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1. Introduction 

  Electron–positron (EP) plasma is a new 
state of matter with unique thermodynamic properties 
which different from those of ordinary electron–ion 
plasmas [1].The study of electron–positron– ion (e-p-
i) plasmas is important to understand the behavior of 
both astrophysical and laboratory plasmas. Electron–
positron plasmas have been observed in the polar 
regions of neutron stars [2], active galactic nuclei [3], 
in magnetospheres of pulsars [4], polar regions of 
neutron stars [2], intense laser fields [5] and tokamak 
plasmas [6]-[7]. During the last few years, there have 
great interest in the field of pair (electron-positron) 
plasma, which is composed of electrons and 
positrons, having equal mass but having opposite 
charge [8]-[11]. 

The nonlinear wave phenomena can be 
observed in various scientific fields, such as plasma 
physics, optical fibers, fluid dynamics, chemical 
physics, etc. The nonlinear wave phenomena can 
obtained in solutions of nonlinear evolution equations 
(NEEs). The exact solutions of these NEEs plays an 
important role in the understanding of nonlinear 
phenomena. In the past decades, many methods were 
developed for finding exact solutions of NEEs [12]-
[20]. 

Although Porubov et al. [21]-[22] have 
obtained some exact periodic solutions to some 
nonlinear wave equations, they use the Weierstrass 
elliptic function and involve complicated deducing. A 
Jacobi elliptic function (JEF) expansion method, 
which is straightforward and effective, was proposed 
for constructing periodic wave solutions for some 
nonlinear evolution equations. The essential idea of 
this method is similar to the tanh method by replacing 

the tanh function with some JEFs such as sn , cn  

and dn . For example, the Jacobi periodic solution in 
terms of sn  may be obtained by applying the sn -
function expansion. Many similarly repetitious 
calculations have to be done to search for the Jacobi 
doubly periodic wave solutions in terms of cn  and 

dn  [23]. 
Recently F-expansion method [24]-[27] was 

proposed to obtain periodic wave solutions of 
NLEEs, which can be thought of as a concentration 
of JEF expansion since F here stands for everyone of 
JEFs. In this paper, we apply the extended F-
expansion (EFE) method with symbolic computation 
to system (4) for constructing their interesting Jacobi 
doubly periodic wave solutions. It is shown that 
soliton solutions and triangular periodic solutions can 
be established as the limits of Jacobi doubly periodic 
wave solutions. In addition the algorithm that we use 
here also a computerized method, in which 
generating an algebraic system. 

 
2. Material and Methods  
Governing equations 

 The dynamics of the electrostatic (ES) 
solitons in the electron–positron–ion plasmas is 
governed by [28]  
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 and Poisson's equation  

),(4= 333
2 nzsnn    

(3) 

 where ),( YX , n , u ,  , 3n , e , c , 0B , 
0 , p , 

m , 3z  and 1=3 s  are the coordinate of the 

propagation plane; the number densities of the 
positron, electron; the fluid velocity variables of the 
positron and electron; the ES potential; the number 
densities of ion; the magnitude of the electron charge; 
the speed of light; the magnitude of the ambient 
magnetic field; the rotation frequency; the pressures 
of the positron and electron; the electron mass; the 
ion charge number and the ion charge sign 
respectively. 

The time-dependent two-dimensional ZK 
equation can be obtained from Eqs. (1)-(3), using 
multi-dimensional reductive technique [29] and the 
independent variables [30]  

,=,=),(= 3/21/21/2 TtYyTXx    

where   is a small parameter and 0)>(  is the 

phase velocity as  

0,=xyyxxxxt vvvvv                          (4) 

where v  is the st1 -order ES potential perturbation of 

the ES potential  . Eq. (4) describe many physical 

phenomena, such as the weakly nonlinear ion-
acoustic waves in a strongly magnetized lossless 
plasma comprised of the cold ions and hot isothermal 
electrons, the nonlinear dust-acoustic waves in a 
magnetized three-component dusty plasma consisting 
of negatively charged dust-particles and nonlinear 
ion-acoustic waves in a quantum magneto plasma.  
 

Extended F-expansion method 
 In this section, we introduce a simple 

description of the EFE method, for a given partial 
differential equation  

0.=),,,,,,( xytzyx uuuuuuG                         (5) 

 
We like to know whether travelling waves (or 
stationary waves) are solutions of Eq. (5). The first 
step is to unite the independent variables x , y , z  

and t  into one particular variable through the new 
variable  

),(=),,(,=  Utyxutzyx   

where   is wave speed, and reduce Eq. (5) to an 
ordinary differential equation(ODE)  

0.=),,,,( '''  UUUUG                              (6) 

 
 Our main goal is to derive exact or at least 
approximate solutions, if possible, for this ODE. For 

this purpose, let us simply U  as the expansion in the 
form,  
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 where A , B  and C  are constants, and N  in Eq. (6) 
is a positive integer that can be determined by 
balancing the nonlinear term(s) and the highest order 
derivatives. Normally N is a positive integer, so that 
an analytic solution in closed form may be obtained. 
Substituting Eqs. (5)- (8) into Eq. (6) and comparing 
the coefficients of each power of )(F  in both sides, 

to get an over-determined system of nonlinear 

algebraic equations with respect to  , 0a , 1a ,  . 

