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Abstract: In this work, the homotopy decomposition method (HDM) was applied to derive exact solutions of High
even-order differential equation. The reliability of HDM and the reduction in computations give HDM a wider
applicability. In all examples, in the limit of infinitely many terms the HDM yields the exact solution. A comparison
with the exact solution reveals that HDM is simple, efficient, reliable, and converge very rapidly. In addition, the
calculations involved in HDM are very simple and straightforward. It is demonstrated that HDM is a powerful and
efficient tool for FPDEs. It was also demonstrated that HDM is more efficient than the Bernstein Galerkin
approximation, Bernstein Petrov-Galerkin approximation, Non polynomial spline method, ADM (Adomian
decomposition method), VIM (Variational iteration method), HAM (Homotopy analysis method) and HPM
(Homotopy perturbation method).
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1. Introduction and numerical results in Section 3. In section 4 we

Higher order even differential equations present the complexity of the method for solving high
arise in many fields. When instability sets in an or- even order partial differential equations. The conclu-
dinary convection, it is modelled by tenth-order sions are then given in the final Section 5.
boundary value problem [1]. Scott and Watts [2] de- 1. Homotopy decomposition method [12,25]
scribed several computer codes that were developed To illustrate the basic idea of this method we
using the superposition and orthonormalization tech- consider a general nonlinear non-homogeneous dif-
nique and invariant imbedding. Twizell et al [3] de- ferential equation with initial conditions of the fol-
veloped numerical methods for 8-, 10"-, and 12"- lowing form
order eigen-value problems arising in thermal in-
stability. Siddiqi and Twizell [4] presented the solu- Bzvfix} = L(U(x)) + N(U(x)) +
tion of 10th-order boundary value problem using 10® f(;)’ m=1.2.3 ..
degree spline. Siddiqi and Akram [5] developed the Q.1
§01ut10n of IOth-qrder b.ounda.ry yglue problems us- Subject to the initial condition
ing non-polynomial spline. Siddiqi and Akram [6] i m-1

) d'u(0) am*u(0)

presented the solution of 10th-order boundary value = =0.i=012..m—2
problem by using 11" degree spline. Rashidinia et al gxt Y gx™ 1 ' "
[7] developed numerical methods for 8th-order Where, i is a known function, N is the general non-
boundary value problem using non-polynomial ) ) ) L ]
spline. Dijidejeli and Twizell [8] derived numerical llpear dlfferentlal operator and = represents a llpear
method for special nonlinear boundary-value prob- differential operator. The methoc?m first step here is to
lems of 2™ order. Abdellah Lamnii et al [9] de- g
veloped and analyzed numerical method for approx- apply the inverse operator of @x™ on both sides of
imating solutions of some general linear boundary equation (2.1) to obtain

value problems. Ramadan et al [10] have been ap-

plied non-polynomial spline function for approximat- T R -

ing solutions of 2™ order two point BVPs. E?’g;“'( _j;’_k_:_;(rﬂ j{fz h _;{r;m_, LU ) +

The paper is structured as follows: In Section 2, 2.2) - e

we present the basic ideal of the homotopy decom- )
position method for solving high even orders partial
differential equations. We present the application of
the HDM for Higher order even differential equations

The multi-integral in Eq (2.2) can be transformed to
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x X1

ff .J.xm_iz.{u&)) +N(U@D) + f(Ddr..dx =

f(x )™ LUE) + NU®@) + (D de.

{m 1!

Equatlon (2.2) can then be reformulated as
Emor T 4 L Kl — L)) +
N(U(r)} -+ f(T)dT

(2.3)

Using the Homotopy scheme the solution of the
above integral equation is given in series form as:

Ulx,p) = Zizop"Uu(x)  (24)
Ulx) = lim1 Ulx,p)
-p—}

and the nonlinear term can be decomposed as
oo

UG) = ) o H,(V)

Where P¢ (0, 1] is an embedding parameter. H,(U)
is the He’s polynomials [11] that can be generated

by
1 om -
Hn(UﬁJ ......... s n) :Eapﬁ Zp}U}(x:] )
i=0
n=0,1,2

The homotopy decomposition method is obtained by
the beautiful coupling of decomposition method with
He’s polynomials and is given by

)P0 =T +

p(miﬂ!!(x_

| e
L (Z p”Un[r]) +Z p"H,
with = =

T =257 (2.5)

Comparing the terms of same powers of p gives
solutions of various orders. The initial guess of the

approximation is T[x] The convergence of the meth-
od can be found in [12].
2.1. Advantages of the method

Numerical method for solving ODEs can be
viewed as insurance companies. It is important to
know what advantages are offered by the insurance
company, before becoming a member. Therefore in
this section we present the advantages offered by
HDM. The homotopy decomposition method is
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chosen to solve this nonlinear problem because of the

following advantages the method has over the exist-

ing methods.

