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1. Introduction

Our aim in this paper is to get the form of the
solutions of some systems of the following rational
difference equations

X y
— n-1 — n-1
- ’ yn+1 -

a— Xn—lyn ﬂ + 7yn—1xn
with a nonzero real numbers initial conditions and
a, [,y integers numbers.

Difference equations appear naturally as discrete
analogues and as numerical solutions of differential
and delay differential equations having applications
in biology, ecology, economy, physics, and so on. So,
recently there has been an increasing interest in the
study of qualitative analysis of rational difference
equations and systems of difference equations.
Although difference equations are very simple in
form, it is extremely difficult to understand
thoroughly the behaviors of their solutions. See [1]-
[15] and the references cited therein.

Periodic solutions of a difference equation have
been investigated by many researchers, and various
methods have been proposed for the existence and
qualitative properties of the solution.

The periodicity of the positive solutions of the
system of rational difference equations

m
Xoe1 =1 Yo :&’
yn Xn—lyn—l
was studied by Cinar in [5].

Xn +1

Elabbasy et al. [6] has obtained the solution of
particular cases of the following general system of
difference equations
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X al + az yn b1Zn—l + bZZn
n+l — r Y+l T b b
aGZn + a'4Xn—lzn 3Xnyn + 4Xn yn—l
7 Clzn—l + CZZn
n+1

C3Xn—lyn—1 + C4Xn—1yn + C5Xn yn

Elsayed [10] has obtained the solutions of the
following system of the difference equations
1 — yn—k

Xy = Yo = .
n+1 ' n+1
yn—k Xn yn

In [11] Kurbanli et al. studied the behavior of
positive solutions of the system of rational difference
equations

Ozban [21] has investigated the positive solutions of
the system of rational difference equations
1 Ya

Xn+1 = ' yn+1 = .
n-k Xn—m yn—m—k

In [22] Yalginkaya investigated the sufficient
condition for the global asymptotic stability of the
following system of difference equations

_tz,,+a bt ta

= = n-n-1
"tz "™ 7+t
Also, Yalginkaya [23] has obtained the sufficient
conditions for the global asymptotic stability of the
system of two nonlinear difference equations
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- Xn + yn—l - yn + Xn—l
n+1 1 In+l '
XnYna -1 YnXn -1
Yang et al. [24] has investigated the positive
solutions of the systems
__ a _ by,
Xy = Yo T
yn—p anq yn—q

Similar nonlinear systems of rational difference
equations were investigated see [16]-[25].

Definition (Periodicity)
A sequence {X.}._ , is said to be periodic with

period p if X, , =X, forall n>-k.

2. On the Solution of System:
- X1 Yy .= Yna
' Jn+l .
1- Xn-1Yn -1+ YnaX,

Xn+1

In this section, we study the solutions of the
system of two difference equations

— Xn—l _ yn—l
B B 4\ VY 1
1= .y, Yo 1)

with a nonzero real numbers initial conditions with

Xn+1

XY #1, XY, # % XY, #=x1.

Theorem 1 Suppose that {X,, Y, } are solutions of
system ). Also, assume that
X, Xo» Y, and y, are arbitrary nonzero real
numbers and let X, =a,x, =b,y ;= Ay, =B.
Then

a(1l-2aB)" n

Xona = m, X,y = b(1— bzAz) ,
_a(1-2aB)"

'4n+1 (1_ aB)2n+l 1

A y _ B(1-aB)™
(1-b?A3)"" 7" (1-2aB)" '

y4n—l =
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Xgns2 = D(1=bA)(1- bzAz)n )

yo = -A y _ —B(1-aB)™™*!
T (1-bA)A—b2AZ)" T2 (1-2aB)™t

Proof: For n =0 the result holds. Now suppose

that N > 0 and that our assumption holds for n—1.
That is;

_a(1-2aB)"*
Xpnos = m’

a(l-2aB)"* .
a3 = ((1—518)221' Xsn_» = b(1—bA)(L—b>A%)",

_ B(1-aB)*™?
Yan-a = n-1 '’
(1-2aB)

y4n—5 =

-A _-B(-aB)™*
A—bAYI_b2A)" Y2 = (1 2am)y
Now, it follows from Eq.(1) that

y4n—3 =

X4n—3
1- Xan-3Yan-2
a(1-2aB)"*

Xgna =

X, 4 = b(1-b*A%)",

_1_ a(1-2aB)" ') - B(1-aB)>"!
(1-aB)>"™* (1-2aB)"

a(1-2aB)"*
_ (1-aB)™! ((1— 2aB)]
- 1+[ aB j (1-2aB)

