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Abstract: Non-polynomial spline in off step points is used to solve special twelfth order linear boundary value 
problems. Associated boundary formulas are developed. Truncation errors are given. Two examples are considered 
for the numerical illustration. However, it is observed that our approach produce better numerical solutions in the 

sense that max | ie |is minimum. 
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1 Introduction 

We consider twelfth -order boundary-value 
problem of type 

],[,)()()()()12( baxxgxyxfxy 
          (1) 

With boundary conditions 
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where ii  ,  for 5,4,3,2,1,0i  are finite real 

constants and the functions )(xf  and )(xg  are 

continuous on ],[ ba  . 

The solutions of twelfth-order boundary 
value problems are not very much found in the 
numerical analysis literature. These problems 
generally arise in the mathematical modelling of 
viscoelastic flows [1, 2]. 

The conditions for existence and uniqueness 
of solution of such boundary value problems are 
explained by theorems presented in Agarwal [3]. 
Siddiqi and Twizell [4-7] presented the solutions of 
sixth-, eighth-, tenth- and twelfth-order boundary 
value problems using the sixth, eighth, tenth and 
twelfth degree spline, respectively. Siddiqi and 
Ghazla [8] Solutions of 12th order boundary value 
problems using non-polynomial spline technique.  

Following the spline functions proposed in 
this paper have the form: 

sin(kx)}cos(kx),,x,x,x,x,x,x,x,x,x,xx,span{1, 111098765432
13 T

 where k  is the frequency of the trigonometric part 
of the spline functions which can be real or pure 
imaginary and which will be used to raise the 
accuracy of the method. Thus in each subinterval 

1 ii xxx  we have 

x)}|ksin(|x),|kcos(|,x,x,x,x,x,x,x,x,x,xx,span{1, 111098765432

           In this paper, in Section 2, the new Non-
polynomial spline methods are developed for solving 
equation (1) along with boundary condition (2). 
Development of the boundary formulas are 
considered in Section 3 and  in Section 4 numerical 
experiment, discussion are given: 
2 Numerical methods 
To develop the spline approximation to the twelfth -
order boundary-value problem (1)-(2), the interval 
[a,b] is divided in to n  equal subintervals using the 
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i

)
2

1
(

2

1 


 , ni ,..,3,2,1  where 

n

ab
h


 . We Consider the following Non-

polynomial spline )(xSi on each Subinterval 
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 91011 )()()()(sin)(cos)( iiiiiiiiiii xxexxdxxcxxkbxxkaxS  
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where 

,,,,,,,,,,,,, **
iiiiiiiiiiiii rzuqpogfedcba  and 

*
it  are real finite constants and k  is free parameter. 

The  spline  is defined in terms of its 1td, 2th, 3th, 
4th, 5th and 12th derivatives and we denote these 
values  at knots as: 
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                                                For .1,...,2,1,0  ni                                    (4) 

 

Assuming )(xy to be the exact solution of 

the boundary value problem (1) and iy  be an 

approximation to )( ixy using the continuity 

conditions ( )()( )()(
1 iiii xSxS   where 

10,9,8,7,6  and 11) , after lengthy calculations 

we obtain the following spline relations: 
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                                                                                                                 (5) 
Where 

,)Sin 39916800

 +  + 110 -  7920+  332640 -  6652800 + (-39916800
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        And the consistency relation of non-polynomial 
is reduced to consistency relation of the thirteenth 
polynomial spline functions derived in [9]. The local 

truncation error corresponding to the method 
equation (5) can be obtained as: 
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                                                         7,...,8,7  ni                                                     (6) 

3 Development of the boundary formulas 
 
        Liner system equation (5) consist of (n − 1) 
unknown, so that to obtain unique solution we need 
twelfth more equations to be associate with equation 
(5) so that we can develop the boundary formulas of 

different orders, but for sake of briefness here we 
develop the twelfth order boundary formulas so that 
we define the following identity: 
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Where all of the coefficients are arbitrary parameters to be determined. 
 
4 Numerical results 
In this section the presented method are applied to the following test problems if choosing  
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We obtained the method of order 

)( 26hO respectively. 