1-  Method does not require the linearization or as-
sumptions of weak nonlinearity

2-  The solutions are not generated in the form of
general solution as in Adomian decomposition
method. With ADM the recursive formula allows
repetition of terms in the case of nonhomgeneous
differential equation, and this lead to the noisy
solution [13]

3- The solution obtained is noise free compare to
the variational iteration method [14]

4- No correctional function is required as in the
case of the variational homotopy decomposition
method

5- No Lagrange multiplier is required in the case of
the variational iteration method [14]

6- it is more realistic compared to the method of
simplifying the physical problems

7- 1If the exact solution of the differential equation
exists, the approximated solution via the method
converge to the exact solution [12]

8- A

v(r, ’p]: Qx (0’1] is not needed as in the case
of the homotopy perturbation method [11]

9- the calculations involved in HDM are very
simple and straightforward

construction of a homotopy

10- HDM provides us with a convenient way to con-
trol the convergence of approximation series

without adapting h, as in the case of [15-16]

which is a fundamental qualitative difference in

analysis between HDM and other methods.
2.3 Complexity of HDM

It is very important to test the computational

complexity of the method or algorithm. Complexity
of an algorithm is the study of how long a program
will take to run, depending on the size of its input and
long of loops made inside the code [12]. We compute
a numerical example which is solved by the homo-
topy decomposition method. The code has been
presented with Mathematica 8 according to the fol-
lowing code.

Step 1: Set ™ © 0
Step 2: Calculated the recursive relation after the
comparison of the terms of the same power is done.

Step 3: If 11 n+l (x)—-U [x]“ <7 with T the ra-
tio of the neighbourhood of the exact solution [At]

mem+1

then go to step 4, else and go to step 2

Step 4: Print out:
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U(x) =i U

as the approximate of the exact solution [12].
Lemma 1: If the exact solution of the partial differ-
ential equation (2.1) exists, then

U, ., (x)—U (x:]ll‘:‘:rfora”xEX

Proof: Let xXE T, then since the exact solution ex-
ists, then we have that following

IU, ., (x) = U, ()| = U, (x) - U(x) + U(x) - U, (x)l]

T r
S MUy () = U () + 11U, (x) = U ()l < Sty =r
The last inequality follows from [12]

Lemma 2: The complexity of the homotopy decom-

position method is of order G(ﬂ’j

Proof: The number of computations including
product, addition, subtraction and division are

In step 2

Us. 0 because, obtains directly from the initial guess
[12]
Ul: 3
Uﬂ:3
Now in step 4 the total number of computations is
equalto 29 =0 Ui (x,t) = 3n = 0(n)

2. Application
In learning science examples are useful than rules”
(Isaac Newton). In this section we apply this method
for solving High even-order differential.
Problem 1: Consider the boundary value problem
[17] 3.1)
U, (x) —u(x) = (4 - 2x")sin(x) + 4xcos(x),x € [0,1]
Subject to the boundary conditions u(0)=u(1) =0

Following the discussion presented in section 2 we
arrive at the following (3.2)

w & om

2 p"u, (x) =u(0)+ J(Z p"u (t) 4 (4 2t%)sin(t) + 4tcos(t)) (x - t)dt

Comparing the terms of the same power of P yields:
(3.3)

p%uy(x) = 0,u,(0) = —x

phy(x) = J.(x = )(ug+ (4 - 2t%)sin(t) + 4tcos(t) )dt,

0
x

p"u,(x) = J{x — tu,_,(t)dt,u,(0)=0

0
and the following solutions are read: (3.4)

ug(x) = —x

http://www.lifesciencesite.com

3
u,(x) = 4x — % + 4xcos(x) — 8 sin(x) + 2x* sin(x) )

P .

u,(x) = —16x -I-— "o 12xcos(x) + 28sin(x) — 22 sin(x)
83 T
Uy(x) = ——+———+20xcos — 64sin(x) + 22° sinfx
0= - T b)) 25 s
,(x) 8+22x325+x7 d 28xcos(x) + 116sin(x) - 21
= B+ — - —+—-———~ DBxeos(x) + 116sin(x) - 2 sinfx