(1- 2aB)

_ a(1-2aB)"*(1-2aB)
~ (1-aB)*(1-2aB +aB)
_a(l-2aB)" _ a(1-2aB)"
" (1-aB)**(1-aB) (1-aB)*"

Also, we have
y4n—3

Yonr = ——
=1+ Y40 sXan s
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A
(1-bA)(1- b2A2)"

( ~A
-1+
(1-bA)(1-b?A?)

—A
_ (1-bA)(1-b*A%)™*
~1+(~ Ab)
_ —A
 (1-bA)(1-b2A%)" (=14 (- Ab))
_ A A
T (1-bAYL-b*A?)" 1+ Ab)  (1-b*AR)"

Also, it follows from Eq.(1) that
X4n

1- XanYana
b(1—b?A%)"

1—(b(1—b2A2)“{

_ b(1-p*A%)

X4n+2 =

—A
(1-bA)(1-b*A?)"

n-1 J(b(l_ bA)(l_ bzAZ)n_l)

1-bA 1-bA+bA

1_( —Ab j
(1-bA)

=b(1-bA)1-b*A%)",

and
y4n+2 = #
=1+ Y4 Xeni
B(1- aB)Z”
(1- Zé’lB)n

14 B(1-aB)* | a(1-2aB)"
(1-2aB)" )\ (1-aB)>""*
B(1-aB)*
(1—&8)
] 1-aB

_ (1-2aB)"
—1+( aB

_  B(1-aB)"(1-aB)
(1-2aB)"(-1+aB +aB)

(1-aB)
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(1—bAj _ b(1-b?A%)"(1-DbA)
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- B(l _ aB)ZFH—l
(1-2aB)™

Similarly one can prove the other relations. The proof
is complete.
Lemma 1. If a,b, A and B arbitrary real numbers

and let {X., ¥} are solutions of system (1) then the
following statements are true:-

@ 1f a=0, B#0, then we have
Xan1 = Xanyy =0 and Yan = By Yan2 = —B.

(i) 1f b=0, A0, then we have
Xan = Xgnip =0 and Yana = A Yo = —A

Giiy 1f A=0,b=#0, then we have
Yan1 = Yana = 0@NA X, = Xy, =D

ivy, If B=0,a=0, then we have

Yan = Yanio =0@Nd X, ) = X, =@

Proof: The proof follows from the form of the
solutions of system (1).

3. On the Solution of System:

X

- n-1 —
’ yn+l -

X yn—l
n+l — 1
—X,aYn

1+ yn—an .

In this section, we study the solutions of the system
of two difference equations

- Xn—l

1- Xn—lyn
with a nonzero real numbers initial conditions with
XY =1, Xy, = -1

Xn+l ’ yn +1 =

Theorem 2 Suppose that {X,, Y, } are solutions of
system (2). Also, assume that
X4, X, Y, and y, are arbitrary nonzero real

numbers and let X, =a,X%, =b,y, =AYy, =B.
Then
-__ 4 = b(1+bA)"
X2n_1—m, Xon = ( + )1

Yona = Y., = B(1-aB)".

_A
(1+bA)"
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Proof: For n =0 the result holds. Now suppose that

N > 0 and that our assumption holds for n—1. That
is;

a -~
Xon 3 = _aB)’ Xon_, = b(1+bA)",

Yon o = B(1-aB)"™.

y2n—3 =

(1+bA)" '

Now, it follows from Eq.(2) that
Xon-3
1- Xon-3Yon-2
a
(1-aB)"*

j(B(l— aB)")

X2n—1 =

1_(61
(1-aB)"*
a

_(1-aB)"* _ a
~ 1-aB  (1-aB)"’

Yon-3
1+ Yon-3Xon-2
A
(1+bA)™!

