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1. Introduction _fy - _ i

The mathematical idea of double sets DX ), ={x.:x e_x ! {}/'1}} ‘s the
was firstly introduced by Kere [9] and studied set of all double points on X.
in many articles by A. Kandil and others “[1], 4. Let m;,m,cP(X). Then the double
[4], [6], [7], [8]". They introduced and studied product of n, and n, is denoted by
many to-pigs in the double-topology. The n XM, and is defined by:
Paraproximity structure subject has been - .
introduced by E. Hayashi in 1964 [3]. XM, ={(AA;) ey, 'Al_gAz}'
Recently, Kandil and others introduced the 5. The double set X = (X, X) is called the
fuzzy Paraproximity structure [5]. universal double set. _

In this paper we shall introduce the 6. The double set ¢=(¢,¢) is called the
separation axiom DTs (double completely empty double set.
normal) on doyble topol_ogical spaces and Definition 2.1.2. [8] Let A=(A,A,),.
study some of its properties. Also, we shall B =(B,,B,)eD(X ). Then:

introduce the notion of DP-proximity in the

case of double topological space showing that i- A=B oA =B i=12.

every DP-Proximity on X generates a double ii- AcB <A cB,,i=12.
completely normal (DTs) topology. ii- If {A,:5eS}cD(X), then
2. Preliminaries SUS A, :(SLEJS Als’sgs Az) and
Throughout this section we mention
_ ( A =(N A..) A,
the concepts and notations which we shall use Q = (SQ =" Q Ax)
in this paper. iv-  The complement of a double set A is
A" =(A% A7)
2-1 Double set v- A-B=ANB".
Definition 2.1.1. [8] Let X be a non empty .

Proposition 2.1.3. [8] (D(X),U,N°) is a
Morgan Algebra.

Definition 2.1.4. [8] For any two double sets
A and B, A is called quasi-coincident to B,

set.
1. A double set A is an ordered pair
A=(A,A)eP(X)xP(X) such that

A cCA,. denoted by A QB, if ANB,=¢ or
2. D(X)={(A,,A))eP(X)xP(X):A cA} A,NB, #¢.
is the family of all double sets on X. A is not quasi — coincident to B, denoted by A

3. Let xeX, then the double sets 65,” ANB,=¢ and A,NB,=6.

= d = -d
Xy, =(04x3) and x, =({x}.{x})are sal Theorem 2.1.5. [8] Let A,B,C eD(X ) and
to be double points of X x, eD(X). . Then:
t p* N

1- AQB=ANB #¢
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2- AQB < 3x, e Asuchthat x, QB

3AQB< AcCB, and x Q As
X € A%

4-AQ A

5-AcB < x QA= x QB.

6-AQ BBBCC=AQ C
7-xQ AUB) <= xQ A and x,Q B
8%Q ANB)=xQ AorxQB

2.2 Double Topological Space

Definition 2.2.1. [8] Let X be a non-empty
set. Then:

1- TS D (X)) is called a double toplogy on X

if the following axioms are satisfied:

DT, ?,X eT.
DT, ifA,Bet,then ANBer.
DT; if {A,:seS}crt, then [ A, er.

seS

The pair (X ,7) is called a double topological

space and member of t are called open
double set.
2- F €D(X) is called a closed double set, if

F° et, and the family of all closed double
sets is denoted by t° ={F :F‘ et} .
3- A double set O, is called a double

neighborhood of the double point x
ifx, €0, et. The family of all double

neighborhoods of xt will be denoted by N(x;).
4-1f A € D(X), Then:
(i) The closure of A is denoted by A or cL(A)

and is defined by A = {F :A c F e °}.

(ii) The interior of A is denoted by A° or int(A)
and A° =V _V etV cA}.

(iii) The derived double set of A is denoted by
A and is given by:
Xt QAd < X% Q (A-{x}).

Definition 2.2.2. [6] A double topological
space (X ,t) iscalled :

1-D-Ry iff x, Q y, implies y, Q X, .

2- D - Ry iff x (j y_rimplies there existQXt ,
0, suchthatO, Q 0,

3-D - Ry iff xx Q F, F° € t implies that
there existQXt , O . such thatQX‘ 6 O
4-D-R; iffFQ GandF,G € t° implies
that there exist O , O g such that Og 6 Og.
5- D-To iff x,Q y
X 6 yr-

6- D-T, iff x, Q y, impliesy, Q X, and
X Q ¥r.

7-D-T, iff x, Q Y, implies that there exist
0,,.0, suchthato, Q O,

8-D —T3 iffitisD -R, and D-T;.
9- D-T, iffitis D-R; and D-T; .

