Z
Zn 2
— = <7
n+l n-2 "
1+ X yn lzn 2

Then, the subsequences{Xs, ,}n=o {Xsn_1}neo and
{X 3, }o=o are decreasing and so are bounded from
above by M =max{x,,X,,X} . Also, the
subsequences  {Y3,odh-0r  {Yanute-o  and
{y i, }.-, are decreasing and so are bounded from
above by N =max{y_,,¥ .. Yo} -

{25, 2 }o=0 {23, 1 }=0and {Z 5, }._, are decreasing
and also bounded from above by
L=max{z ,,z,,2,}.

Moreover,
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Lemma 2. If X ,,X 1, XY 5, Y1 Y9, 25,2, and FEXDUEX- 2V 201 Y=Y Y10 DX Z)Zi0H 20 U1+ 200 2V
. X(n)

Z, arbitrary real numbers and let {X,,V,,Z,} are 18 bl

solutions of system (1) then the following statements 16}

are true:-

(i) 1f x,=0, y,#0, z,#0, then we have

x(n),y(n),Z(n)

Xan o =0and Yy =Yg, Z3,,=2 .

08r
(i) 1fx,=0 y,#0 2z,#0, then we have oall
X3 =0 and Yo, =Y, Zg =2, ozf!
00 10 20 30 4‘0 50 60 70
(i) 1f X, =0, y, #0, z,#0, then we have "
_ _ _ Figure (1)
Xgo =0and Yo, 1 =Y 4y Z5,, 72,
(iv)Ify,=0, x,#0, z,#0, then we have Example 2. Figure (2) is an example for the system

y =0 and X =X . 7. =7 (1) with the initial  values X, =2,
e e x_,=-04, x,=03, y,=09, y, =-17,
W Ify,; =0 x,#20, z,#0, then we have y,=013,z ,=021,z ;=07 and

Yana =0 and X, =X, Z5,,=2,. z,=11.

H)=X-2)/(1+X(M-2)YM)ZN-1)), Y(+1)=Y(n-2)/(1+Y(n-2)X(n-1)Z(n)):Z(n+1)=Z(n-2)/(1+Z(n-2) Y (r
2 ; ; , ; , ,

(vi)If y, =0, x,#0, z, #0, then we have
Yan =0and Xy, =X, 250, =2,
(viiy If z,=0, X,#0, y,#0, then we

have Z,, , =0 and X5, =Xy, Yao 1 =Y 1

x(n),y(n).Z(n)

(viii) If z,=0, Xx,#0, y,#0, then we

have Z,, , =0 and X5 , =X ,, Y3, =VY,-

3t IR
(ix)1f 2,=0, x,#0, y,#0, then we have —o -
4 1
Z;=0and X505 =X, Vi =Y 5
-50 1‘0 iO 3‘0 4‘0 .’;0 éO 70
Proof: The proof follows from the form of the _ "
solutions of system (1). Figure (2)
Example 1. We consider interesting numerical 3 The system:
example for the difference system (1) with the initial X, = 1Xn——2 Yo, = 1yn——2 = 1Zn——2
.y n+ — 1 n+: — 1 n+: —
conditions x,=2, x, =04, x,=03, y, =009, YnZn-1*n-2 Zn%n-1Yn-2 XnYn-1%n-2
y,=17,y,=013, z,=021, z,=0.7 and In this section, we investigate the solutions of the
z,=1.1. (SeeFig. 1). system of three difference equations
X = Xn—z y - yn—z
+1 ' +1 ]
" 1_ynzn—lxn—2 " 1_Zan—1yn—2 (2)
z
z n+l = _— '
1_Xnyn—lz n-2
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where N € N, and the initial conditions are arbitrary
non zero real numbers such that Y ,X_z, # %1,
X ,Z,Y, # £l

The following theorem is devoted to the expression
of the form of the solutions of system (2).

Theorem 2. Suppose that {X,V,,Z,} are solutions

of system (2). Then, the solution of system (2) are
given by the following formula for n =0,1,2,...

