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Abstract: In this paper the Adomian decomposition method (ADM) and modified Adomian decomposition method
(MADM) are used to solve the homogenous and inhomogeneous Kuramoto-Tsuzuki equations. ADM approximate
solution, which is obtained as a series has a reasonable residual error. MADM gets the exact solution of
inhomogeneous Kuramoto-Tsuzuki equation. Comparison of the results with those of ADM, MADM and finite
difference scheme shows the accuracy of the ADM and MADM methods.
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1. Introduction
The inhomogeneous Kuramoto-Tsuzuki equation is as follows

z—ﬁ: =1+ 101]% 4w — (1 4+ ic)) e e +P(x 0. (x1) € (0.1) % (0,T]. (1-1)
with the initial condition

ewix, 0} = wyx), x € [0,1], (1-2)
and homogeneous boundry conditions

=02 (L) =0te(0T] (1-3)

where £; and ¢; are two real constants, wix, ) is an unknown complex function, ey (x]) and yr{x, £) are given
complex functions.

Equation (1-1) describes the behavior of many two-component systems in a neighborhood of the bifurcation
point [9]. Reaction-diffusion type equations have been applied in the study of broad class of nonlinear processes,
including a well-known synergetic model [3,10]. The problem of constructing and validating difference schemes for
these classes of problems has been in detail taken up in [7,8]. A finite element Galerkin method had been discussed
in [11,12]. Tsertsvadze studied in [13] the convergence of difference schemes for the Kuramoto-Tsuzuki equation
and for systems of reaction-diffusion type. In this paper, we use the ADM and MADM to solve equation (1-1).

2. Adomian Decomposition Method

The decomposition procedure of Adomian was first proposed by the American mathematician, G. Adomian
(1923-1996) and has been applied already to a wide class of stochastic and deterministic problems in science and
engineering. It is based on the search for a solution in the form of a series and on decomposing the nonlinear
operator into a series in which the terms are calculated recursively using Adomian polynomials [2].

In this method, the nonlinear function in the equation is decomposed into terms of special polynomials called
Adomian's polynomials and then the terms of the solution which is regarded as a series, are determined recurrently.
Consider the differential equation

Fiu) = g(x). x € £, 2-1)
where F represents a general nonlinear ordinary differential operator involving both linear and nonlinear parts and
g(x) is a given function. Equation (2-1) can be written as

Lu + Ru + Nu = g(x). (2-2)
where L is an easily invertible operator, which is usually taken as the highest-ordered derivative, R is the reminder
of the linear operator, and ¥ is the nonlinear term in F{i]).
Applying the inverse operator L™* to (2-2) yields

L 'Lu= L"'g— L™'Ru— L~'Nu, (2-3)
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and therefore

u=c+Ltg—L"Ru— L™ Ny, (2-4)

where ¢ is the integration constant and satisfies Le = 0. Based on the ADM, the solution of Eq. (2-1) is regarded as
u=Xg_p Un, (2-5)

and the nonlinear term N'u is decomposed as follows
Nu=Z5_o 4y, (2-6)

where the components A, are Adomian's polynomials which are calculated by the formula

L gn = i
At i) = —— [N[Ez_, A *.u:;{]]‘]_:[),ﬂ = 0.(2-7)

Substituting (2-6) and (2-5) in (2-4) results .

EE:L\ Up =0¢C +-£-lﬂ_-£-1RE§=D By — Lt n=0 An- (2-8)
Now according to the decomposition procedure of Adomian, we can obtain the components s by the following
recurrent relation

uy=c+L1g (2-9)

wy = —L7'Ru,_,—L7*4,_,, n=1. (2-10)

The n-term approximation of the solution is defined as 8, = XE_; uy and u = lim,,.6,. As we know, the
more terms added to the approximate solution, the more accurate it would be.
Convergence of Adomian decomposition scheme was established by many authors using fixed point theorem, see
for example [4,5,6].

For inhomogeneous equations a simple strategy is used to increases the convergent rate. In performing the
ADM, we can expand g(x} = g (x) + g:(x]) and then we use the following substitution in (2-3) to get the exact
solution

ug=c+ L7 g,

u, =L g, — L™"Rupy — L4, (2-11)

uy = —L7'Ru,_, — L4, _, n=2,
where ¢ is computed with the initial conditions of the problem. the rate of convergence depends on choosing the
functions gy and gz. Usually they have chosen in such a way that u; = w; = -~ =0, This method is refereed as

modified Adomian decomposition method (MADM).