15 1260 362880 ()
(1= 18 44’"53+”’"5 )l
e T TR TR T T R

+ 2 sinx)

()= -1 Jr?ff%x3 11x5+11x i ; it 1 )
u(Y)= -t —-—4 —-—+ —— - ———- Hoosx
f 315 1260 22680 9979200 6227020800

4 26Bsin(x) - 21 sin(x)
112x3+37x5 11x7+11x9 ot ; 18
3 1530 630 90720 2494800 1556735200

Uy(x) = 3161 -

- —— 1 52xeos(x) - 368sin(x) + 2 sin(x
1307674368000+ ) (4 )

Using the package program of Mathematica, in the
same manner one can obtain the rest of the compon-
ents. But, here, 8 terms were computed and the
asymptotic %olution is given by:

umm=2%w

Notice that the Taylor series of order 15 of the above
solution gives: 3.5)

W 8 T 3t 1P "
At—-—t—- + +o(x”)
6 40 5040 356400 13305600 1307674368000
Thus, the approximated solution via HDM is given

below as 3.6)

1:]14 Int1l ; .
u(x) = Z xi—1)—— i D) = (x*— 1)sin(x)

This is the exact solution of problem 1.

To assess the accuracy of the HDM for solving the
High even-order differential, we establish in the table
1, the error committed by choosing the 7 firsts terms
of the series decomposition, which is given below
Table 1: Comparison of numerical values with HDM,
the exact solution and absolute error

X HDM Exact error

0.1 -0.0988351 | -0.0988351 | 2.55351x10"
0.2 -0.190723 -0.190723 1.44329x10"
0.3 -0.268923 -0.268923 5.66214x107"°
0.5 -0.359569 -0.359569 8.21565x107"°
0.7 -0.328551 -0.328551 5.77316x107"°
0.9 -0.148832 -0.148832 2.44249x10"

0.98 -0.0328877 | -0.0328877 | -1.53141x10"
14
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An Eton proverb says “one image is equivalent to
one thousand words”, the following figure shows the
comparison between the approximated solution and

'n=?_

the exact for

Bract il

A5 0.3

Figure 1: Comparison forn =7

Remark 1: The same problem was solved by
several Authors see for example [18], the obtained an
error of order 10x™"* for N = 18, but here we do obtain
error for N= 7 only, indication that the HDM is very
accurate, that the method in [18]. Note that, the Pet-
rov-Galerkin method generates a sequence of approx-
imate solutions that satisfy a weak form of the origin-
al differential equation as tested against polynomials
in a dual space, but the HDM does not need to do it.
Problem 3: Consider the sixth-order BVP [19, 20,
21] 3.7
u'® (x) — u(x) = —6e*, x€ [0,1]

Subject to the boundary conditions
u(0)=1,u'(0)=0andu"(0)=—
u(1)=0,u'(1) = —eandu'(1) = —2e
Following the HDM steps we arrive at the following
integral equations: (3.8)

p%uy(x) = T(x],uu,(l]] =1

plw(x) = |J. (x — £)® (u,y(t) — 6e%)dt, uy(0) =0

phu, (x—t)%u,_,(t)dt,u (x) =0,n =2

==
[-'___‘15{@

The following solutlons are obtained: (3.9)
2,3 L4

() * ox X ox
U(x)=1-—=———=—- —
’ 2 3 8 30
1 dod
T20-720e" + 720x + 3601 + 1205 +30s* $ 62" + ———-
(1) = 120( e+ 7201+ 3600 + x+x+x+6336 0

A
10080 63160
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1 .
uy(x)= 120(720 T8 4 T84 36054 100+ 3064 0% b4 — + —

75 504
xlﬂ+ xll + xlz xlll IIB xlé
504055440 SPI6E0 TOGHSTED SHABEL00 SELIBEORND

X

741015475200

One can obtain the rest of the components. But, here,
3 terms were computed and the asymptotic solution is

given by: (3.10)
U=y (%) = z u
o
1 xn+1
= e‘x —_ _
n!
n=0

Therefore the approximated solution for infinite N
gives
ntl

n=0
This is the exact solution of problem 2.
To assess the accuracy of the HDM for solving the
High even-order differential, we establish in the table
2, the error committed by choosing the 3 firsts terms
of the series decomposition which is given below
Table 2: Comparison of numerical values with HDM,
the exact solution and absolute error.