X3n 2

(1-@i)x,z,Y,)
‘ZH(l Gi+1)x ,z.,y,)’

T (1-@i+1)y_,x,7,)
1_! ~@Bi+2)y_,x,2,)’

3nl

L (1-@i+2)z.,y.%,)
H(l @i+3)z,y. 1Xo)

L (1-(3i)y X ,2Z,)
Yan2 = ZH(]_ Bi+1)y ,x o)’

L(1-@Bi+D)z,y %)
Yan1 = Yo H (1 (3| +2)Z 2Y- 1XO)

_ T @=Gi+2)x,2.,Y,)
y01—[(1 Bi+3)x,2,Y,)"

and
(1-@Bi)z_,y %)
Ly_p = —ZH v (I-@Bi+1)z,y % )
Z (1 (31 +1)X,7,Y,)

=7 '
3n-1 *11:! (1-@i+2)x,2.,Y,)

T (1-Bi+2)y ,x,2,)
01—[(1 @Bi+3)y ,x_ zo)

Proof: As the proof of Theorem 1 and so will be

omitted.

http://www.lifesciencesite.com

Lemma3. IfX ,, X, Xe, Yoo ¥V 0 Yor Z.5nZ 4

and Z, are arbitrary real numbers and let

{X,,¥,Z,} be solutions of system (1), then the
following statements are true:
(i) If x,=0, y,#0, z, #0, then we have

Xan o, =0and Yy, =Yg, Z5, =2 5.

(ii)1fx, =0, y,#0, z,#0, then we have

Xgna =0 and Y5 , =Y 5, Z,, =2,

(i) 1f X, =0, y,#0, z,#0, then we have

Xgo =0 and yg 1 =Y, 25,72,

(ivyIfFy, =0, x,#0, z,#0, then we have
Yano =0 and X, 3 =X, Z,, =24,

W Ify,; =0 X,#0, z,#0, then we have
Yana =0and Xz =Xg, Zg,,=Z 5.

wi)If y, =0, x, =0, z,#0, then we have
Yan =0 and Xg, , =X 5, Zg,,=2 .

(viiy If z,=0, X,#0, y,#0, then we
Xor Yana =Y 1

have Z,, , =0 and X,, =

(viii) 1If z,=0, X,#0, y,#0, then we
have Z,, , =0 and X5, , =X ,, Y3, =Y,

(ix)1f2,=0, x,;#0, y, #0, then we have
n=0and Xy, =X, Yo, T Y,
Example 3. We assume the initial conditions
X,=2,X,=14,%x,=15y,=09, vy ,=7,

Yo=3,2,=13,2,=07 and z,=6, for
the difference system (2), see Fig. 3.
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Life Science Journal 2013;10(3) http://www.lifesciencesite.com

)=X(0-2)/(1-X(-2) Y (M)Z(n-1)), Y (n+1)=Y (n-2)/(1-Y (n-2)X(n-1)Z(n));Z(n+1)=Z(n-2)/(1-Z(n-2)Y (n-* = = =
+F)=X(n )17( (n )‘(n) (rr )} (r‘|+) (‘n )( ‘(n )‘(n )(|‘1)) (n+‘) (n‘)( (n-2)Y(n Z6n—2 Z_2, ZGn—l Z—l' Z6n ZO,
X(n) 7
Y(n)
6 == =zZn[{ 7 — -2
6n+1

(—1+Z_2y_1X0) ’

Z
_ _ 0
Zoneo = 2 (F1+X,Z2.1Y0)s Zgnis =

(=1+y_,X 7)) .

x(n).y(n),Z(n)
o
e e T LT

Proof: For N =0 the result holds. Now, suppose
that n > 0 and that our assumption holds for n—1.

1l :
That is,
ol
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ X =X X =X X =X
0 5 10 15 20 25 30 5 40 45 50 6n-8 -2 Ten-7 -1 én-6 0!
n X : X72
Figure (3) 6n-5 — '
(_1+X722 71y0)
4 The system:
X y z X
- n-2 - n-2 - n-2 - - 0
Sp— L =02 =02 x =X (-14Y X Z,), Xeoa =
Xoa Y Zn_Fpop ! Y 42X Yy ! Lo XY _gZn_2 6n-4 —1( Y X 0) 6n-3

. . . (—1+z_2y_1x0)
In this section, we get the solutions of the system
of the following difference equations

y6n—8 = y—Z’ yGn—7 = y—l' y6n—6 = yO’

- Xn—Z y - yn—z
n+l ! n+l !
_1+ynzn—1xn—2 _1+ann—1yn—2 (3)
_ z -2
n+l — RV E— y = y -2
_1+Xnyn—lz n-2 6n-5

I i . (=1+y X z,)
where N € N, and the initial conditions are arbitrary y
0

nonzero real numbers such that X ,Z .Y, #1, Yone =¥ 414225 %), yen_3:(—1+x Z.,Y,)
-2=-1J0

zZ,Y Xo#1land Yy ,Xx,z,#1 and

Z6n—8 = Z—Z’ Z6n—7 = Z—l’ ZGn—G = ZO’
Theorem 3. | {X,,V,,Z,} are solutions of difference
equation system (3). Then, every solution of system

