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Abstract: We use Polynomial spline functions in off step points to develop a numerical method for the solutions of 
twelfth order boundary value problems. We show that the present method gives an approximation which are better 
than those produced by other finite difference and spline methods. Two numerical examples are given to illustrate 
practical usefulness of our method. 
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1 Introduction 
 
We consider twelfth -order boundary-value problem of 
type 
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where ii  ,  for 5,4,3,2,1,0i  are finite real 

constants and the functions )(xf  and )(xg  are 

continuous on ],[ ba  . 

Twizell et al.[1] developed numerical 
methods for 8th-,10th-,and 12th-order eigenvalue 
problems arising in thermal instability. Siddiqi and 
Twizell[2] presented the solutions of 12th order 
boundary value problems using the 12th degree spline, 
respectively. Siddiqi and Akram[3] developed the 
solution of 12th-order boundary value problems using 
non-polynomial spline. Siddiqi and Akram[4] 
presented the solution of 12th-order boundary value 
problem by using thirteen degree spline. 

In this paper we used polynomial spline 
approximation in off step points to develop a family of 
new numerical methods to smooth approximations to 
the solution of 12th-order differential equation.The 
method developed is observed to be better than that 
developed by Siddiqi et al [3] , as discussed in 
Examples 1 and 2. In this paper, in Section 2, the new 
polynomial spline methods are developed for solving 
equation (1) along with boundary condition(2).The 
boundary formulas are develop in Section 3. In Section 
4, the polynomial spline solution of the BVP (1),(2) is 
determined and in Section 5 numerical experiment, 

discussion and comparison with other known methods, 
are give. 
2 Numerical methods 

Let )(xSi  be the polynomial  spline defined on [a,b] 

as: 
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The spline S  is defined in terms of its 1td, 2th, 3th, 
4th, 5th and 12th derivatives and we denote these 
values at knots as: 
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Assuming )(xy  to be the exact solution of the 

boundary value problem (1) 

and iy  be an approximation to ),( ixy  obtained by 

the spline )(xSi , we can obtained the coefficients in 

(3) in the following form 
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Assuming )(xy to be the exact solution of the boundary value problem (1) and iy  be an approximation to 

)( ixy using the continuity conditions ( )()( )()(
1 iiii xSxS   where 10,9,8,7,6  and 11  ) ,we obtain the 

following spline relations: 
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3 Development of the boundary formulas 
Liner system equation (5) consist of (n − 1) unknown, so that to obtain unique solution we need twelfth 

more equations to be associate with equation (5) so that we can develop the boundary formulas of different orders, 
but for sake of briefness here we develop the twelfth order boundary formulas so that we define the following 
identity: 
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4 polynomial spline solution 
Using the system defined by (6) − (17) and (5) along with the consideration of BVP (1), the following 

system in matrix form is obtained: 
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The vector C is defined by 
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5 Numerical results 
Example 1. We Consider the following boundary-
value problem 

,10,)23120()()( 3)12(  xexxxxyxy x
 

,0)1(,0)0(  yy  

,)1(,1)0( '' eyy   

,4)1(,0)0( '''' eyy   

,9)1(,3)0( '''''' eyy   

.16)1(,8)0( )4()4( eyy   

.25)1(,15)0( )5()5( eyy    (15) 

The analytic solution of the above system 

is
xexxxy )1()(  . It is evident from Table 1 that 

the maximum errors in absolute values are less than 
those presented by [3]. 
Example 2. We Consider the following boundary-
value problem 

,11,)sin11cos2(12)()()12(  xxxxxyxy  

,0)1()1(  yy

,)1sin(2)1()1( ''  yy  



http://www.lifesciencesite.com                                      )                    x(9;2201 Life Science Journal 

 

2985 
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(16) 
 

The analytic solution of the above system 

is Sinxxxy )1()( 2  . It is evident from Table 2 

that the maximum errors in absolute values are less 
than those presented by [3]. 
 
Conclusion 

We approximate solution of the twelfth-order 
linear boundary-value problems by using polynomial 
spline. The new methods enable us to approximate the 
solution at every point of the range of integration. The 
method is compared with that developed by et al [3] 
considering the same examples. Tables 1-2 shows that 
our methods produced better result the sense that 

max| ie |= max| ii yxy )( | is in comparison with the 

method in [3]. 
 
Table 1: Observed maximum absolute errors for 
example 1. 

h Our methods [3] 

9
1  )12(84.3   )9(38.7   

18
1  )13(98.8   - 

27
1  )13(04.2   - 

36
1  )14(58.7   - 

 

Table 2: Observed maximum absolute errors for 
example 2. 

h Our methods [3] 

16
1  )10(15.9   )7(14.1   

32
1  )10(33.1   - 

48
1  )11(31.6   - 

64
1  )11(19.2   - 
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