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Abstract: The electrons and positrons are assumed to be dynamic, whereas positively charged ions are considered
stationary. Using a computerized symbolic computation technique, we obtianed several solutions of the Zakharov-
Kuznetsov equation which describes the propagation of the electrostatic excitations in the electron-positron-ion
plasmas. These solutions contain hyperbolic, triangular solutions. These solutions extended to ion-acoustic waves in
quantum dusty plasmas consisting of electrons, ions, and negatively/positively charged dust particles. In addition, as
an illustrative sample, the properties of the solutions of this equation are shown with some figures.
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1. Introduction

Electron—positron (EP) plasma is a new
state of matter with unique thermodynamic properties
which different from those of ordinary electron—ion
plasmas [1].The study of electron—positron— ion (e-p-
1) plasmas is important to understand the behavior of
both astrophysical and laboratory plasmas. Electron—
positron plasmas have been observed in the polar
regions of neutron stars [2], active galactic nuclei [3],
in magnetospheres of pulsars [4], polar regions of
neutron stars [2], intense laser fields [5] and tokamak
plasmas [6]-[7]. During the last few years, there have
great interest in the field of pair (electron-positron)
plasma, which is composed of electrons and
positrons, having equal mass but having opposite
charge [8]-[11].

The nonlinear wave phenomena can be
observed in various scientific fields, such as plasma
physics, optical fibers, fluid dynamics, chemical
physics, etc. The nonlinear wave phenomena can
obtained in solutions of nonlinear evolution equations
(NEEs). The exact solutions of these NEEs plays an
important role in the understanding of nonlinear
phenomena. In the past decades, many methods were
developed for finding exact solutions of NEEs [12]-
[20].

Although Porubov et al. [21]-[22] have
obtained some exact periodic solutions to some
nonlinear wave equations, they use the Weierstrass
elliptic function and involve complicated deducing. A
Jacobi elliptic function (JEF) expansion method,
which is straightforward and effective, was proposed
for constructing periodic wave solutions for some
nonlinear evolution equations. The essential idea of
this method is similar to the tanh method by replacing
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the tanh function with some JEFs such as sn, cn

and dn . For example, the Jacobi periodic solution in
terms of S may be obtained by applying the s7 -
function expansion. Many similarly repetitious
calculations have to be done to search for the Jacobi
doubly periodic wave solutions in terms of ¢z and
dn [23].

Recently F-expansion method [24]-[27] was
proposed to obtain periodic wave solutions of
NLEEs, which can be thought of as a concentration
of JEF expansion since F here stands for everyone of
JEFs. In this paper, we apply the extended F-
expansion (EFE) method with symbolic computation
to system (4) for constructing their interesting Jacobi
doubly periodic wave solutions. It is shown that
soliton solutions and triangular periodic solutions can
be established as the limits of Jacobi doubly periodic
wave solutions. In addition the algorithm that we use
here also a computerized method, in which
generating an algebraic system.

2. Material and Methods
Governing equations

The dynamics of the electrostatic (ES)
solitons in the electron—positron—ion plasmas is

governed by [28]
& v muy=0, v=x 2 179 ()
or c o oX oY
ou,

m( t+ui-Vui)= 1eV¢—LVpi

+

+ £ (u, x B, X)+2m(u, x Q, X),
C
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and Poisson's equation
V2¢ =4r(n_—n, —s,z;n,),
A3)
where (X,Y). n,.u,.¢.ny,e.c.B,.Q,. p..

m., z, and S, =41 are the coordinate of the

propagation plane; the number densities of the
positron, electron; the fluid velocity variables of the
positron and electron; the ES potential; the number
densities of ion; the magnitude of the electron charge;
the speed of light; the magnitude of the ambient
magnetic field; the rotation frequency; the pressures
of the positron and electron; the electron mass; the
ion charge number and the ion charge sign
respectively.