Example 1. We Consider the following boundary-
value problem 
 

,10,)23120()()( 3)12(  xexxxxyxy x

,0)1(,0)0(  yy  

,)1(,1)0( '' eyy   

,4)1(,0)0( '''' eyy   
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,9)1(,3)0( '''''' eyy   

.16)1(,8)0( )4()4( eyy   

.25)1(,15)0( )5()5( eyy             (15) 

The analytic solution of the above system 

is
xexxxy )1()(  . It is evident  

from Table 1 that the maximum errors in absolute 
values are less than those presented by [8]. 
Example 2. We Consider the following boundary-
value problem 

,11,)sin11cos2(12)()()12(  xxxxxyxy

,0)1()1(  yy ,)1sin(2)1()1( ''  yy  

,)1sin(2)1cos(4)1()1( ''''  yy  

,)1sin(6)1cos(6)1()1( ''''''  yy  

,)1sin(12)1cos(8)1()1( )4()4(  yy  

.)1sin(10)1cos(20)1()1( )5()5(  yy  

(16) 
         The analytic solution of the above system 

is Sinxxxy )1()( 2  . It is evident from Table 2 

that the maximum errors in absolute values are less 
than those presented by [8]. 
 
Table1: Observed maximum absolute errors for 
example 1.  
h Our methods [8] 

9
1  )13(44.1   )9(38.7   

18
1  )14(18.7   - 

27
1  )15(71.8   - 

36
1  )16(09.4   - 

 
Table2: Observed maximum absolute errors for 
example 2.  

h Our methods [8] 

16
1  )12(67.5   )7(14.1   

32
1  )12(01.8   - 

48
1  )13(11.9   - 

64
1  )14(84.5   - 

 
Conclusion 

We approximate solution of the  twelfth -
order linear boundary-value problems by using non-
polynomial spline. The new methods enable us to 
approximate the solution at every point of the range 
of  integration. Tables 1-2 show that our methods 

produced better in the sense that max | ie | is 

minimum in comparison with the methods developed 
in [8]. 
 
References 
[1] Karageorghis, A. Philips, T.N. Davise, A.R., 

"Spectral collocation methods for the primary 
two-point boundary-value problem in modelling 
viscoelastic flows" ,Int .J. Numer. Methods 
Engng, 1988,Vol.26,pp.805-813. 

[2] Davies, A.R. Karageorghis, A. Philips, T.N., 
"Spectral Galerkin methods for the primary 
two-point boundary-value problem in modelling 
viscoelastic flows", Int. J. Numer. Methods 
Engng, 1988,Vol.26,pp.647-662. 

[3] Agarwal, R.P.," Boundary-value problems for 
high order differential equations", World 
Scientific, Singapore,1986. 

[4] Siddiqi, S.S. Twizell, E.H.," Spline solution of 
linear sixth-order boundary value problems", 
Int.J. Comput. Math, 1996,Vol.60,No.3,pp.295-
304. 

[5] Siddiqi, S.S. Twizell, E.H.," Spline solution of 
linear eighth-order boundary value problems", 
Comput. Methods Appl .Mech. Engng, 1996 
,Vol.131,pp.309-325. 

[6] Siddiqi, S.S. Twizell, E.H.," Spline solution of 
linear tenth-order boundary value problems ", 
Int. J. Comput. Math, 1996,Vol.60,pp.395-304. 

[7] Siddiqi, S.S. Twizell, E.H., "Spline solution of 
linear twelfth-order boundary value problems" 
,Int. J. Comput. Appl.Math. 1997, Vol.78. 
pp.371-390. 

[8] Siddiqi, S.S.Akram,G, Solutions of 12th order 
boundary value problems using non polynomial 
spline technique ,Appl. Math. Comput , 2008, 
Vol.199 .pp. 559-571.  

[9] Siddiqi, S.S.Akram,G, Solutions of twelfth order 
boundary value problems using thirteen degree 
spline, Appl. Math. Comput , 2006,Vol.182 .pp. 
1443-1453. 

 

 
9/6/2012 


