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1. Introduction 
Let A be the class of analytic functions f  
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defined in the open unit disk { :| | 1}.E z z= <  
The class A  is closed under the convolution or 
(Hadamard product) 
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In particular, we consider the convolution with 
incomplete beta function ( , , ),d c zφ  related to 
Gauss hypergeometric function [1] by  
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where ( )
n

d denotes the Pochhammer symbol given by 

1, 0, C \{0},
( )

( 1), ( 1), N.n

n d
d

a a a n n
= ∈⎧

= ⎨ + + − ∈⎩ "
 

Note that  
(1 )

( ,1, ) d
z
z

d zφ
−

=   and  (2,1, )zφ   

is the Koebe function, see [2]. 
Carlson and Shaffer [3] defined a convolution 
operator on A  involving an incomplete beta 
function as 
 

( , ) ( , , ) , , .L d c f d c z f f A z Eφ= ∗ ∈ ∈    (1.3) 
 

It follows from (1.2) and (1.3) that,  

 
( ( , ) ( )) ( 1, ) ( )z L d c f z dL d c f z′ = +  

( 1) ( , ) ( ).d L d c f z− −    (1.4) 
If 0, 1, 2,...,d = − − then ( , )L d c f is a polynomial. 
If  0, 1, 2,...,d ≠ − − then application of the root 
test shows that the infinite series for  ( , )L d c f  
has the same radius of convergence as that for  f  
because  

1

( )lim 1.
( )

n

n

n
n

d
c→∞

=  

Hence  ( , )L d c  maps A  into itself.  ( , )L d d  
is the identity and if  0, 1, 2, ,d ≠ − − "  then  

( , )L d c  has a continuous inverse  ( , )L c d  and is 
a one-to-one mapping of A onto itself.  ( , )L d c  
provides a convenient representation of 
differentiation and integration. If  ( ) ( ),g z zf z′=  
then  (2,1)g L f=  and  (1, 2) .f L g=   
In [4], Janowski introduced the class  [ , ]P A B  , 
for  A   and  , 1 1,B B A− ≤ < ≤   if and only 
if for  ,z E∈  a function  ,p  analytic in  E   
with  (0) 1p =  belongs to the class  [ , ]P A B   
if 

1 ( )( ) ,
1 ( )

Aw zp z
Bw z

+
=

+
 

where ( )w z  is an analytic function in ,E  with  
(0) 0,w =  and  | ( ) | 1.w z <   

We note that  [ 1,1] ,P P− =   the class of 
functions with positive real part consists of functions  
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p   with  Re ( ) .p z α>   Also it can be clearly 

seen that  [ , ] ( ),P A B P β⊂  1
1 ,A

Bβ −
−=  

therefore, we have 

1 1( ) (1 ) ( ) ,   .p z p z p Pβ β= − + ∈     (1.5) 

Let [ , , ]kP A Bα  denote the class of functions  p  

that are analytic in  E  with  (0) 1p =  and are 
represented by  
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  (1.6) 

where 1 2, [ , , ], 1 1,p p P A B B Aα∈ − ≤ < ≤  

0 1,α≤ < 2.k ≥  It is clear that 

  [ , , ] [ , ] ( ),k k kP A B P A B Pα β⊂ ⊂  
1

1

1
11 , (1 )A

B A A Bβ β β−
−= = − +  

and  [1, 1]k kP P− =  [5]. For 2,k =   the class  

2[ , , ] [ , , ]kP A B P A Bα α=  was introduced by [6]. 
We will assume throughout our discussion, unless 
otherwise stated, that  0, 1, 2, ,d ≠ − − "    

0, 1, 2, , 1 1 , 0 1c B A α≠ − − − ≤ < ≤ ≤ <"  
and  .z E∈   
By using a linear operator  ( , )L d c  , we define the 
following analytic classes. 
 
Definition 1.1. Let  , .f A z E∈ ∈  Then  
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From (1.7), it is clear that 
, [ , , ]  ( , ) [ , , ] .d cf C A B L d c f C A B Cα α∈ ⇔ ∈ ⊂  

Similarly, , [ , , ],d cf S A Bα∗∈  if and only if, 

( , ) [ , , ] .L d c f S A B Sα∗ ∗∈ ⊂  
 
Definition 1.2. Let .f A∈  Then  
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(1.8) 
for  some , [ , , ].d cg C A Bα∈   

By varying the parameters ,c  ,d  ,α   ,β    A   

and  B   in the class , [ , , , ]d c
kQ A Bβ α  , we get 

different subclasses of analytic and univalent 

functions studied earlier by various authors, see for 
example [7-12]. 
 