The time-dependent two-dimensional ZK
equation can be obtained from Eqs. (1)-(3), using
multi-dimensional reductive technique [29] and the
independent variables [30]

x=?(X-AT), y=&"Y, t=¢&"T,
where & is a small parameter and A(4 > 0) is the
phase velocity as

v[ + &)V)C + lL[v)CX)C + W)C)/} = 0’ (4)

where Vv is the 1”-order ES potential perturbation of
the ES potential ¢. Eq. (4) describe many physical
phenomena, such as the weakly nonlinear ion-
acoustic waves in a strongly magnetized lossless
plasma comprised of the cold ions and hot isothermal
electrons, the nonlinear dust-acoustic waves in a
magnetized three-component dusty plasma consisting
of negatively charged dust-particles and nonlinear
ion-acoustic waves in a quantum magneto plasma.

Extended F-expansion method

In this section, we introduce a simple
description of the EFE method, for a given partial
differential equation

)

G(u,ux,u},,uz,ut,un,,. .)=0.
We like to know whether travelling waves (or
stationary waves) are solutions of Eq. (5). The first
step is to unite the independent variables x, y, z
and ¢ into one particular variable through the new
variable

ot fy+y+v, u(xy,n)=U(),
where V is wave speed, and reduce Eq. (5) to an
ordinary differential equation(ODE)

GU,U U U",..)=0. (6)
Our main goal is to derive exact or at least
approximate solutions, if possible, for this ODE. For

(2) this purpose, let us simply U as the expansion in the
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form,

u(x,y,2,0=U()=YaF +>a ,F*, (1)

i=0 i=1

where

F =~ A+BF*+CF*, ®)
the highest degree of 4"U is taken as

dag’
d’U., _ 9

O(W)—N-#p, p=123,-, ©)

owr flgU) =@ +DN+p. g=012.p=123... (10

where 4, B and C are constants, and N in Eq. (6)
is a positive integer that can be determined by
balancing the nonlinear term(s) and the highest order
derivatives. Normally N is a positive integer, so that
an analytic solution in closed form may be obtained.
Substituting Egs. (5)- (8) into Eq. (6) and comparing
the coefficients of each power of F(¢) in both sides,
to get an over-determined system of nonlinear
algebraic equations with respect to vV, a,, a,, ***
Solving the over-determined system of nonlinear
algebraic equations by use of Mathematica. The
relations between values of 4 , B, C and
corresponding JEF solution F(¢) of Eq. (7) are given
in table 1. Substitute the values of 4, B, C and the
corresponding JEF solution f(¢) chosen from table 1
into the general form of solution, then an ideal
periodic wave solution expressed by JEF can be
obtained.

Table 1: Relation between values of (4, B, C) and
corresponding F'

A B C F(&)
1 _l_mz mz sy,
ed (£)=cn(&)
dn(g)
1-m? am? -m? en (&)
m? -1 2-m? B dn (&)
m? A-m? ! ns (&)=
sn(&)
de(¢) =)
en(§)
-m* am® 1 1-m? ne(& 1
cn(§)
B 2m’ m’ | ¢ -1
dn($)
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! 2-m? 1-m* Sc(é*)zsn(é/)
cn(¢)
: 2m? m’ sd(¢)=sn(&)
1 +m) dn(¢)
1-m? 2m? ! es(£)= cn(§)
sn(¢)
-m2 2m2 -1 ! ds(é’):dn(g)
a-m?) sn({)
1 , 1 ns (&) *es (&)
4 1-2m 4
2
_— 1+ m? 1-m? ne () *se(g)
—4m : :
1 m* =2 m’ ns (&) +ds(&)
4 2 4
m* | m* =2 | m’ | s({)ries§)
4 2 4

where sn (&), en(4) and dn (&) are the JE sine
function, JE cosine function and the JEF of the third
kind, respectively. And
en’ () =1=sn*($),  dn*(&)=1-m’sn*(¢), (11)
with the modulusm (0<m <1).

When m —> 1, the Jacobi functions
degenerate to the hyperbolic functions, i.e.,
sné —>tanhl, cnd —> sechl, dnd — sechd,
when m—> 0, the Jacobi functions degenerate to the
triangular functions, i.e.,

sné — sing, cnd —>cos¢ and dn—1.