=(1—-x)e*

X HDM Exact error

0.1 0.9954654 0.9954654 9.07513x10"¢
0.2 0.977122 0.977122 2.13296x107'¢
0.3 0.944901 0.944901 1.04212x10°"°
0.5 0.824361 0.824361 1.77337x107"
0.7 0.604126 0.604126 3.47412x10°"
0.9 0.24596 0.24596 1.83266x10"
0.98 0.0532891 0.0532891 3.65965x107"°

Remark 2: The same problem was solved by several
Authors see for example [18], the obtained an error
of order 107 for N = 18, but here we do obtain error
of order 107  for N= 7 only, indication that the
HDM is very accurate, that the method in [18].
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Figure 2: Comparison of the exact with approximated
forn=3

Problem 2: Consider the fourth-order two point
boundary value problem [21] (3.12)

u®(x) - 3u(x) = —2¢%, x€ [0,1]

Subject to the boundary conditions
u(0)=1u(l)=eu'(0)=1andu'(1)=e
Following the HDM steps we arrive at the following
integral equations: (3.13)

p°: uy(x) = T{x],uu.(l]] =1

plu(x) = J. x — t)? (3u,(t) — 2e%)dt,u,(0) =0

0
1
p™u,(x) = J. x—t)*3u,_,(t)dt ,u,(x) =0,n=2

The following solutlons are obtained: (3.14)
z 3

xt x
uy(x) = 1+x+—+—

1 o b o]
u 12-126% +12x 4 6x% + 2° +—+—+ +
1) 5( 20 40 230)
5 xB x? 313 x? xlﬂ
36— 366" 136 L 1B b — b
6( 0 +1o+zo+14o+224o+e7zo+e7zoo
xll
*m)

Using the package Mathematica, in the same manner
one can obtain the rest of the components. But, here,
3 terms were computed and the asymptotic solution is
given by:
(=949 +9x2+3x3+3x"+3x5+x5+x7+xB ; 7 b o
Uy it —4+—+—Ft—1t—t—1t—1t—
I 2 4080 560 4460 40320 403200
1
——-8*
4435200
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u o
—_ * x
Uy=3(X) = 92 o 8e

Now taking the limit as N tends to infinity yields to:
u(x) = 9¢* —ge* =¢*

This is the exact solution to problem 1

Problem 4: We consider the following bound-
ary-value problem 3.17)

0B () - xul) = -89(2Lx +22 - 2%, -1<x<1
u(x) = (1-x*)e*
Following the HDM steps we arrive at the following

integral equations: (3.18)
u e TS A LTS S T UNS (oY
Pty = - e e — u(0)=1
524 10 TN SM40 8064 362680
x
1
ptuy(x)= aj(x = 1)° (xuy(t) - 89(21t £ - t3)e")dt,u, (0) =
K
X
1
p"u,(x)= aJ.(x —t)%3u,_,(t)dt,u,(x)=0,n =2
0
The following solutions are obtained: (3.19)
PP VA S o S A P AP

)= e s
2 6 24 120 720 5040 8064 362880

1 475009920
u(1) =& x| 335622400 1 +129366720x+ 30360960 4 51559201

1
L677376x* £ 73080x° 4 705625 4 6934

+—(243290200817664000&"(—1309+329x—3‘1x2+x3)
670442572800
- r™(-6094932480 - 1015822080z + 1172002401 + 558144001°

+0232640r* 4 13255926+ 1388526+ 12464 + 990+ 7147

Using the package of program Mathematica, in the
same manner one can obtain the rest of the compon-
ents. But, here, 2 terms were computed and the
asymptotic solution is given by:

Uy=(x) = up(x) +uy(x)

Taking the Taylor series of the above solution we ob-
tained:

u(x) = Z(l x? —(1 x*)e”

This is the exact solution of problem 4.

To assess the accuracy of the HDM for solving the
High even-order differential, we establish in the table
3 the error committed by choosing the 2 firsts terms
of the series decomposition which is given below
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Table 3: Comparison of numerical values with HDM,
the exact solution and absolute error

X HDM Exact error

0.1 1.09412 1.09412 2.65472x10"
0.2 1.17255 1.17255 2.0357x10"
0.3 1.22837 1.22837 1.86974x10"
0.5 1.23654 1.23654 1.52119x10"3
0.7 1.02701 1.02701 8.05206x10"*
0.9 0.467325 0.467325 3.73951x10°"
0.98 0.105512 0.105512 1.06939x10"2

Remark 3: The same problem was solved by several
Authors see for example [24], the obtained an error
of order 10® for N = 18, but here we do obtain error
of order 10"  for N= 2 only, indication that the
HDM is very accurate, that the method in [24].