3. Illustrations
In this section, we present some examples of Kuramoto-Tsuzuki equation. We compare the results with the
exact solution.

Example 1: Consider the homogenous equation ([14])
3w

a . 2
S =A+) S +e— 1 +)lefe (3-1)
with the initial and boundary conditions
_ A3 X
wix, 0) = S =Pl E) y (3-2)
wixt) =wi{x+4r. ). £ (0.T]. (3-3)
and the exact solution is
Y )
wix, t) =, exp (n[f— ”J‘ (3-4)
Eq. (3-1) suggests the linear operator
Lo==, (3-5)
with the property L(c) =0,
Ro=-(1+D35 -, (3-6)
and the nonlinear operator as
No = (1+Dlwlw = (1 +Da’s. (3-7)
The inverse operator L™%, is as follows
L lw=c+ _Irmr w(T)dT, (3-8)

the initial condition yields that ¢ = 0.
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To solve Eq. (3-1) by means of ADM, we choose the initial approximation

'\'@ X

wp (%, 1) = w(x 0} = exp (r, ;), (3-9)

then according to (2- 9) we get
iy (2.7

(e t) = fy [ +0 2220y (1)~ (14 DApos (7)) dr. (3-10)
where A, (x. t) is the ﬂth Adomian polynomlal. According to (2-7) Ay, is obtain as

A, = EE:[:' Wk E.E:[:- Wy _ gl (3-11)
For example

HD = méaw

Ay = wiey + 2y w, @y,
Ay = 2o ciptog + witsy + 2ay gDy + WA g,
Ay = 2wg gty + 2eg w00 + 2eg g0y + wity + 2wy @, + wiwg, (3-12)
Ay = 2uggip + 2wqwy Wy + 2wetigidy + @iwp + 20y iy 0y + 20dq g Wy
+ ety + 2oy g Ty + wfta g,

From (3-9), (3-10) and (3-11) we successively obtain
W3 .
g (2, E) = S oxp {l ;j,
3 & .
ey (x,t) = -"T exy {z. ;) (—it),

T By it

w, (. 8) = Texp (1) 5T, (3-13)
+3 _xy [—ity®

g (x, 1) =—9xp{t§)l ;I p

—in*

w:x;t:]——erp{ bl

and so on. Therefore, we get the solution

7 -in? | —in? it

w="ap (i 3) 14 )+ 2 +[g.'+[4. £ (3-14)
Obviously (3-14) is the Taylor expansion of wix.t) =— (ié - t]) which is the exact solution of the Eq. (3-
1).
Example 2: Consider the 1nh0m0gene0us equation ([14])

A+t w— (1 + D)0l e + Y(x O.(-15)
where

wix, ) = [w? — sin®nx + (2t + 2% — 3::05211:::]]9[:2 COSTX, (3-16)

(xt)e(01)= (0,T].
with the initial and boundary conditions
cof(x, 0) = cosmx, x € [0.1],

(3-17)
daa _ a_m _ )
;(U,t]—U,h(l,t]—ﬂ,tE(U,T], (3-18)

whose exact solution is
w(x t) = &' cosmx. (3-19)

We choose L, R and N like (3-5), (3-6) and (3-7). To solve Eq. (3-15) by means of MADM, we choose
Wiz, £) = iy (x t) + ¢, (x £) where

Wy (x.t) = 2tie'® cosmx,

Wylx, t) = [7? - sin®mx + (2w — 3:::::52:'1;1':]]9[':2 COSTX,
Using (2-11) we get

(3-20)
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g (x,8) = LYy (. 8) + (%, 0) = et cosmx,
wy (1. 8) = L™ ,(x.t) = L' Ruy(x, £) = L A, (x.£) = 0 (3-21)
iy (X, E) = —L"'Rﬂn_]_{x, £)— L"'An_lﬂ:x, £)=0n=23,..
then obviously we get the exact solution
el t) = Er_o g (x,£) = et cosmx. (3-22)

Example 3: Consider the inhomogeneous initial-boundary nonlinear equation system ([1])