. implies y, Q X, or

Theorem2.2.3. [6] The interrelation between
the pervious axioms given in the following
diagram;

DT, =» DT, = DT, = DT, = DT,
U U U U U
DR, = DR, = DR, = DR, = anydoubletopology
2.3 Completely normal spaces and Definition 2.3.2. [king] A mapping ¢ : P(X)

paraproximity spaces

Definition2.3.1. [king] An ordinary toplogical
space (X ,t) is called completely normal
space iff for every pair of separated sets A, B
c X, there exist open sets U, V < X such that
AcUBcVadUNV=¢.

801

x P (X) - {0, 1} is called a paraproximity on
a set X if the following axioms are satisfied:
1.0 A ¢)=1 VAC X

220 (ABUC)=0 (A,B). 0 (A C), VA,
B,C C X
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3. For an arbitrary index set A, 6 (U A,

Aen

B)=0<«< & (A, ,B)=0,forsome p € A.

4. for any two points x, y of X, & (x,y) =0
S X=y.
5.5 (ALB)=J (B,A)=1= I U,V CX

with U (1 V = ¢, satisfying
SAU)=6 B, V)=1and & (U, U =
S (V, V) =1.

Theorem 2.3.3. [king] Let (X, &) be a
paraproximity space. Then the collection
TS={V CX:  (V, V°) =1} is a completely
normal topology on X.

Theorem 2.3.4. [king] Let (X, t) be a
completely normal ordinary topological space.
Then the relation & given by: 6 (A, B) =0
<ANB= ¢, is a paraproximity on X, for
which 1, =1

3- Double complete normal spaces

Definition 3.1. Let (X, t) be a double
topological space, and let A, B € D(x). A and
B are called double separated sets if A (j E
and B Q 5

Lemma 3.2. Let (X,
topological space. Then:
Q) A and B are double separated and
AL € A Bi € B = Ay, B are double
separated.

i) AB€E1°and AQ B= AandB
are double separated.

(i) AB€rtandAQ B=
double separated.

Proof: Clear.

Definition 3.3. A double topological space

(X, t) is called DR,-space if for every two
double separated sets A, B in X, 30O,, Og such
that 0,Q O

Definition 3.4. A double space (X, t) is called
double completely normal space (or DTs-
space) if it is DRy and DTj.
Proposition 3.5. (X,
:>(X, T)e DT4

Proof: The result following from Definition
3.4 and Lemma 3.2.

Theorem 3.6 . Every closed double subspace
of a DTs-space is DT,

Proof: Let (X, t) € DTsspace,Y be a
double subspace of X, and A, B € 1§ such

T) be a double

A and B are

T) S DT5
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that AQB.Then ABET A AQB
Lemma3.2.5
=

XE DT5 —
= 3 04 Op suchthat 0 ,Q O

=N 0.QYN 0s)=(Y, 1,) € DR

A clearly (Y, t,) € DT, = (Y, 1,)

€ DT,.

4- Double Paraproximity Spaces

Definitions 4.1 Let & : D(X) x D(X) — {0,1}

be a relation on D(X) that satisfies the

following axioms:

DHl é(i)vx):é(Xl ?):1

DH; for an arbitrary index

A, B are double separated in X

set A,

§(UA, B)=0< S(A,,B)=0, for

— e

some p € A.

This ¢ is called a double H- proximity on X,
and the pair (X, O) is called a doubleH-
proximity space (or% DHP- space, for short).
Definition 4.2. An DHP- space (X, O) is
called separated if O satisfies the foIIowi@
Axiom: DH, i& V=0 <X Qv VX,
yr € D(X)p.

If & is a separated DH - proximity. Then
(X,_é') is called a separated DHP- space (or an
SDH_P-space, for short).

Proposition 4.3. Let (X, 6) be an SDHP-
space, then E(A, X) =0 <:>_A QX

DH,
Proof: 6 A Xx)=6 (U Y¥x) =0

yEA
P

DH.
S (Yr, x) =0, for some y, €A < yr Qx,

forsomey, EA < A Qx;.

Definition 4.4. An SDHP- space (X, o) is
called a double paraproximity space (or a DPP-
space, for short) if o satisfies the following
axiom. o

DH; 6 (AB)=6 (BA=1=3CD
€D(X) Suchthat C Q D, and & (A C°) =
6 (C,C)=0(BD)=6 (O,D)=1
Lemma 45. Let (X, 5_) be a DPP-space.
Then: o
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i- If 6 (A,B)=1,then 6 (A,C) =1,
forany C 55. o
ii- If 6 (A,B)=1,then o (C,B)=1,
forany C EA. o

ii-  If § (AB)=1,thenA Q B.

iv- J (%%, %) =1, for any double point
X € D(X)p
Proof : (i) SinceB=B U C (C £B), and

Jd AB)=1 6 (AB)=0J (A BUC) =
5 (A B) .S (A C)=1by DH, .Then
S @AO=1

(i_i) Proof of (ii) is similar to proof of (i).