An Eton proverb says “one image is equivalent to
one thousand words”, the following figure shows the
comparison between the approximated solution and

the exact for * ~ 2.
Bract il
|l 11

Figure 3: Comparison between exact and approxim-
ated for n =2

Problem 5: We Consider the following bound-
ary-value problem [22, 23] (In [22] the boundary
conditions are different)

Y19 (x) 4 Sy(x) = 10cos(x) +4(—1 + x)sin(x),

y(x) = (x — 1)sin(x)
Following the HDM steps we arrive at the following
integral equations: (3.21)

p%ug(x) = T(x), uy(0)=0

0=x=1

http://www.lifesciencesite.com

251

X

ol (x)= ;J.[x = )7 (=5uy() + 10cos(t) + 4(~1+ x)sin(t))dt,u, (0) =0

X
1
p"u, :—g—J.x—t)gE-u (t)dt,u,(x)=0,n=2
0

The following solutions are obtained: (3.22)
A AR SR A U & t?
U(1) =ttt — o e
D( ) 6 6 120 120 5040 5040 362880

1 ]
uy(x) =&(7257600 - 3262880 - 3265920¢" 4 60480x* + 241920¢* - 30241°

i1 13 14 15

086 4 T 0B P e f e _p
n 13w ot
x16 xl? xls xlg

) 1921920 ) 196035640 ’ 441080640 f 670442572680
- 18144000cos(x) + 1451520sin(x) - 1451520xsin[x))

One can obtain the rest of the components. But, here,
2 terms were computed and the asymptotic solution is
given by: (3.23)

Uy=2(x) = ug(x) +u4(x)

Taking the Taylor series of the above, we obtained

u(x) = z n +1]| = (x — 1)sin(x)

This is the exact solution to problem 5

To assess the accuracy of the HDM for solving the
High even-order differential, we establish in the table
3 the error committed by choosing the 2 firsts terms
of the series decomposition which is given below

Table 4: Comparison of numerical values with HDM,
the exact solution and absolute error

X HDM Exact error

0.1 -0.0898501 -0.0898501 4.21378x10°"
0.2 -0.158935 -0.158935 2.327x10°"7
0.3 -0.206864 -0.206864 1.14278x10"
0.5 -0.239713 -0.239713 3.6968x10™"
0.7 -0.193265 -0.193265 6.74302x10"°
0.9 -0.0783327 -0.0783327 1.08212x10™
0.98 -0.0166099 -0.0166099 4.94549x10°"

Remark 4: The same problem was solved by sev-
eral Authors see for example [24], the obtained an er-
ror of order 107 for N = 22, but here we do obtain er-
ror of order 10"? for N= 2 only, indication that the
HDM is very accurate, that the method in [24].

3. Conclusion

In this paper, we put into practice a new analytic-
al technique, the Homotopy Decomposition method,
for solving Higher even order differential equations
arise in many fields. Comparing the methodology of
HDM to Bernstein Galerkin approximation (BGA),
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Bernstein Petrov-Galerkin approximation (BPGA),
Non polynomial spline (NPS), HPM, ADM, VIM and
HAM, it shows that the HDM has the advantages. In
contrast to BPGM, the HDM is free from generating
a sequence of approximate solutions that satisfy a
weak form of the original differential equation as
tested against polynomials in a dual space. We do not
need to introduce some basic notation which will be
used in the sequel like in the case of BGM. Disparate
the ADM, the HDM is free from the need to use Ado-
mian polynomials. In this method we do not need the
Lagrange multiplier, correction functional, stationary
conditions, or calculating integrals, which eliminate
the complications that exist in the VIM. In contrast to
the HAM, this method is not required to solve the
functional equations in iteration each the efficiency
of HAM is very much depended on choosing auxili-
ary parameter. In contract to HPM, we do not need to
continuously deform a difficult problem to another
that is easier to solve. We can easily conclude that the
Homotopy Decomposition method is an efficient tool
to solve approximate solution of Higher even order
differential equations arise in many fields.
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