Jb(1+ bA)"!

y2n—l =

A
((1+bA)
A
_ (L+bA)™ A
1+bA  (1+bA"

Also, it follows from Eq.(2) that
— Xan-2
1- Xon-2Y2n1
b(1+bA)"™*

X2n

1-b(1+ bA)“((l:;A)nJ

_ b(1+bA)™* (1+ bAj

1_( bA j 1+bA
1+DbA
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_ b(1+bA)"

= = b(1+bA)",
1+bA—bA

— y2n—2
y2n - 1
*+ Yon-2Xon

B(1-aB)"!

n-1 a
1+(B(1-aB) {(1_818)}
_B(1-aB)"" (1— aBJ

( aB j 1-aB

1+ ——

1-aB

:@: B(1-aB)".
1-aB+aB

The proof is complete.

Lemma 2. Let {X,,Y,} be a positive solution of

system (2), then {Yy,} is bounded and converges to
zero.

Proof: It follows from Eq.(2) that
y

n-1
< yn—l'

yn+l - 1+ yHXn

Then the subsequences {Y,n 1}neo » {Yontneo are
decreasing and so are bounded from above by

M =mex{y ,, Yo}.

Theorem 3 The system (2) has a periodic solutions
of period four iff aB =2, bA=—2 and will be take
the form

{x}={ab-a-b,.},

{v.}={A.B,-A-B,...}.
Lemma 3. Assume that aB#2,bA#=—2. Then
the solutions of system (2) are unbounded solutions.

Lemma 4. If a,b,c,d, A B,C and D arbitrary

real numbers and let {X,,Y,} are solutions of
system (2) then the following statements are true:-

@ 1t a=0, Bz0,
X,n, =0andy, =B.

then we  have
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Gy 1f b=0, A0, then we have
X,,=0and vy, ,=A

i) 1f A=0,b=#0, then we have
Yona =0and x,, =b.

vy, 1f B=0,a=0, then we have

Y,, =0and x,,,=a.

The following systems can be proved similarly:

4. On the Solution of System:

In this section, we study the solutions of the
system of two difference equations

— yn—l
1 ' yn+1 1 !
Xn 1yn - yn—lxn
with a nonzero real numbers initial conditions with

X Yo #EL, XY # —1,—%.

©)

Xn+1

Theorem 4 Suppose that {X,, Y, } are solutions of
system 3). Also, that
X1, Xo» Yo and y, are arbitrary nonzero real

assume

Lemma 5. If a,b,c,d, A B,C and D arbitrary

real numbers and let {X,,Y,} are solutions of
system (3) then the following statements are true:-

@ 1f a=0, B#0, then we have
Xpnoa = Xapgr = 0 and Yan = B, Yani2 = -B.

@iy 1f b=0, A0, then we have
Xan = Xgnio = Oand Yanaa = A! Yana = -A

i) 1f A=0,b=#0, then we have
y4n 1 y4n+1 =0and X4n - X4n+2 =b.

vy If B=0,a=#0, then we have
y4n = y4n+2 = O and X4n—1 = X4n+1 =a.
5. On the Solution of System:

— X yn—l

X —_—.

n+l _1 X yn+l 1+ yn_lxn

In this section, we study the solutions of the
system of two difference equations

y ynfl
~1- xn 1yn' My X

with a nonzero real numbers initial conditions with

X Yo #EL, XY # —1,—%.

(4)

Xn +1 7

Theorem 5 Suppose that {X,, ¥, } are solutions of
system (4). Also, assume that
X4, %o Y, @nd y, are arbitrary nonzero real

numbers and let X, =a,X, =by =AYy, =B.

Then
_a _ b(1+bA)*™
X1 = T agawn T T oAt
(1-a°’B?) (1+ 2bA)
« = -a . = —b(1+bA)>™
™M (1+aB)1-a’B?)"’ "™ (1+2bA)™
A(1+ 2bA)" »onn
=—— 2y =B(1-a’B?)",
L (14 bA) Yan = B( )

numbers and let X, =a,X,=b,y, =AYy, =B.
Then
_a _ b(1+bA)™
Xan1 = T agann T T o
(1-a’B?) (1+ 2bA)
_ a _ b(L+bA)2t
Xgnr = 2:2\n ' Xonso = A Al AN+ !
(1—aB)(1—a’B?) (1+ 2bA)
A(1+2bA)" 22N
=072y =B(1-a?B?Y)",
y =T A1+ 2bA)"
4n+1 (1+ bA)2n+l '
y4n+2 B(l aB)(l a B )
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_ A(L+2bA)"
4n+1 (1+ bA)2n+1 !