2. Preliminary Lemmas 

 
Lemma 2.1 [13]. Let  0 d c< ≤  and  2d ≥  
or  3.c d+ ≥  Then the function  
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is in the class C  of convex univalent functions. 
Lemma 2.2 [13]. Let  f C∈  and  .g S ∗∈  
Then for every function  F  analytic in E  with  

(0) 1,F =  we have 

( ) ( ) ( ( )),
( )
f Fg E co F E
f g
∗

⊂
∗

 

where  ( ( ))co F E  denotes the closed convex hull 
of  ( ).F E   

Lemma 2.3 [14]. Let  1 2 ,u u iu= +  1 2v v iv= +   

and let  ( , )u vΨ   be a complex-valued function 
satisfying the following conditions: 
1) ( , )u vΨ  is continuous in a domain 2 ,D ⊂ C   
2)  (1,0) D∈   and  Re( (1,0)) 0,Ψ >   

3)  2 1Re( ( , ) 0,iu vΨ ≤  whenever  

2 1( , )iu v D∈   and  21
1 22 (1 ).v u−≤ +   

If 
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=
= + ∑   is a function analytic in  

,E  such that  ( ( ), ( )) ,p z zp z D z E′ ∈ ∈  and 
Re( ( ( ), ( )) 0p z zp z′Ψ >  for ,z E∈   then 
Re ( ) 0p z >  in .E  
  

3. Main Results  
 

In this section, some properties of the class  
, [ , , , ]d c

kQ A Bβ α  such as inclusion results, second 
coefficient bound, its invariant property under 
convolution with the convex function, covering 
theorem and radius problem will be discussed. 
 
Theorem 3.1. If 0 , min[2,3 ]c d d c< ≤ ≥ −  
and if  0 , min[1,1 ],a c c a< ≤ ≥ −  then 

, ,[ , , , ] [ , , , ]d c d a
k kQ A B Q A Bβ α β α⊂

, ,[ , , , ] [ , , , ].d a c d
k kQ A B Q A Bβ α β α⊂  
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Proof. To prove the first inclusion, we proceed as 
follows: 
(i)  Let  , [ , , , ].d c

kf Q A Bβ α∈  Now 
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Since, from Lemma 2.1,  ( , )c aφ  is convex, 
therefore by using Lemma 2.3 to see that the right 
hand side of (3.1) is contained in the convex hull of 
the image of  E  under  [(1 ) ]N N

D Dβ β ′
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and the proof of (i) is complete. 
The proof of the second inclusion is similar to that of 
the first part. 
Theorem  3.2. Let  
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The equality, with 0, 1, 1,A Bα = = = −  
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Equating coefficient of 2z  on both sides, we have 
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This completes the proof. 
 
Special Case 
We note that for   1, 1A B= = − , 0α = , we 

have coefficient bound for the class  2 ( , ),B a cα   
see [15]. 
The next result shows that the class  

, [ , , , ]d c
kQ A Bβ α  is closed under convolution with 

convex functions in  .E   
Theorem 3.3. Let  , [ , , , ]d c

kf Q A Bβ α∈  and let  
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Ψ  be convex univalent in .E  Then  
,( ) [ , , , ]d c

kf Q A Bβ αΨ∗ ∈  in .E   

Proof. We first show, that for  , [ , , ],d cg C A Bα∈  
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which implies that   
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and consequently 
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Remark 3.1. (i) It follows from Theorem 3.3 that the 
class  , [ , , , ]d c

kQ A Bβ α  is invariant under the 
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Since ,i Cφ ∈  the proof is immediate when we 
apply Theorem 3.3. 
(ii) Let 1 2,D D  be the linear operators defined on 

the class ,A  as follows: 
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We note that the radius of convexity of  1h  and 
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0
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and using convolution technique, see [17,18], it 
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The first two conditions of Lemma 2.3 are clearly 
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L d c g z
α

′
= ∈

 
We use the fact that  ( )kP α  is a convex set and  

2 2
( ( , ) ( )) ( ( ( , ) ( )) )(1 )

( , ) ( ) ( ( , ) ( ))
z L d c f z z L d c f z

L d c g z L d c g z
β β

′ ′ ′⎧ ⎫
− +⎨ ⎬′⎩ ⎭

2 2
1 2

1 1

( ) 1 ( ),H z H zβ β
β β

⎛ ⎞
= + −⎜ ⎟

⎝ ⎠
 

we obtain the required result that  
,

2( , ).d c
kf Q β α∈   

Remark 3.2. Since ( , )( )d c zφ  is convex for  
0 ,c d< ≤  2c d+ ≥  by virtue of Lemma 2.1 
and the class of close-to-convex functions is closed 
under convex convolution, we have 

, ,
2 2( , ) (0, ) ( ) .d c d cQ Q K K Sβ α α α⊂ ⊂ ⊂ ⊂  

 
We now derive a covering theorem. 
Theorem 3.6. Let for 0 ,c d< <  2,d c+ ≥  

,
2 ( , ).d cf Q β α∈  If  B  is the boundary of the 

image of  E  under  ,f  then every point of 
B  is at distance at least 

  
2 (1 )

(1 )(1 )(3 ) 4 (1 )
μ β

α λ β μ β
⎡ ⎤+
⎢ ⎥− + + + +⎣ ⎦

  

from the origin. 
Proof. Let  0,c ≠  be any complex number such 
that  ( )f z c≠  for .z E∈  Then, by   
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Remark 3.2,  
( )( )