3. Results

In this section, we will apply the extended
method to study the time-dependent two-dimensional
ZK equation (4)

v+ v+ =0, (12)
if we use &=ox+ fy+vt , ¢(x,y,t)=V({) carries
PDE (12) into the ODE

W +adVV +a(Bly+a’pV =0, (13)

where by integrating once we obtain, upon setting
the constant of integration to zero,

20 +adV? +2a(fy+a’u)V =0, (14)
Balancing the term p” with the term 7? we obtain
N =2 then
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U(§)=a0+a1F+a71F’l +a2F2+a72F’2,
F' =\ A+BF*+CF*.

(15)

Substituting Eq. (15) into Eq. (14) and
comparing the coefficients of each power of F in
both sides, to get an over-determined system of

nonlinear algebraic equations with respect to Vv, @,

i=1, -1, =2, 2. Solving the over-determined
system of nonlinear algebraic equations by use of
Mathematica, we obtain three groups of constants:

1.

_ A@Put B)(BEVB +124C)

a,=a,=0, ,a,

>

1)
_ 12C(@’u+py) _ AP u+py)
2 7_f5 -2 7_f’
v =tda(a’ u+ B y)NB*+124C,
(16)
2.
2 2 2
4, =a,=a,=0, a _ Mautp ;/)(gi\/B —3AC),
2 2
a, Z—W v =tda(a’ u+ fy)N B> -34C,
(17
3.

4@’ u+ BB’ -34C) (18)
5 ,

a,=a,=a,=0, a,=

:_712C(a“:;+ﬂ“}/), v =+da(a’ u+ By B -34C,

if we use Egs. (16)-(18) we obtained the 1*-order ES
potential perturbation of the ES potential of Eq. (12)
as:-

_ 4@ u Byam’ 212w + (1L4m®)’ ) 12’ p+ By)

1

o [
x[m*sn*(ox + Py £ 4’ u+ By (12m* +(1+m*)*t)
+ns*(ax + Py £ 4’ u+ Bry)12m* + (1+m*)’1)],

_ AL+ ) (Hni £, 12mz+(l+mz)2)712¢fy+/f7y)
5 5
x[nted (on+ 4@ u+ N1 208 +(1+nt) 1)

+d&(ax+ YA+ Fry 1207 +(1+nt) 1)),

(19)

(20)
_ 74(112,u+/327)((2m2 —Dx\12m*(m* =1)+(1-2m*)*)
5

=

+W[mzcnz(erﬂyi“(azlﬂﬂzy)
xyJ12m° (m* =1)+ (1-2m)*1)
— (=t ync a+ i 412w (o 1)+ (1= 20 1)),
1)
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4@ u+ B ((2-m’) £ 2—m" ) —12¢n° —1)) . 4@ u+Bry)0.5m* —1+.J0.75m> +(=1+0.5m>)*)
v, = g = —
o )
2 2 3(a? : 2 2 2
+M;—ﬂ7)[drf(m+@i4(azy+ﬂzy) 7%+ﬁ7)[m (ns(ox+ Pyt d(a”u+ Ly

J0.75m% +(=1+0.5m%)*1)
+ds(ax+ B+ 4@’ u+ B yN0.75m> +(=1+0.5m>)* 1))’
+(ns(ox + By £ 4@’ u+ B2y)N0.75m> + (—1+0.5m>)’1)

Q-m")* =12¢* —1))
+(l=mPnd* (o + B 4@ u+ By (2—m*) —12@1" —1))]

