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Abstract: Fuzzy Topographic topological Mapping (FTTM) is a mathematical model for solving neuromagnetic 
inverse problem.  FTTM consists of four topological spaces which are connected by three different algorithms. In 
2006,  Yun  showed that FTTM version 1 and FTTM version 2 are homeomorphic, and this homeomorphism 
generated 14 new elements of FTTM. This paper  presents a recurrence formula to determine the number of the new 
elements from a combination of k versions  of FTTM with respect to n components.  
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1. Introduction: 
 In 1999 Fuzzy Topographic Topological 
Mapping (FTTM) was introduced to solve 
neuromagnetic inverse problem to determine the 
location of epileptic foci in epilepsy disorder patient 
(Ahmad, et al., 2000). FTTM version 1 was 
developed to present a 3-D view of unbounded single 
current source in one angle observation (upper of a 
head model) (Yun,  2001; Zakaria, 2002). It consists 
of three algorithms, which link between the four 
components of the model as shown in Figure1 (For 
more detail, see Tan, et al., 2014). 
 

 
Figure 1: FTTM 1 

 
  The four components are Magnetic Contour 
Plane ��, Base Magnetic Plane �� , Fuzzy Magnetic 
Field ��, and Topographic Magnetic Field ��. �� is 
is a magnetic field in a plane above a current source 
with � =  0. The plane is lowered down to ��, which 
is a plane with z = h. Then the entire ��  is fuzzified 
into a fuzzy environment (��), where all the current 
fields reading are fuzzified. Finally, a three 
dimensional presentation of  �� is plotted on �� . The 
final process is defuzzification of the fuzzified data 

to obtain a 3-D view of the current source ( ��), 
(Yun, 2001, Yun, 2006). FTTM Version 2 was 
developed to present a 3-D view of a bounded multi 
current source in four angles of observation (upper, 
left, right and back of the head model) (Rahman, 
2002). It consists of three algorithms, which link 
between the four components of the model. The four 
components are Magnetic Image Plane ��, Base 
Magnetic Image Plane ��, Fuzzy Magnetic Image 
Field �� and Topographic Magnetic Image Field ��, 
as shown in Figure 2. 
 

 
Figure 2: FTTM 2 

 
2. Literature Review: 
 FTTM Version 1 as well as FTTM Version 2 
were designed to have equivalent topological 
structures between their components. Ahmad et al. 
(2005) shown that the components of FTTM Version 
1 are homeomorphic. On the other hand, Yun (2006) 
proved that the components of FTTM version 2 are 
homeomorphic. Yun (2006) also showed that FTTM 
version 1 and FTTM version 2 are homeomorphic 
component wise (see Figure 3), and this 
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homeomorphism generated 14 new elements, 
namely: 
 

(��,��,��,��),(��,��,��,��),(��,��,��,��), 
(��,��,��,��),(��,��,��,��),(��,��,��,��), 
(��,��,��,��),(��,��,��,��),(��,��,��,��), 
 (��,��,��,��),(��,��,��,��),(��,��,��,��),  

(��,��,��,��),(��,��,��,��) 
 

 
Figure 3: Homeomorphism between FTTM 1 and 

FTTM 2 
 

 In general, Yun (2006) proposed a conjecture 
as follows:  
 If there exist k elements of FTTM, then the 
numbers of new elements are:  k4-k. 
The above conjecture was finally proved in Ahmad 
et al. (2010). 
 
3. Material and Methods:  
Definition 1:  Let ��,� = {��,�,��,�,��,�,… ,��,�} be 
FTTM version i, where ��,�,��,�,��,�,… ,��,� are 
topological spaces and ��,� ≅ ��,� ≅ ��,� ≅ ⋯ ≅
��,�. The sequence of k FTTM is  

��
� = {��,�,��,�,��,�,… ,��,�} 

such that n represents the component number in each 
version. 
 
Definition 2 : (Sayed et al., 2013) [8]. 
 The new element is said to be an element of order k 
if its components appear in exactly k versions of 
FTTM. 
 
Remark 1:  From a combination of k versions of 
FTTM we can generate new elements of order up to 
n. In other words, the maximum order of the new 
element is n. 
 