(i) s AB=1= 05 (U %x.B =1

X €A
DH, Lema4d.5
= & (%x,B) =1, Vx €A =
Vx €A S (x,y) =1, Vy. €B
DH. _

= xQy, VX EAY EB=AQB
(iv) Since x 6 X, = Yr 6 X, VYyr € %

DH. DH:
<6 (X =L Yy € x° oo

o0 (x°,x) =1 (By proposition 4.3).

Theorm 4.6. Let (X, 5) be a DPP — Space.
Then 7, ={V €D(X): § (V, V") =1}

is a double topology on X, induced by & .
Proof: DT: & (X, X) = & (X,_Q) =
O (¢.4)=0 (X )=1=X ¢ Ez,.
DT, U V €r,= J (U, U9 =1 and
o (V, V) =1andby (ii) in Lemma (4,5),
SUNVW=1ad 5 UNY V) =1,
Hence (by DHy), & (U NV, UUVY) =
o (U NV, U ﬂ_y)C) = 1. Consequently
unve 7,

DT3 Let yi , (S

)

, Vi €1, for some

DH,
index set I. Then & (Vi, Vi9)=1, Vi €l =
4.5 (i)

S (Uvi , v 9 =1, Viel =

iel

s (U% . N v 9 =1

iel iel

= Jd(UVv ,(iUI Vi)°)

iel

=1 = LJ )Zi S Ts-

iel
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Therefore, z, is a double topology on X,
generated by & .
Corollary 4.7. V € 7, & i (e VO =1,

vV X €V.
Theorem 4.8. Let (X, ) be a DPP- space.

Then § (A.B)=0 = A QB.
Proof: Let § (A, B) =0 and suppose A QB

— C
= A © B , if we choose all open double
sets O , which contain the closed double set
— — C

— — — C
B, then NO0,=B=(ACcEB )B =
!

(Q O,)= LKJQZ Since O ; isopen V 4,

—c _ DH;

50, . 0, Vi =

—c — 45()

g U0,.0,) =1 =
— Py

4.5 (ii)

50, N0 =1=5@B-=L

This  contradicts
5 (A.B) =0
Corollary 4.9. Let (X, ﬁ) be a DPP-space and

let x; € D(X)p, A € D(X), Then:
()6 (A x) =0 < x €A

our assumption that

(i) § (% A) =0=x EA.

Theorem 4.10: Let (X, 0) be a DPP- space,
Then: (X, 7,) €DTs.

Proof: first, we prove that 7, €DTy, forwhich
we show that every double point of D(X), is
closed. Since & (x X)) =1,V x € D(X),
g ‘€ ,7, VX €DX), =>x €15, V
X € D(X), = (X, 7,) €DT..

Now we show that for every separated double
sets A,B in X, 3 O Op suchthat O 5 6
O . Since é (EC, 5) =1, and A, B are
separated, then B QEC. Consequantly,
5B A)=land § (B A) =1, (by Lemma
45 (i), (i) ). Similarly, we can show that
S(AB)=1Nowd (AB)=5 (BA)=1
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)

Hs
=

(A C)y=6(CC)=25 (B D)=
(D, D) =1= C, D €17, (by 4.6), and
CC B CD (by 45 (iii)). Since CQ D,
then (X,z,) € DTs.

Theorem 4.11. Let (X, 7) be a double
complete normal space. Then:

61 D(X) x D(X) — {0, 1}, given by
5 (AB)=0 <AQB, V A B €D(X),isa
@H-proximity on X. Moreover, if &
satisfies DHs then 7, =° o

Proof: DH; X Q 5¢ = & (X, ¢)=1,
and 9 Q X = 5 (¢, X)=1.
DH, 6 (A BUQ=0= AQ (BUC)

3C,D € D(X) Suchthat C Q D and

o
9
A

— 2.15

© AQ (B UC) & AQB orAQC
5 (AB)=00r & (A O)=0.

DH; 8 (UA,B)=0 < (UA) QB g

215
f—

3 L€l Such that A, QB
5 (A, . B)=0forsomei, €1.

_ (X,7)eDTy
DH, 0 (X, y)=0=xQy, =S
Xt Qy,,_v X, Yr € D(X)p. Thus o is SDH-
Proximity on X .Moreover, if & satisfies DHs

then:z,= {Y € D(X) : & (V, V°) = 1}

—veDX:vQ V'Y

804

c

=Y/ € DX : Vv cV® = V3
={veDX):ve}=".
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