Solving the over-determined system of nonlinear 
algebraic equations by use of Mathematica. The 
relations between values of A , B , C  and 
corresponding JEF solution )(F  of Eq. (7) are given 

in table 1. Substitute the values of A , B , C  and the 
corresponding JEF solution )(F  chosen from table 1 

into the general form of solution, then an ideal 
periodic wave solution expressed by JEF can be 
obtained.  
 
Table 1: Relation between values of ( A , B , C ) and 

corresponding F  
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where sn )( , cn )(  and dn )(  are the JE sine 

function, JE cosine function and the JEF of the third 
kind, respectively. And  

),(1=)(),(1=)( 22222  snmdnsncn    (11) 

 with the modulus m 1)<<(0 m . 

 
When m  1, the Jacobi functions 

degenerate to the hyperbolic functions, i.e.,  
,,,  sechdnsechcntanhsn   

when m 0, the Jacobi functions degenerate to the 
triangular functions, i.e.,  
 

1.and,  dncoscnsinsn   

 
3. Results  
  

In this section, we will apply the extended 
method to study the time-dependent two-dimensional 
ZK equation (4)  

0,=xyyxxxxt vvvvv                           (12) 

if we use tyx  =  , )(=),,(  Vtyx  carries 

PDE (12) into the ODE  

0,=)( '22''  VVVV             (13) 

 where by integrating once we obtain, upon setting 
the constant of integration to zero,  

0,.=)(22 '222  VVV          (14) 

 Balancing the term 'V  with the term 2V  we obtain 

2=N  then  

   
.=

,=)(
42'

2
2

2
2

1
110

CFBFAF

FaFaFaFaaU



 



            (15) 

 
Substituting Eq. (15) into Eq. (14) and 

comparing the coefficients of each power of F  in 
both sides, to get an over-determined system of 

nonlinear algebraic equations with respect to  , ia , 

1=i , 1 , 2 , 2 . Solving the over-determined 
system of nonlinear algebraic equations by use of 
Mathematica, we obtain three groups of constants:   
 1.   
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 if we use Eqs. (16)-(18) we obtained the st1 -order ES 
potential perturbation of the ES potential of Eq. (12) 
as:-  
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        The modulus of electrostatic potentials 

1 , 
2 , 

3  and 
4  are displayed in figures 1, 2, 3 and 4 

respectively, with values of parameters listed in their 
captions. 

 
Fig. 1 (a) 

 
Fig. 1 (b) 

 
Fig. 1 The modulus of solitary wave solution 1  (Eq. 

19) where 0.5=======  m . 

Fig. 2 (a) 

 
Fig. 2 (b) 

 

 
Fig. 2 The modulus of solitary wave solution 2  (Eq. 

20) where 0.5=======  m . 

 
 

Fig. 3 (a) 
 

 
Fig. 3 (b) 

 

 
 

Fig. 3 The modulus of solitary wave solution 3  (Eq. 

21) where 0.5=======  m . 

Fig. 4 (a) 
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Fig. 4 (b) 
 

 
 

Fig. 4 The modulus of solitary wave solution 4  (Eq. 

22) where 0.5=======  m . 

3.1   Soliton solutions 
 Some solitary wave solutions can be 

obtained, if the modulus m  approaches to 1 in Eqs. 
(19)-(48)  
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3.2  Triangular periodic solutions 
 

Some trigonometric function solutions can 
be obtained, if the modulus m  approaches to zero in 
Eqs. (19)-(48)  
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tyx
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v
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



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
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




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



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







tyxi
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

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=
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
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
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



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=
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v


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




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



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
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

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=
222

2222

56

tyx

v








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






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],)))2((cot
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)3(1))(12(
=
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









tyx

tyx

v












 

 (75) 
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=
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







tiyx
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m

i
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









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.)))4((cot

))4((sin(

)3(1))(10.254(0.25
=

222

22

222
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








tyxi

tyx

m
v








  

 (77) 
  
4. Discussions  

By By introducing appropriate 
transformations and using extended F-expansion 
method, we have been able to obtain in a unified way 
with the aid of symbolic computation system-
mathematica, a series of solutions including single 
and the combined Jacobi elliptic function. Also, 
extended F-expansion method is shown that soliton 
solutions and triangular periodic solutions can be 
established as the limits of Jacobi doubly periodic 
wave solutions. When m  1, the Jacobi functions 
degenerate to the hyperbolic functions and given the 
solutions by the extended hyperbolic functions 

methods. When 0m , the Jacobi functions 
degenerate to the triangular functions and given the 
solutions by extended triangular functions methods. 
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