(22)
+ds(ax+ B+ 4@’ u+ By)N0.75m* + (=1+0.5m%)2 1) ],
Ao u+ Br)2-m* £ 12(1-m) +2-m*)?) (27)
vy = —
o
2 2 At i+ Fry)0.5m* —1£,J0.75m* + (=1+0.5m)?)
_12(a ,U;'ﬂ 7)[(1—m2)scz(ax+ﬂyi4(a2,u+ﬂ27) Vo= - 7 7 5\/
s12(1=m?)+(2-m?)*1) —W[W(m(mwyﬂ(azwﬂzn
ves (ot fy 4@+ fry1201-m?) + @ -m Y1), 0T T T 0
(23) +ics(ax + By £ 4w+ Bry0.75m* +(—1+0.5m%) 1)’
+(sn(ax + By £ 4’ g+ B2 y)N0.T5m* + (=1+0.5m>)’t)
- A@ut fremt -1+ \12m* 1+ m?) + (1-2m*)?) +ics(ax + By £ 4(a p+ B y0.75m* +(=1+0.5m*) 1)1,
g o (28)
—W[mz(l-%—mz)sdz(ax+ﬂyi4(a2y+ﬂ2}/)
x J12m> (14 m?) +(1-2m>)*1)
Mo 2 24 Ja 22 32
+ds (ax+ By £ 4a i+ By 12mP (1 m?) +(1-2m*0)], v = X ”w”(”m;“( o)z
(24) 7712(0(“'2;57)[mzxnz(aerﬁyi4(a2y+ﬁ2}/)\/mt)],
29
A’ u+ B y)0.5-m” £4/0.75+(0.5-m*)*) 29)
V7 = -
3(0{2 +ﬂ2 ) J - A u+ Pry)(1+m* £J(1+m*) =3m?)
- REEEE D (s + fy £ 4@+ ) i NN
s — —712(0( /:;ﬁ 7)[mzcdz(awrﬂyi4(a2y+ﬁ2y)\/mt)],
075+ (0.5-m?)*1)
30
+es(ax+ By 2 4o’ u+ BPy)/0.75+(0.5—m) 1))’ (30)
2 2 252
+ (ns(ax+ Py 2@ u+ fry)0.75+ (05 -m")"1) A+ Br)emt -1+ \Bm (1= m?) + (1-2m*))
+os(ax+ By 24’ u+ BPy)J0.75+(0.5-m? ) 1)) ], VT~ 5
23) # ELEDD i s 4o+ )
x\3m> (1= m?) + (1-2m>)* 1)),
(31)
_A@’u+ By
b 5
) y (0.5+0.5m” i\/12(0.5—0.5m2)(0.25—0.25m2)+(O.5+0.5m2)2 )
- d _ A&+ BC-mt £ @-m’) -3(1-m?))
_12(0’ Hu+p }/)[(O.S—O.sz) Vg = — 5
x (nc(oo + fy 4@’ u+ By) +712(a“;;+ﬂ“;/) [dn*(ox+ fy 4@’ u+ By)
J12(0.5-0.5m)(0.25- 0.25m%) +(0.5+0.5m*)*1) < J@—m —3(1—m)),
+Sc(ax+ﬁyi4(az,u+ﬁzy) (32)
J12(0.5-0.5m)(0.25- 0.25m") +(0.5+0.5m* )" 1))
+(0.25-0.25m" )(ne(ax + fy + 4(a’ u+ By) Sk F) 2 £ BT 1)+ @)
% \120.5-0.5m7)(0.25— 0.25m) + (0.5+ 0.5m%)*1) yo= - Meurfy)@m 15 e _Dr@-m))
+sc(ox+ fy £ 4@’ u+ By) B CH Y 5 N
% 120.5-0.5m7)(0.25- 0.25m) + (0.5+ 0.5m 1)) ], 5 W=msei(axt fyrdaptfy)
(26) x\[3(m* =1)+(2-m*)*1)],
(33)
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MG ut B 1@ e )£ (1-200) =30 (L)
16 6

7%[#(1+m2)sd2(ax+ﬁyi4(a’2ﬂ+ﬁ27)

x\J(1=2m*)* =3m*(1+m’t)],

4(0{2,u+ﬁz]/)(0.5mzi1 (0.5—mz)2—136)

1)

PP D g e ) (0507
sea+ A ) (0507 —1360)2],

_4u+ )
o

(34)

(35)

y (0.5+0.5m" +,/3(0.5m% —0.5)(0.25-0.25m") +(0.5+0.5m°)?)