( )
cf zf z

c f z
=

−
 is univalent in  

.E  Let  f   be given by  (1.1) . Then 

2
2

( ) 1( ) ,
( )

cf z z a z
c f z c

= + + +
−

"  

and hence 

2
1 2.a
c

+ ≤  

 Now using triangular inequality and coefficient 
bound of  2a   for class  , [ , , , ]d c

kQ A Bβ α   as 
proved in Theorem 3.2 in the above, we have  

2 (1 )
(1 )( )(3 ) 4 (1 )

dc
c c

β
α β β

+
≥

− + + +
 

which is the required result. 
The following result deals with the converse case of 
Theorem 3.4. 
Theorem 3.7. Let  , (0, )d c

kf Q α∈  in  .E  

Then  , ( , )d c
kf Q β α∈  for ,z rβ<  where 

1 ,
1 2

rβ β
=

+
              (3.5) 

This result is sharp. 
Proof. Since , (0, ),d c

kf Q α∈  there exists a 

function 1
2( , ) ( ) ( ),L d c g z C S ∗∈ ⊂  such that  

( ( , ) ( )) (1 ) ( ) , .
( , ) ( ) k

z L d c f z h z h P
L d c g z

α α
′
= − + ∈  (3.6) 

Differentiating (3.6), we have 
 

/( ( ( , ) ( )) ) ( ( , ) ( ))(1 ) ( )z L d c f z L d c g z h zα′ ′= −
 

{(1 ) ( ) }( ( , ) ( ))h z L d c g zα α ′+ − +  

Since , (0, )d c
kQ α , we have  

1 ( ( , ) ( )) ( ( ( , ) ( ) )(1 )
1 ( , ) ( ) ( ( , ) ( ))

z L d c f z z L d c f z
L d c g z L d c g z

β β α
α

′ ′ ′⎧ ⎫
− + −⎨ ⎬′− ⎩ ⎭

0

( )( ) ,
( )

zh zh z
h z
β ′

= +  

where ( ( , ) ( )) 1
0 ( , ) ( ) 2( ) ( ).z L d c g z

L d c g zh z P′= ∈   

Now using the same convolution technique, we have 

1
1

0

( ) ( )( ) ( )
( )

z zh zh z h z
z h z

βφ β ′⎧ ⎫⎛ ⎞
∗ = +⎨ ⎬⎜ ⎟

⎝ ⎠ ⎩ ⎭
 

1 2
1 2

0 0

( ) ( )1 1( ) ( ) ,
4 2 ( ) 4 2 ( )

zh z zh zk kh z h z
h z h z
β β′ ′⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= + + − − +⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
 
where 1 2, .h h P∈   
From this it follows that 
 

0

( )( ) for 1, 2.
( )
i

i
zh zh z P i
h z
β ′⎧ ⎫

+ ∈ =⎨ ⎬
⎩ ⎭

 

 
Using well-known results [2] for the class  P  and  

1
2( )P  that  

2

2 Re ( ) 1
( ) , Re ( ) ,

1 1i
r h z rizh z h zi r r

−′ ≤ ≥
− +

0
1

Re ( ) ,
1

h z
r

>
−

 

we have 

0 0

( ) ( )Re ( ) Re ( ) ,     (3.7)
( ) ( )

2Re ( ) 1
1

1 (1 2 )Re ( ) .   (3.8)
1

i i
i i

i

i

zh z zh zh z h z
h z h z

rh z
r

rh z
r

β β

β

β

′ ′⎧ ⎫⎧ ⎫ ⎪ ⎪+ ≥ −⎨ ⎬ ⎨ ⎬
⎪ ⎪⎩ ⎭ ⎩ ⎭

⎧ ⎫≥ −⎨ ⎬−⎩ ⎭
− +⎧ ⎫= ⎨ ⎬−⎩ ⎭

From (3.7), it is clear that  

0

( )Re ( ) 0, for 
( )
i

i
zh zh z r r
h z β
β ′⎧ ⎫

+ ≥ <⎨ ⎬
⎩ ⎭

 

and consequently it follows that 

0

( )( ) , for .
( ) k

zh zh z P z r
h z β
β⎧ ⎫′

+ ∈ <⎨ ⎬
⎩ ⎭

 

Hence , ( , ),kf Qλ μ β α∈ where rβ  is given (3.5). 
We obtain the sharpness of this result by taking 

0
1 1( ) , ( ) .
1 1i

zh z h z
z z

+
= =

− −
 

This completes the proof. 
 
Conclusion:  
We introduce a subclass of analytic functions by 
using Hadamard product along with Janowski 
functions. Some inclusion results, radius of 
univalence and other interesting properties of this 
class are discussed. 
In future work we intend to use formal approaches to 
prove theorem based on developed formal tools. The 
formal methods have many application in real life 
problems [19-32].    
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