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Abstract: The convection heat flow equation is expanded in this paper via the concept of the variational order
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1. Introduction

In recent years functional derivatives has been used
to model physical and engineering processes. Areas
of considerable interest include electrical networks,
control theory of dynamical systems, probability and
statistics, electrochemistry of corrosion, chemical
physics, optics, engineering, acoustics, material
science and signal processing. Space - time fractional
differential equations obtained by replacing the first
order time derivative and/or second-order space
derivative in the standard diffusion equation by a
generalized  derivative of fractional  order,
respectively, were successfully used for modelling
relevant physical processes [1-8]. These fractional
diffusion equations arise quite naturally in
continuous-time random walks. In this paper we
extend the analysis by inserting fractional convection
and fractional heat loss into the heat equations.
Fractional derivatives may be introduced by different
definitions. We consider the Caputo time fractional
derivative for the diffusion convection equation with
lateral heat loss

(1.1)

{Drm:“‘"“-" u(x,t) =D, u
0<alxt)=1
where the variational order differential operator is

given by (2)
D.‘ (f( )) l_,[l —}gflj}J E f) dt‘ CflL.

|:.

(x,t) + D ulx,t) +u(x,t)

Here 5(x) is a continuous function in (0, 1].

The paper is structure as follows: in section 2 we
introduce Crank-Nicholson numerical scheme, in
section 3 we study its convergence and in section 4
we study its stability with respect to our evolution
equation. In section 5 we fully apply the scheme to
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the functional heat equation with mass loss and
convection, section 6 is devoted to the conclusion.

2-Numerical Solution

The occurrence of integral and differential term in the
functional heat equation with convection and lateral
heat loss makes it difficult to solve the problem
explicitely. The existence and uniqueness of solutions
is known thanks to functional analytic methods. To
understand the behavior of the solution, we are going
to make use of a numerical approach that converges.
It yields approximate solutions to the governing
equation through the discretization of space and time.
Within the discredited problem domain, the variable
internal properties, boundaries, and stresses of the
system are approximated. Deterministic, distributed-
parameter, numerical models can relax the rigid
idealised conditions of analytical models or lumped-
parameter models, and they can therefore be more
realistic and flexible for simulating fields conditions.
The finite difference schemes for constant-order time
or space fractional diffusion equations have been
widely studied [9-18]. To establish the numerical
schemes for the above equation, we let x; = lh
0=l=MMh=Lt, =kt 0=k =

N Nt=T,

h is the step and T is the time size, M and IV are
grid points.

lifesciencej@gmail.com



http://www.lifesciencesite.com/
http://www.lifesciencesite.com/
mailto:lifesciencej@gmail.com
mailto:23238917@nwu.ac.za
http://www.lifesciencesite.com/

Life Science Journal 2013;10(3)

2.1 Crank-Nicholson scheme [2]
We introduce the Crank—Nicholson scheme [11] as

follows. Firstly, the discretization of first and second

order space derivative is stated as:

du 1( g tag) - lU.-ﬂ-J)_(f“[x.'-vrd)_u[l"j’r‘)) 10(h)
T ) '
‘ 2.1)
&*u E([u(z spbee) =20(x s )-I-Ll(xl._l,fk_l))
FrE (h)?
. (\u(xl._i,f ) ZU((;j.;fp)+u( —vfk)))_a(}q )
1.

(1'“1‘;{)}

u= 5[.11[1':,1“;{_1) +u

The Crank—Nicholson scheme for the time fractional
diffusion with convection and lateral heat loss model
can be stated as follows:

(2.2)

BR?H“[W.‘JH-J

=F[I2—ak'1) | u(x, teq) = ulr )

Z[M.in s1-g) Ut lU— - () '“;"'“]

i

_Z[“[,x:-vfk-w) e (T

JI' =

1.(]

Now replacing equations (2.1) and (2.2 in (1.1) we
obtain the following: (2.3)
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Equation (2.3) becomes:

g
6
1|_1 [ T'{ - ) T

L) ) - g
Il

3- Stability analysis of the Crank-Nicholson
scheme [2]
In this section, we follow [2] where we will analyze

the stability conditions of the Crank—Nicholson
scheme for the generalized advection dispersion

equation.
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Let {; = uf — ©F here @ is the approximate
solution at the point

ety ) (k=12
1)

and in addition {* = [-,71, 2

WJNI=12, 000 M -

r, 1] and the

function  * () is chosen to be :
3.1)

Then, the function ¢ * () can be expressed in

Fourier series as follows:

()= ) b (m)explaimmk/L]
(3.2)

T
L

1 .
8, (x) = IJ o~ (x)exp|2immx/L]dx
|:.