(3) are periodic with period six and takes the Zgos = Z 2 ,
following formfor n =0,1,2,... (—1+2.,Y 1X,)
Xen2 =X 20 Xgng =X g5 Xgy = X, z =z (-1+x .z z :Z—Ol
X i 6n-4 —1( -2 —1y0)' 6n-3 (_1+y72X7120)
X6n+1 = ' .
(14X, ,Y,) Now, from Eq.(3) it follows that
— — XO — X6n—5
Xs 2 = Xfl(_l‘i' y72X7120), Xe 3T T, 4 - O\ Xe -2 =
" " (_1+ Z—Zy—lXO) " _1+ X6n—526n—4y6n—3
Yon2=Y2r Yenu =Y Yen =Yoo X,
y _ Y., — (-1+ X—ZZ—lyO)
6n+l — '
_ X
(FL+y.Xazo) ;22—1(_14‘)(—22—13/0)
(-1+x.,2.,Y,)
Ve o =Y (<142 LY Xo)s Yenon = Yo —1+ 2m70
6n+2 -1 -2J 10/ 6n+3
* (14X L,z ,Y,) Yo
and (_1+ X—2Z—1y0)
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Yen—2 =

Z6n—2 -

X 5

g = X_2|
X ,Z_,Y

v 14 "2fado
(-1+x., 13’0)( +(—1+ X_zz—lyo)j
y6n—5

-1+ y6n—5X6n—4ZGn—3
Yo,
(=1+y,X,%)

Yo,
— 72 x.(-1+ X .z
_1+ (_1+ yizxilzo) *l( y72 —1 0)
Zy
(-1+Yy.,X,7y)

Yo,
(-1+ ylezo)(— 1+

— Z6n75

=1+ Zg, 5 Yen-aXsn_3
Z,
(=1+Z.,y %)
Z,
_— -1+ X
142,y %) Ya(=1+25Y.4%)
+

X
(_1+ Zfzyflxo)

Z,

(—1+2_,y1% )(_ 1+

Yoo
Y_oX 42 j
(=1+y_,X,42,)

=7,,
2, % J
(_1+ 272 yflxo)

and so,

X6n—l -

XGn—4
-1+ Xen—aZen—3Yen-2
Xfl(_l"' y 2X Zo)

_1+(X1(_1+ Y 2X1Z,)

(-1+ yzxzo) )

X, (=1+y % o)
(-1+x,2,y.,)

http://www.lifesciencesite.com

y6n—4
-1+ y6n—4 XGn—SZGn—Z

yGn—l =

y_1 (_1+ Z_z y_lxo)
( 1+y 1( 1+z Y- 1Xo)

e’
(1+z,y.%)
=Y.

Zen 4
-1+ Zn-4Yen-3Xen-2

ZGn—l -

— Z, (_1+ X, Z—lyO)

Yo
~l 2 (i Xez o) X
{ A 22.1Y0) (—1+X,2,Y,) _ZJ

=z,
Also, we can prove the other relation. The proof is
complete.

Theorem 4. The system (3) has a periodic solutions
of period three iff X ,Z,Y, =27,y X =Y X 2, =2
and will take the form
K F={X 50 X4 Xgy X0 X gy Xgy oo by
otz Yo Yo Yo Yo Yo b
{z.}y={z, 2z ,2,2,,2,,2,..}

Proof: First, suppose that there exists a prime period
three solutions

{Xn}:{xfp X,ll Xo; X,z, Xfl’ XO""}’
=Y Y0 Yoo Yoou Y, Yoree o 3

{Zn}:{Z_ZI Z_lv 201 Z_21 Z—l’ Zo,...}.
of Eq.(3), we see from Eq.(3) that
X,
(—1+X,24Y,)

X—l = X—l(_1+ y—ZX—le)!