)

_%[(O.S—O.sz)(nc(wwﬂyi4(a2ﬂ+/327 )

x\/(3(0.5m% =0.5)(0.25—0.25m%) + (0.5+0.5m)’1)
+sc(ax+ By 4@ u+ By)
x \/3(0.5m2 —0.5)(0.25-0.25m%) +(0.5+0.5m%)£))*],

(36)
A’ u+ Fy)(0.50° -1+, ((170.5m2)2731£6)

Vig =
19
o

Seutpy (“Zﬂgﬂ ) [0’ (ns(ox+ Br+ 4@ u+ By), (170.5;12)2731";2 0

+ds(ac+ fy 4@ u+ ), (1-0.517°) 731%1))2],

(37)

4
Aa i+ B2y)0.5m> =1+ [(1-0.5m>)* —3%)

V.
20
)

_3(@u+pBly)
5

[m* (sn(ax + fy £ 4@’ u+ By)

3m*
1-0.5m*)* - —t
( ) 16 )

+ics(ox + By 4(a’ +ﬂ2}/)1 (1-0.5m*)* —%t))z],

(38)

21

_ A u+ Bry)(1+m* £ 4/(1+m*) =3m*)
o

—712(6!2#+ﬂ2y)[ns2(ax+ﬂyt4(a2;l+ﬂzy)\/mt)],

5
(39)

_ A u+ Bry)(1+m’ £4/(1+m*) =3m*)
S

—W[dcz<w+ﬁyi4<azy+ﬁzy)\/«H ) —3m ),
(40)

22

M F@m’ —1x\3m (1-m®) + (1-2m%)")
)
—(1=m*)nc*(ax+ By £ 4@’ u+ Bry)\3m* (1—m*) +(1-2m*)*1)],

23

(41)
, AP u+ Bry)2-m’ £J2-m*) =3(1-m"))
24— T
)
2 2
# 2L LI (i @ 4+ )
x\2-m*)* =3(1-m*))],
(42)
_ AP u+ Bry)2—m’ £4/3(m* -1)+2-m")*)
25— T S
7712(“7;*#7)@&(05“@1 M@+ fry)3m’ —1)+ @—m®) )],
(43)
) AP+ Bry)2m* =1\ (1-2m* ) = 3m* (1+ m?))
26
)
12(a’ u+ 52
RAELEDI 4 s przaiau B)

xy(1=2m)> =3m>(1+m*)1)],

4@’ u+ By)0.5-m* +,/(0.5-m’)’ —%)

Vy, = =

27 5

- 3(6;#; A7) [(ns(ox + By 4(a’ u+ ﬂzy)mﬂ
+es(ax+ fy (o’ u+ ﬁzy)mt))’z],

o~ _MZutpBy)
28 5
y (0.5+0.5m" i\/3(0.5m2 —0.5)(0.25-0.25m7) +(0.5+0.5m)")

(44)

(45)

5
12(0.25-0.25m% (@ u+ )

5 (nc(ox+ fy£4(a’ u+ fy)
x \/3(0.5m2 —0.5)(0.25-0.25m%) +(0.5+0.5m%)* 1)
+sc(ax+ fy =4’ u+ Fy)

x[3(0.5m> —0.5)(0.25-0.25m%) + (0.5+0.5m° ) 1)) *,
(46)
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2
aa u+ Bry)(0.5m> —1+ [(1-0.5m)? —3%)
N 5

Voo =
2 2
DD s e+ 47) _ |
_ 2 2_% :
(1-0.5m*)* = =) :
2 -
+ds(ax+ fy 4@’ u+ ), (1—0.5m2)2—31l6z))'2], ~
(47) Fig. 2 (b)
yatia il
3m l it ;
A’ u+ Bry)0.5m* =1+ [(1-0.5m*)* — 6 ) :
Vo =~ 5 E efate !

2 2 4 % S
_3(a ﬂ(;'ﬂ y)[(sn(ax+ﬂyi4(a2,u+ﬁ2y) (I_O'sz)z_%t) . Zhna
: o zooo
+ies(ax+ Byt p+ By) (1—0.5m2)2—31l6t))*2]. 0
]

(48) ;i FR) 4

i

o

. & s = : il
e e 5 5 ] %

Fig. 2 The mi
200where e =f=c=y=A=m=06=0.5.