Definition 3 : (Sayed et al., 2013) [9]. 
  Let   ��

� = {��,�,��,�,��,�,… ,��,�} be a sequence of 
k FTTM. Then, 

i. � (�,�) is the set of all new elements of order 
k that could be generated from   ��

� for � ≤ �. 
ii. #�(�,�)  is the cardinality of   �(�,�). 

 
Theorem 1: 
 #�(�,�)= �(#�(� − 1,� − 1)+ #�(� − 1,�))  
�ℎ��� #�(�,1)= 1 ��� #�(�,�)= 0   ���  � > � 
 
Proof:   Let n and k be integers such that 1 ≤ � ≤ � 
and  
          ��

� = {��,�,��,�,��,�,… ,��,�}               (1) 
be a sequence of k FTTM such that 

��,� = {��,�,��,�,��,�,… ,��,�} 
��,� = {��,�,��,�,��,�,… ,��,�} 

��,� = ���,�,��,�,��,�,… ,��,�� 

⋮                   ⋮                  ⋮ 
��,� = {��,�,��,�,��,�,… ,��,�} 

Suppose  �(�,�) be the set of all new elements 
which are generated from (1). Partition �(�,�) in k 
subsets. 
Let the first subset contain only the new elements 
that end with the component ��,�. Call it �(�,�) ��,� . 

Let the second subset contain only the new elements 
that end with the component ��,�. Call it �(�,�) ��,� . 

Let the third subset contain only the new elements 
that end with the component ��,�. Call it �(�,�) ��,� . 

⋮                     ⋮                     ⋮                   ⋮ 
Let the kth subset contain only the new elements that 
end with the component ��,�. Call it  �(�,�) ��,� . 

Consequently,  
               �(�,�)= �(�,�) ��,� ∪ �(�,�) ��,� ∪ ⋯  

                                                    ∪ �(�,�) ��,�  

= � �(�,�) ��,�

�

���

 

Since �(�,�) ��,� are mutually disjoint    ∀ � =

1,2,3,⋯ ,�, therefore   
          #�(�,�)= #�(�,�) ��,� + #�(�,�) ��,� + ⋯  

                                                    +#�(�,�) ��,�      

= �#�(�,�) ��,�

�

���

 

But  
 #�(�,�) ��,� = #�(�,�) ��,� = ⋯ = #�(�,�) ��,�     

Thus  
          #�(�,�)= �(#�(�,�) ��,�)                        (2) 

Now consider the set �(�,�) ��,�  and eliminates the 

component ��,� from all elements of �(�,�) ��,�  

(this reduction does not change the cardinality of the 
set).  So each element contains (� − 1) components.  
Partition the set �(�,�) ��,�  (after elimination) into 

two subsets.  In the first subset list all of these new 
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elements which do not contain any component 
from  ��,�.  In the second subset, list all of the 
remaining elements which contain some components 
of  ��,� .  The first subset contains #�(� − 1,� − 1) 
elements, and the second subset contains        
#�(� − 1,� − 1) elements. Hence  
 #�(�,�) ��,� = #�(� − 1,� − 1)+ #�(� − 1,�) 

From (2) the unknown number  #�(�,�)  satisfies 
the recurrence. 
Hence,  
#�(�,�)= �(#�(� − 1,� − 1)+ #�(� − 1,�)) 

Such that #�(�,1)= 1 and #�(�,�)= 0 for � > �. 
This completes the proof.                          □ 
 
 
 Corollary 1:   If  � = �  then  #�(�,�)= �! 
 
Proof:  From Theorem (1) the recurrence is given as 
#�(�,�)= �(#�(� − 1,� − 1)+ #�(� − 1,�)) 

When  n = k, it will yield 

#�(�,�)= � �#�(� − 1,� − 1)+ #�(� − 1,�)���������
��

�        

 = �(#�(� − 1,� − 1)) 

 = �(� − 1)�#�(� − 2,� − 2)+ #�(� − 1,�)���������
��

� 

 = �(� − 1)(#�(� − 2,� − 2)) 

 = �(� − 1)(� − 2)�#�(� − 2,� − 2)+

                                                                #�(�−1,�)                                                                                      
=0  

⋮                                 ⋮                                 ⋮ 
 = �(� − 1)(� − 2)(� − 3)⋯ (3)(2)(#�(1,1)�����

��

) 

 = �(� − 1)(� − 2)(� − 3)⋯ (3)(2)(1) 
 = � !                                                                                  □ 
 
 
Corollary 2:  

#�(� + 1,�)= �
�!(� − �)!