F= 2 .
S5, = A+ - A +D)|effe+p(xt) (3-23)
where
~ i+1)t . 1 It .
Yix. ) = (1 + i)exp (—[ Y ) siniEx [—5 +7% +exp (_E) 5‘“2"“] : (3-24)

(x.t)e(0.1y= (0. 7.
with the initial and boundary conditions
cof(x, 0 = sinmx,x € [0.1],

(3-25)
w(0,£) = (1, £) = 0,t € (0,T], (3-26)
whose exact solution is _
w(x t) = exp (- %} sinmx, (3-27)

2
We choose L and N like (3-5) and (3-6) and R = (1 + &} :?. To solve Eq. (3-15) by means of MADM, we choose

[1+D) [i+1)t
wi(nt) = -2

exp (— ) sinmx,

} 10 B 10 e . R (3-28)
ol ) =Pz t) = (1 + f)exp (—T) sinmwx [‘J’E.' + exp (— E) sin 'H.'.‘I.'] ;
Using (2-11) we get _
cog (., £) = exp (— %) sinmx, (3-29)
walx,t)=0n=12 .., (3-30)
then obviously we get the exact solution _
w(x t) = Ea_p wa(x, ) = exp (— %J sinmx.(3-31)
Example 4: Consider the inhomogeneous initial-boundary nonlinear equation system ([1])
2
e - )ele ), (3-32)
where
v om R By rzg
e =0 ({1 +9(3-1) ][;{;— 1) + 52
AN i ft . (3-33)
-!,—ea{p(E (E = 1) ) sinfmx + ?(E = 1:]] sinmx,

(x.t) € (0.1) % (0.T].
with the initial and boundary conditions
w(x, 0) = exp(i + 1)sinnx, x € [0,1],

(3-34)
w{l ) =w(lLt)=01te(0T] (3-35)
whose exact solution is
2
wix t) = exp ((1 + i) G - 1) ) sinmx. (3-36)

a
We choose L and N like (3-5) and (3-6) and B = {1 + i} j?. To solve Eq. (3-15) by means modified ADM, we
choose

vart)=2( 1) exp ((1 (- 1)2], (3-37)

http://www.lifesciencesite.com 52 lifesciencej@gmail.com




Life Science Journal 2012;9(2s)

http://www.lifesciencesite.com

wet=ep(a+o(-1))
s
e (14 0)(E-

wolr.t)=0n=12 ..
then obviously we get the exact solution

w(x t) =g

Using (2-11) we get

1) :] sinmx,

(3-40)

g (. £) =

=0 Wn (% 8] =

4. Conclusions

In this paper, Adomian decomposition method
and modified Adomian decomposition method have
successfully used for solving the homogeneous and
inhomogeneous Kuramoto-Tsuzuki equations
respectively. We provide the exact solutions for
Kuramoto-Tsuzuki  equations  whereas  finite
difference schemes proposed in [14] and [1] requires
more computations and get low accurate
approximations.

References

1. Abidi F., Ayadi M., Omrani K., Stability and
convergence of difference scheme for nonlinear
evolutionary type equations, J. Appl. Math.
Comput. 27 (2008), 293-305.

2. Adomian G., Solving frontier problems of
physics: the decomposition method, Kluwer
Academic Publisher, Dordrecht, 1994.

3. Akhromeeva T.S., Kurdyumov S.P., Malinetskii
G.G., Samarskii A.A., On classification of
solutions of nonlinear diffusion equations in a
neighborhood of a bifurcation point. Itogi Nauki
Teh. Sovrem. Probl. Mat. Noveishye
Dostizheniya, 28 (1986), 207-313 (in Russian).

4. Cherrvault Y., Convrgence of Adomian's
method, Kybernetes 18 (1989), 31-38.

5. Chrysos M., Sanchez F., Cherrvault Y.,
Improvement of convergence of Adomian's
method using Padé approximants, Kybernetes 31
(2002), 884-895.

6. Himoun N., Abbaoui K., Cherruault Y., New
results of convergence of Adomian's method,
Kybernetes 10 (1999), 423-429.

12/15/2012

http://www.lifesciencesite.com

e ((1+0) (5~

(3-39)

53

IJEJ sinmwx,
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