Lemma 6. Let {X,,Y,} be a positive solution of

system (4), then {Yy,} is bounded and converges to
zero.

Lemma 7. If a,b,c,d,A B,C and D arbitrary
real numbers and let {X,,Y,} are solutions of
system (4) then the following statements are true:-

@ 1f a=0, B#0, then we have
X4n—l 4n+l 0 and y4n y4n+2 = B.

(i) 1f b=0, A0, then we have
X4n 4n+2 O and y4n -1 y4n+l = A

Giiy 1f A=0, b#0, then we have
Yana = Yana = 0and Xan = b, Xans2 = —b.

vy 1If B=0,a=#0, then we have

Yan = Yansz =0a@Nd X, 5 =@, X, = -2

6. On the Solution of System:
- X Yna
Xn+1 yn+1 . -
-1-x,_ -1+y, X,

In this section, we study the solutions of the
system of two difference equations
- X y Yo
' n+1
1 Xn lyn 1+ yn—lxn

with a nonzero real numbers initial conditions.

®)

Xn +1 7

Theorem 6 Suppose that {X,, ¥, } are solutions of

system (5). Also, assume that
X4, Xo» Yo and y, are arbitrary nonzero real
numbers and let X ; =a,X, =b,y , =AYy, =B.

Then

— 1+(2i)aB
Xns = (1) H1+(2l+l)aB
o1 (2 +1)bA-1
0(2|+2)bA 1’

and

http://www.lifesciencesite.com

Yan., = B(1+aB)(1-a’B?)".

_ (2i)bA-1
Var = CO AL L oAt
11+ (2i +1)aB

= L) 1_[1+(2|+2)aB

7. Numerical Examples

In order to illustrate the results of the previous
sections and to support our theoretical discussions,
we consider several interesting numerical examples
in this section. These examples represent different
types of qualitative behavior of solutions to nonlinear
difference equations.

Example 1. Consider the difference system equation
D with the initial conditions

X,=08 x,=05 y,=024and y, =01 ¢
See Fig. 1).

plot of X(n+1)=X(n=1)/(1-X(n-1)Y(n)), Y(n+1)=Y(n-1)/(-1+Y(n-1)X(n))

X(n)
Y ||

Figure (1)

Example 2. For the the initial conditions
X,=02 x,=05 y,=04andy,=07
when we take the system (2). (See Fig. 2).

plat of X(r+1)=X(n-1)/(1-X(-1)¥(n)), Y(n+1)=Y{n-1/(1+Y(n-1)X{r)

X(n)
Yin)

0 é ‘4 ‘6 ‘8 10 1‘2 1‘4 16 18 20
Figure (2)

Example 3. If we consider the difference equation
system  (3) with the initial  conditions

X,=02 x,=05 y,=04and y,=-07. (
See Fig. 3).

349 lifesciencej@gmail.com




Life Science Journal 2013;10(3)

http://www.lifesciencesite.com

plot of X(n+1)=X(n=1)/(1-X(n-1)Y(n)),Y(n+1)=Y(n-1)/(-1-Y (n-1)X(n))
— T T T T T T

0.8 T
061
04

021

x(n).y(n)
o

02 |

0ap ||

08F |

08

0 é 1‘0 1‘5 2‘0 £5 3‘0 3‘5 4‘0 4‘5 50
Figure (3)

Example 4. See Figure 4, since we take the
difference system equation (4) with the initial
conditions

X, =09 x,=05 y,=-04and y,=03.

plot of X(r1)=X(n-1)/(-1-X@-1)Y (M), Y(r+1)=Y(n-1)/(1+Y(n-1)X(@)

Figure (4)
Example 5. See Figure 5, since we take the

difference system equation (5) with the initial
conditions

Xx,=09 x,=-03, y,=05and y,=0.1
See Fig. 5.

plot of X(r+1)=X(n-1)/(-1-X@-1)Y(M), Y(r1)=Y(n-1)/(-1+Y(n-)X()

Figure (5)
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