X, =

— XO
Xg = ————,
(_l+ Z—2 y—lXO)
Yo, = Yo

(=1+y_,X,2,) ,
L= YL (F1+ 2,y 0%),
Yo

Yo= 7" —
° (_1+ sz Z&Yo)
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and
Z
z,= =2 ,
(—1+272y71x0)
Z,= Z—l(_1+x—22 —1y0)1
z
z,= 0 :
(—1+y_2x -120)
Then,

X 2Z4Yo = Z,Y 1% = VX 42 = 2.
Second suppose is given by
X2 1Yo = 2,y 1% = Yo X4Zp = 2.
Then, we see from Eq.(4) that
Xen2 = X 20 Xena = Xy Xgn = %o,

X6n+1 = X—2’ X6n+2 = X—l’ X6n+3 = XO'

Yen2 = Y20 Yena = Yar Yen = Yoo

y6n+1 y 27 y6n+2 y—l’ y6n+3 yO’
and

ZGn—ZZZ—Z’ ZGn—lzz—l' Z6

Z6n+l = Z—Z’ ZGn+2 = Z—l’ Z6n+3 = Z0'
Thus, we have a period three solution and the proof is
complete.
Example 4. Figure (4) shows the behavior of the
solution of the difference system (3) with the initial
conditionx , =2, x , =14, x,=-15, y ,=0.9,

y,=-017, y,=-03,2,=13, z,=07
and z,=0.6.

Y=XM-2Y(-1+X(-2)Y (N)Z(n-1)), Y(H1)=Y (n-2)(-1 Y (n-2)X(n-1)Z(M));Z(n+1)=Z(n-2)/ (-1 +Z(n-2) Y1
3 ; ; . ; :

:ZO’

n

X(n)
Y(n)

x(n).y(n),Z(n)

Figure (4)

Example 5. It can be seen from Figure (5) the
behavior of the solution of the difference system (3)

with the initial conditions X , =2,Xx , =14,

http://www.lifesciencesite.com

=-15y,=01, y =-7, y,=3,
z_2=4/21, z,=-1/3 and z,=10/7.

Y=XO-2CHX(-2)Y(R)Z(n-1)), Y (r+1)=Y (n-2)/(-1+Y (n-2)X(n-DZ(n):Z(n+1)=Z(n-2(A+Z(n-2)Y (1
15 : : . : . ; ; ; :

x(n),y(n),Z(n)

Figure (5)
5 The system'
- *n— Yn-2 - -2
Xn+1 -1-yn2, lxn 5! yn+1 “1-2.X0 Y2’ Zn+1 X Y22

In this section, we study the solutions of the
following system of the difference equations

X Xn 2 y yn—Z
n+1 1 n+1 1
-1- YoZoaXn2 _1_ann—1yn—2 4)
Z
Zn+l = 1 - !
—L1=XYnaZos

where n e N, and the initial conditions are arbitrary
non zero real numbers with
X2 1Yo# -1, Z,Y Xq# -1 and Y X 4Zo# -1

Theorem 5. Assume that {X,,Y,,Z,} are solutions

of system (4). Then, for n =0,1,2,... we see that
every solutions are periodic with period six and
X6n—2 = X—Z' XGn—l = Xfl' X6n = XO’

x = X2
o+l — '
(- x,2,Y,)
Xemeo = X (1=Y ,X1Z,), X =%
6n+2 -1 =210/ 6n+3 (_1_Zizyilxo)’
Yen2 = Y20 Yena = Y1 Yen = Yoo
_ Yo,
Yena = '
" (_1_ yfzxflzo)
Yonsz =Y 1 (-1-2 ,Y 1X4), Yo 3:¢7
n+ - —2J) - n+ (—1—X72271y0)

and
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ZGn—Z = 2—2’ ZGn—l = Z—1’ Zen = Zo’
Z. .. = S
6n+l — )
" (_1_ Z, y—lXO)
— — Zy
Zonip = 2_1(_1_ X—ZZ—lyO)' Loz = (_1_ VX ,Z )
—271%0

Proof: As the proof of Theorem 3 and so will be
omitted.

Theorem 6. The system (4) has periodic solutions of
period three iff X ,z.,y, =27,y X, =Y ,X,Zy =2
and will take the form
{Xn}:{xle X,]_’ X()a X,21 Xfl’ XO’ },
=y Yoy Y Yi Yo b
{Zn}:{z_zi Z_]_a Zo; Z_z, Z—l’ ZO’ }

Proof: As the proof of Theorem 4 and so will be
omitted.

Example 6. See Figure (6) when we put the initial
conditions

Xx,=02 x,=04, x,=-15,y,=0.5,
y,=07y,=3,2,=4,2z,=1/3 and :
for the difference system (4).

=2

0

Y=X(0-2)-1-X(n-2)Y()Z(n-1)), Y (n+1)=Y (n-2)(-1-Y (n-2)X(n-1)Z(m)):Z(n+1)=Z(n-2)(-1-Z(n-2)Y (-
4 T

X(n)

x(n).y(n),Z(n)

Figure (6)
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