(� − �)!

�

���

 

Proof: 
 Notice,    

#�(� + 1,�)= �(#�(�,� − 1)+ #�(�,�)) 

 = ��#�(�,� − 1)� + � �#�(�,�)�����
��!

� 

 = ��#�(�,� − 1)� + ��! 

= �(� − 1)�#�(� − 1,� − 2)+ #�(� − 1,� − 1)� 

                                                                             +��! 
 
 
 

 = �(� − 1)#�(� − 1,� − 2)+  

                          �(� − 1)�#�(� − 1,� − 1)�����������
�(���)!

� + ��! 

 
 
= �(� − 1)#�(� − 1,� − 2)+ �(� − 1)(� − 1)! 

                                                                             +��! 
 
 
 = �(� − 1)(� − 2)#�(� − 2,� − 3) 

             + �(� − 1)(� − 2)�#�(� − 2,� − 2)�����������
�(���)!

� 

                                                +�(� − 1)(�1)!+ ��! 
 
 = �(� − 1)(� − 2)#�(� − 2,� − 3) 
  +�(� − 1)(� − 2)(� − 2)!+ �(� − 1)(�1)!+ ��! 

      ⋮                              ⋮                               ⋮ 
 = �(� − 1)(� − 2)⋯ (3)(2)#�(2,1)�����

��

 

     +�(� − 1)⋯ (3)(2)(2)!+ �(� − 1)(� − 2)⋯  
                (4)(3)(3)!+ ⋯ + �(� − 1)(� − 1)!+ ��!  
  
= �(� − 1)(� − 2)⋯ (3)(2)(1)!  
             + �(� − 1)(� − 2)⋯ (3)(2)(2)!+ ⋯  
                                           +�(� − 1)(� − 1)!+ ��! 
= �(� − 1)(� − 2)⋯ (3)(2)(1)  
            +(�(� − 1)(� − 2)⋯ (3)(2)!)(2) 
                       +(�(� − 1)(� − 2)⋯ (4)(3)!)3 
                                        +(�(� − 1)!)(� − 1)+ ��! 
 

 =
�!(�)!

(�)!
+

�!(�)!

(�)!
+

�!(�)!

(�)!
+ ⋯ +

�!(�)!

(���)!
 

 

 =
�!(�)!

(�−1)!
+ �!(�− 1)!

(�− 2)!
+ �!(�−2)!

(�−3)!
+ ⋯ + �!(1)!

(0)!
 

                                            

=  �
�!(� − � + 1)!

(� − �)!

�

���

                                                      □  

 
Corollary 3:   

#�(�,2)= �2�
���

���

       ,� ≥ 2 

Proof:  By induction on n and using Theorem (1) we 
have  
#�(�,�)= �(#�(� − 1,� − 1)+ #�(� − 1,�)) 

Therefor  

        #�(2,2)= 2�#�(1,1)�����
��

+ #�(1,2)�����
��

� 

                       = 2� , so the result holds when n = 2 

        #�(3,2)= 2�#�(2,1)�����
��

+ #�(2,2)�����
��

� 
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                       = 2� + 2�, the result holds when n = 

3 

 Assume the formula holds when n = m. 

      #�(�,2)= 2� + 2�+2� + ⋯ + 2��� 
Now 

        #�(� + 1,2)= 2�#�(�,1)�������
��

+ #�(�,2)� 

                               = 2(1 + 2� + 2� + ⋯ + 2���) 
 
                                = 2� + 2�+2� + ⋯ + 2� 

           = �2�                   

�

���

  

Consequently, if the formula holds when n = m, it is 

also true when n = m +1. Thus, by induction, the 

formula holds for every positive integer n≥ 2.         □ 
 
4. Results:  

This paper presented a new formula to 
determine the number of the new elements of order k. 
In general, the result of this paper extends the 
sequence of FTTM to accommodate any number of 
components with a condition that the number of 
versions must be less than or equal to the number of 
components.    
 
5. Discussion and Conclusion:  

The sequence of FTTM was mentioned 
firstly by Yun (2006) when she conjectured that  if 
there exist k versions of FTTM, then they will 
generate another �� − � new FTTM and finally 
proven in Ahmad et. al (2010) . However, in this 
paper we generalized the sequence of FTTM to 
accommodate any number of its components.   
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