The modulus of electrostatic potentials ¢, ¢, , odulus of solitary wave solutio“n 4, (Eq.

¢, and ¢, are displayed in figures 1, 2, 3 and 4

respectively, with values of parameters listed in their
captions.

Fig. 3 (a)

Fig. 1 (a)

=il

Fig. 1 (b) Fig. 3 (b)

Gt el

i
3 :g 3 i 2 *
R Tz 3"
Fig. 1 The modulus of solitary wave solution ¢, (Eq. Fig. 3 The modulus of solitary wave solution ¢, (Eq.
19) where g = f=c=y=A=m=5=0.5. 2lywhere a=f=c=y=A=m=6=0.5.
Fig.2 (a) Fig. 4 (a)
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Fig. 4 (b)

Wl i

Fig. 4 The modulus of solitary wave solution ¢4 (Eq.
22) where g =f=c=y=A=m=6=05.
3.1 Soliton solutions
Some solitary wave solutions can be

obtained, if the modulus m approaches to 1 in Eqs.
(19)-(48)

Ha’u+ frRta) 12(a’u+py)
Vy = ) )

[tanh’ (cxx + By £16(a’ p1+ y)t)

+coth® (e + fy £ 16(a” 1+ B2y)0)],

(49)
Gy W ED) . 12( u+ B*y)
Vi, = ) o
[sech®(ax + Byt 4(a’u+ By,
(50)
Halu+ Bry)(1£1) 12’ u+ )
V3 = B o - o
[esch® (ax + fy £ 4(a’ i+ B2y)0)],
(51
A& p+ Br(1£5) 12+ fy)
vy = ) 9
[2sinh’(ax + fy £ 20(a” 1+ B2y)1)
+csch®(ax + By £20(a’ 1+ S2y)0)],
(52)
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Vis =

Ve

4@ u 0551 3a@iut fY)
S )

x[(coth(ax + By £ 4’ u+ B*y))

+csch(ax + fy £ 4’ u+ f)r))*

+ (coth(eox + By + 4(a’ u + By)1)

+esch(ax + fy £ 4@’ u+ B*)0)) 71,

(53)

_ Au+ By)(0.5%x1) 3(@iu+ )

S S
x[(tanh(ox + By = 4’ 1+ B2y)0)
+icschoo+ By 24(a’ 1+ By)t))
+(tanh(oxx + By £ 4@’ u+ By)t)
+icschoox + By 24’ 1+ By)))°1,
(54)

Aa’u+f @) 12(e’u+ fy)
o 1)

[tanh®(ax + By £ 4@’ u+ y)0)],

(55)

_A@u+ fED)  12a’u+ fy)
5 5
[sech®(ax + fy £ 4(a’ i+ By)0)],

(56)

4@ u+ f(1£iN5) 240 u+ By)
1 J
x[sinh’ (e + By £ 4i(a” -+ W50,

(57)

(@Pu+ 2+ 3(@Pu+ fy)
1) 1)
x[(coth(ox + By  (a’ u+ f*y)t)

+esch(ox + By = (o’ u+ B)0)’],

(58)

(@Pu+ (2% 3(@u+ fy)
) 1)
x[(tanh(ax + By + (o’ u+ By)t)

+icsch(ax + By + (& u+ B*y)0)],

(59)

4@’ u+ByRxl) 12(a’u+B’y)
) )
[coth”(crx + By £ 4(a’pu + BPy)0)],

(60)
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4@ ut Br(£5) 12(@’u+ fy)
Vg3 = 1) o
[esch® (ax + fy £ 4i(a’u+ BAy)V50)],

(61)

- (@PutPr(2£l) 3@u+pBy)
44 5 5
x[(coth(ax + By + (&’ u+ B°y)t)

+esch(ax+ Py +(a’pu+ B2y)0)) 1,

(62)