. Under this situation, the error committed while
approximating the solution of the generalized
advection dispersion equation with Crank—Nicholson

scheme can be presented as follows:
()
B )

k
R kgL
_Z{qf J_Cf J)Ai'{ GE{ 1
A
If we assume that: 57- in equation (2.3) can be put in

the delta-exponential form as follows:

F =6, expliolk] (3.3)

where ¢7 is a real spatial wave number, new replacing

the above equation (2.2) in (2.3) we obtain:

ot |¢'_-" _ T "p_'h L
[1—~Li sin’ = ]l g, = [1 - 4sin? [ _]IJ: fork=10
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(3.4)
i

\1 ¢ w—]‘a \ {4 w ] ‘"'ﬂ; Ziffu- L

=V

by fork

=1h.-1

Equation (4.6) can be writing in the following form:

[1 AT st ."35" ]la

'5 f
[1 + 4.'5'5:.'1-' qu_]]
(3.5)
[1—4; sint l,‘”f] ei*'i]ak-z*':u“‘fa;._i—,{;“15:
by = - Toh
[]. "lx _\)l"] Icg ]l

Our next concern here is to show that for all
k=12,.....N —1 the solution of equation
(4.7) satisfies the following condition:

16,1 = 8,1,

To achieve this we make use of the recurrence

technique on the natural number k

For k = 1 and remembering that ;" "%, b ™ are
positive forall I = 1,2 ... ..M — 1 then we
obtain:

(3.6)

5, {1— 4T sin® (Tﬂ”

8, -

verified. Then (3.7)

sk 7 [) Lk
H:].—"l;i sin ||l\2 ]—E’
J‘- . =‘

R+l

—
..r_.
|
£
]
J
|~\_)|'§_

Making use of the triangular inequality we obtain:
(3.8)
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Using the recurrence hypothesis we have:
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4. Convergence analysis of the Crank—Nicholson
scheme [2]
If we assume that,

u(r,t, ) (1 =1.2
is the exact solution of our problem at the point
(ot ),

n.'{_ ['D IHI": IHI":

pAE] sy e

."lffj.:{ = 1,2 e N — l:|

by letting QF = u(r,t,)—uf and
-ﬂf_r_i} substituting this in

equation (3.7), we obtain:

E}El T ZTL.ijl - E}—1_(T.'1) - Z:i—-l(r.'i:' = R.'i fork=10
(4.2)
It follows that (5.2)
k-1
R =l tay) - Zu[?".,rd );Mii bi'H u(ryty)
70

- T.'i_k[u(ﬂ—p bpsr) = 2001 tag) + 0oy )]
From equation (3.1) and (3.4) we have
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and

| k

- ——a“) U bag) - Ul )+ Z[ll[:ﬂ,fd_i_j) - u[:rprk_j)] ,{j}k .

l,‘l:I /
From the above we have that: (5.3)

" . 1 PR
REFL <k (p1¥ ™ £ 2ol

where K; , K, and K are constants. Taking into
the

detailed error analysis on the above schemes can

account Caputo type fractional derivative,

refer to the work by Diethelm et al. [25] and further
work by Li and Tao [26].

Lemma 1:

Q3

=
ff(l’i n' _hirag"\]['n{.k—i}‘i

is true for ( k=012...N—-1 )

where ||w*[l . = max, ., (0%), K is a

constant. In addition,

min " ifr<1

ﬂ;(_-l _ J1zisM-1
max e« lifr>1

1=l=M—1

This can be achieved via the recurrence technique on
the natural number k.
have the

When k=0 | we

(5.4)
SR L R ST IO
0 e o ¢ - 2 = (™ ) )

Now suppose that

following:

]

+altt 2l falis1y 7T,
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. Then
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which completes the proof.

Theorem 1:  The Crank-Nicholson scheme is
convergent, and there exists a positive constant V
such that:

‘uf - u[x“tk)‘ “K(r+r) =12, M-1k=12,.N

An interested can find the solvability of the Crank-
Nicholson scheme in the work done by [24].
Therefore the details of the proof will not be
presented in this paper.

5-Numerical results [3]

We consider the fractional heat equation with
convection and lateral heat loss where we specify
some values for the coefficients. Note that the initial
condition can be any continuous function and not
necessarily differentiable. We can relax the
assumption on continuity to accommodate a larger
class of function without altering the intrinsic nature
of the problem at hand.
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Example 1:

D. %% u(x,t) = D ulx t) + Dulx,t) + ulx, 1)
0<alxt) =1
alx,t) =1—sin(x¢)
< x< 1

The numerical simulations of the approximate
solution is displayed below

5[

3 4 S

2
Figure 1

The next figure shows a 3dimentional visualization of
example 1 with a parameterized variable.

Distance x

Figure 2

476 lifesciencej@gmail.com



http://www.lifesciencesite.com/
http://www.lifesciencesite.com/
mailto:lifesciencej@gmail.com

Life Science Journal 2013;10(3)

Example 2:
D.%*u(x,t) =D ulxt) + D ulxt) +u(xt)
0<alxt)=1
a(x,t) =1—cos (x*¢t)
0 == =1

7

Figure 3

Example 3:

D, u(x,t) = D_ulxt) + D ulx,t) +u(x,t)
0<alxt) <1
alx,t) =1—-cos (xt+ 1)

< x= 1
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Figure 4

6-Conclusion

In this paper, we used numerical methods to
study a functional heat equation with convection and
heat loss. We showed that the Crank-Nicholson
scheme used to analyze the evolution problem was
stable and convergent. We derived analytic solutions
and perform some numerical simulations for some
specific expressions of the functional order
derivative.
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