_ (@Pu+ )2+ 3(@Pu+By)
) o
x [(tanh(ax + fy = (@’ u + f*y)t)

+icsch(ax + Py = (@ u+ B2r)) 2],

(63)

3.2 Triangular periodic solutions

Some trigonometric function solutions can
be obtained, if the modulus 7 approaches to zero in
Egs. (19)-(48)

4alu+ fPr)(1£1) 12(@’u+pfy)
Vie = o o

[esc”(ax + By £ 4(a’ pu+ )0,

(64)

4a’u+By)Axl) 12’ u+ )
Vy = o o

[sec’(ax + By 2 4(a’ u+ B2y,

(65)

A@u+ R4 12@u+ )
Vg = o o

[tan®(ax + fy £16(a’ u+ 2y)t)

+cot” (ax + By £16(a’ pu+ By)0)],

(66)
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N 4@’ u+ fPy)0.55) 3(@’u+py)
49 5 5
x[(csc(ox + By £ 4(a’u+ f7y)1)
+cot(ax+ fy = 4(az,u + /327/)t))2
+(csc(ox + By £ 4(a’u + f*y))
+cot(ax+ fy x4’ u+ By)N) "1,

(67)

L A@ur F(ENT) 12 fy)
50 5 5
x[0.5(sec(ax + By £ 2(a>u+ Bry)WT1)
+tan(ooc+ﬂin(0¢2,u+ﬂ2;/)\/7t))2
+0.25(sec(ax + By £ 2(a> u+ B2y W0
+tan(ax + By +2(a’ u+ B yN10) 1,

(68)

HPu+ fy£]) 3(@u+ )
Vsi = o J

[sin’(ax + By £ 4(a’ u+ )0,

(69)

_ Hu+ Bzl 3@u+ )

) o
x[(sin(ax + By £ 4(0:2,u + ﬂzy)t)
+icot(ax + fy £ 4@’ u+ fy)0) ],

(70)

A@u+ B2l 12(au+ fy)
Vs3 = o g

[tan®(cx + By £ 4(a’ u + B2y)0)],

(71)
- _2@u+ )£l 3(@Pu+ By)
54 5 5
x[(csc(ax + fy £ 2(a’ u+ B7y)t)
+cot(ax + By £ 2(a’ u + B*y))],
(72)

_(@Put B EiN2) 6(@iu+ BY)

v =
55 5 5
x (sec(ax + By Ti(a’ 1+ By)N21)

tan(eax + By £i@ u+ BryW20)),
(73)



Life Science Journal 2012;9(4)

http://www.lifesciencesite.com

CA@u+ B2l 12 u+ fy)
Vs = o 5

[cot’(ax + By £ 4(a’ i+ BPy)D)],

(74)

o = 2Aa’u+ fr(xl) 3(@Pu+ fy)
57 5 5
x[(csc(ox + By £ 2(a’ u+ By)t)

+eot(ax + fy £2(a’u+ f71)0)) 1,

(75)
_(@u+ BEi2)
_ 5
s | 12(0.25-0.25m%) (@’ u+ B7)
5
x (sec(ax + By i’ u+ ﬂzy)\/zt)
+tan(ox + By £i(a’ u+ ﬂzy)\/zt))"z,
(76)
L, - A025- 0.25m*)(1£1) 3(a’u+By)

o o
x (sin(ax + fy + 4(a2,u + ﬂzy/)t)

+icot(ax+ By x4’ u+ fy))) .
(77)

4. Discussions

By By introducing appropriate
transformations and using extended F-expansion
method, we have been able to obtain in a unified way
with the aid of symbolic computation system-
mathematica, a series of solutions including single
and the combined Jacobi elliptic function. Also,
extended F-expansion method is shown that soliton
solutions and triangular periodic solutions can be
established as the limits of Jacobi doubly periodic
wave solutions. When m —> 1, the Jacobi functions
degenerate to the hyperbolic functions and given the
solutions by the extended hyperbolic functions
methods. When m — (0 , the Jacobi functions
degenerate to the triangular functions and given the
solutions by extended triangular functions methods.
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